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A Few Hints for Solving
The Problems
   First of all, look through the tables in the Appendix, for many problems cannot be 

solved without them. Besides, the reference data quoted in the tables will make 
your work easier and save your time.

  Begin the problem by recognizing its meaning and its formulation. Make sure that 
the data given are sufficient for solving the problem. Missing data can be found in 
the tables in the Appendix. Wherever possible, draw a diagram elucidating the 
essence of the problem; in many cases this simplifies both the search for a solution 
and the solution itself.

   Solve each problem, as a rule, in the general form, that is in a letter notation, so that 
the quantity sought will be expressed in the same terms as the given data. A 
solution in the general form is particularly valuable since it makes clear the 
relationship between the sought quantity and the given data. What is more, an 
answer obtained in the general form allows one to make a fairly accurate 
judgement on the correctness of the solution itself (see the next item).  

 Having obtained the solution in the general form, check to see if it has the right 
dimensions. The wrong dimensions are an obvious indication of a wrong 
solution. If possible, investigate the behavior of the solution in some extreme 
special cases. For example, whatever the form of the expression for the 
gravitational force between two extended bodies, it must turn into the well-known 
law of gravitational interaction of mass points as the distance between the bodies 
increases. Otherwise, it can be immediately inferred that the solution is wrong.

  When starting calculations, remember that the numerical values of physical 
quantities are always known only approximately. Therefore, in calculations you 
should employ the rules for operating with  approximate numbers. In particular, 
in presenting the quantitative data and answers strict attention should be paid to 
the rules of approximation and numerical accuracy.

  Having obtained the numerical answer, evaluate its plausibility. In some cases 
such an evaluation may disclose an error in the result obtained. For example, a 
stone cannot be thrown by a man over the distance of the order of 1 km, the 
velocity of a body cannot surpass that of light in a vacuum, etc.
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Vectors are written in boldface upright type e.g., r, F; the same letters printed in 
lightface italic type (r, F) denote the modulus of a vector.

× , the curl of  (curl ).  

Symbols  , d,  and in front of quantities denote :

  the gradient of  (grad ).

Time derivative of an arbitrary function f  is denoted by df/dt or by a dot over a .
letter, f.

e , e , e  are the unit vectors of the cylindrical coordinates  ,  , z, n, , are the z 
unit vectors of a normal and a tangent.

 the divergence of  (div ),  

Mean values are taken in angle brackets < > e.g., <v>, <P>.

Unit vectors

i, j, k are the unit vectors of the Cartesian coordinates x, y, z (some times the unit 
vectors are denoted as e , e , e )x y z

, the finite increment of a quantity, e.g.,   = r  – r ; U = U  – Ur 2 12 1
d, the differential (infinitesimal increment), e.g. dr.

 the elementary value of a quantity  e.g., A, the elementary work.

Integrals of any multiplicity are denoted by a single sign  and differ only by the 
integration element; dV, a volume element, dS, a surface element, and dr, a line 

element. The sign  denotes an integral over a closed surface, or around a closed 
loop.

Vector operator  (‘‘nabla’’). It is used to denote the following operations:

Notation
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1.1 Kinematics
● Average vectors of velocity and acceleration of a point:

v
r= ∆

∆t
, w

v= ∆
∆t

, …(1.1a)

where ∆r is the displacement vector (an increment of a radius vector.)

● Velocity and acceleration of a point:

v
r= d

dt
, w

v= d

dt
. …(1.1b)

● Acceleration of a point expressed in projections on the tangent and the
normal to a trajectory:

w
dv

dt
τ

τ= , w
v

R
n =

2

, …(1.1c)

where R is the radius of curvature of the trajectory at the given point.

● Distance covered by a point :

s v dt= ∫ , …(1.1d)

where v is the modulus of the velocity vector of a point.

● Angular velocity and angular acceleration of a solid body:

ω = φd

dt
,β ω= d

dt
, …(1.1e)

● Relation between linear and angular quantities for a rotating solid body:

v = [ ],ωr w Rn = ω2 , | | ,w Rτ β= …(1.1f)

where r is the radius vector of the considered point relative to an arbitrary
point on the rotation axis, and R is the distance from the rotation axis.

1. A motorboat going downstream overcame a raft at a point A; τ = 60 min

later it turned back and after some time passed the raft at a distance
l = 6.0 km from the point A. Find the flow velocity assuming the duty
of the engine to be constant.

2. A point traversed half the distance with a velocity v0. The remaining

part of the distance was covered with velocity v1 for half the time, and

1
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with velocity v2 for the other half of the time. Find the mean velocity of
the point averaged over the whole time of motion.

3. A car starts moving rectilinearly, first with acceleration w = −5.0 ms 2

(the initial velocity is equal to zero), then uniformly, and finally,
decelerating at the same rate w, comes to a stop. The total time of
motion equals τ = 25 s. The average velocity during that time is equal
to v = −72 1kmh . How long does the car move uniformly?

4. A point moves rectilinearly in
one direction. Fig. 1.1 shows
the distance s traversed by the
point as a function of the time
t. Using the plot find :
(a) the average velocity of the

point during the time of
motion;

(b) the maximum velocity;
(c) the time moment t 0 at

which the instantaneous

velocity is equal to the

mean velocity averaged

over the first t 0 seconds.

5. Two particles, 1 and 2 moves

with constant velocities v1 and v2. At the initial moment their radius

vectors are equal to r1 and r2. How must these four vectors be

interrelated for the particles to collide.

6. A ship moves along the equator to the east with velocity v0
130= −kmh .

The southeastern wind blows at an angle φ = °60 to the equator with

velocity v = −15 1kmh .Find the wind velocity v′ relative to the ship and

the angle φ′ between the equator and the wind direction in the

reference frame fixed to the ship.

7. Two swimmers leave point A on one bank of the river to reach point B

lying right across on the other bank. One of them crosses the river

along the straight line AB while the other swims at right angles to the

stream and then walks the distance that he has been carried away by

the stream to get to point B. What was the velocity u of his walking if

both swimmers reached the destination simultaneously? The stream

velocity v0
1= −2.0 kmh and the velocity v′ of each swimmer with

respect to water equals 2.5 kmh−1.

8. Two boats, A and B move away from a buoy anchored at the middle of a

river along the mutually perpendicular straight lines; the boat A along

the river, and the boat B across the river. Having moved off an equal

distance from the buoy the boats returned. Find the ratio of times of

2 | Physical Fundamentals of Mechanics
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motion of boats
τ
τ

A

B

if the velocity of each boat with respect to water is

η = 1.2 times greater than the stream velocity.

9. A boat moves relative to water with a velocity which is n = 2.0 times

less than the river flow velocity. At what angle to the stream direction
must the boat move to minimize drifting?

10. Two bodies were thrown simultaneously from the same point; one,
straight up, and the other, at an angle of θ = °60 to the horizontal. The
initial velocity of each body is equal to v0

1= −25 ms .Neglecting the air

drag, find the distance between the bodies t = 1.70 s later.

11. Two particles move in a uniform gravitational field with an
acceleration g. At the initial moment the particles were located at one
point and moved with velocities v1

1= −3.0 ms and v2
1= −4.0 ms

horizontally in opposite directions. Find the distance between the
particles at the moment when their velocity vectors become mutually
perpendicular.

12. Three points are located at the vertices of an equilateral triangle whose
side equals a. They all start moving simultaneously with velocity v
constant in modulus, with the first point heading continually for the
second, the second for the third, and the third for the first. How soon
will the points converge?

13. Point A moves uniformly with velocity v so that the vector v is
continually “aimed” at point B which in its turn moves rectilinearly
and uniformly with velocity u v< . At the initial moment of time v u⊥
and the points are separated by a distance l. How soon will the points
converge?

14. A train of length l = 350 m starts moving rectilinearly with constant

acceleration w = × − −3.0 ms10 2 2; t = 30 s after the start the locomotive

headlight is switched on (event 1), and τ = 60 s after that event the tail
signal light is switched on (event 2). Find the distance between these
events in the reference frames fixed to the train and the Earth. How
and at what constant velocity V relative to the Earth must a certain
reference frame K move for the two events to occur in it at the same
point?

15. An elevator car whose floor-to-ceiling distance is equal to 2.7 m starts
ascending with constant accelerating 1.2 ms−2; 2.0 s after the start a
bolt begins falling from the ceiling of the car. Find :
(a) the bolt’s free fall time;
(b) the displacement and the distance covered by the bolt during the

free fall in the reference frame fixed to the elevator shaft.

16. Two particles, 1 and 2, move with constant velocities v1 and v2 along

two mutually perpendicular straight lines toward the intersection
point O. At the moment t = 0 the particles were located at the distances
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l1 and l2 from the point O. How soon will the distance between the
particles become the smallest? What is it equal to?

17. From point A located on a highway (Fig. 1.2)
one has to get by car as soon as possible to
point B located in the field at a distance l
from the highway. It is known that the car
moves in the field η times slower than on the
highway. At what distance from point D one
must turn off the highway?

18. A point travels along the x axis
with a velocity whose projection
vx is presented as a function of
time by the plot in Fig. 1.3.

Assuming the coordinate of the
point x = 0 at the moment t = 0,
draw the approximate time
dependence plots for the
acceleration w x , the x coordinate, and the distance covered s.

19. A point traversed half a circle of radius R = 160 cm during time

interval τ = 10.0 s. Calculate the following quantities averaged over
that time:
(a) the mean velocity v ;
(b) the modulus of the mean velocity vector| |;v
(c) the modulus of the mean vector of the total acceleration| |w if the

point moved with constant tangent acceleration.

20. A radius vector of a particle varies with time t as r at t= −( ),1 α where a

is a constant vector and α is a positive factor. Find :
(a) the velocity v and the acceleration w of the particle as functions of

time;
(b) the time interval ∆t taken by the particle to return to the initial

points, and the distance s covered during that time.

21. At the moment t = 0 a particle leaves the origin and moves in the

positive direction of the x-axis. Its velocity varies with time as
v v= −0 1( / ),t τ where v0 is the initial velocity vector whose modulus
equals v0

1= −10.0 cms ; τ = 5.0 s. Find :

(a) the x coordinate of the particle at the moments of time 6.0, 10, and
20 s;

(b) the moments of time when the particle is at the distance 10.0 cm
from the origin;

(c) the distance s covered by the particle during the first 4.0 and 8.0 s;
draw the approximate plot s t( ).

22. The velocity of a particle moving in the positive direction of the x axis
varies as v x= α ,where α is a positive constant. Assuming that at the

moment t = 0 the particle was located as the point x = 0, find :

4 | Physical Fundamentals of Mechanics
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(a) the time dependence of the velocity and the acceleration of the
particle;

(b) the mean velocity of the particle averaged over the time that the
particle takes to cover the first s metres of the path.

23. A point moves rectilinearly with deceleration whose modulus
depends on the velocity v of the particle as w a v= , where a is a

positive constant. At the initial moment the velocity of the point is
equal to v0. What distance will it traverse before it stops? What time
will it take to cover the distance?

24. A radius vector of a point A relative to the origin varies with time t as
r i j= −at bt 2 , where a and b are positive constants, and i and j are the

unit vectors of the x and y axes. Find :
(a) the equation of the point’s trajectory y x( ); plot this function;
(b) the time dependence of the velocity v and acceleration w vectors,

as well as of the moduli of these quantities;
(c) the time dependence of the angle α between the vectors w and v;
(d) the mean velocity vector averaged over the first t seconds of

motion, and the modulus of this vector.

25. A point moves in the plane xy according to the law x at= ,

y at t= −( ),1 α where a andα are positive constants, and t is time. Find:
(a) the equation of the point’s trajectory y x( ); plot this function;
(b) the velocity v and the acceleration w of the point as functions of

time;
(c) the moment t 0 at which the velocity vector forms an angle π/ 4with

the acceleration vector.

26. A point moves in the plane xy according to the law x a t= sin ,ω
y a t= −( cos ),1 ω where a and ω are positive constants, Find :
(a) the distance s traversed by the point during the time τ;
(b) the angle between the point’s velocity and acceleration vectors.

27. A particle moves in the plane xy with constant acceleration w directed
along the negative y axis. The equation of motion of the particle has the
form y ax bx= − 2, where a and b are positive constants. Find the

velocity of the particle at the origin of coordinates.

28. A small body is thrown at an angle to the horizontal with the initial
velocity v0. Neglecting the air drag, find :
(a) the displacement of the body as a function of time r( );t
(b) the mean velocity vector ( )v averaged over the first t seconds and

over the total time of motion.

29. A body is thrown from the surface of the Earth at an angle α to the
horizontal with the initial velocity v0. Assuming the air drag to be
negligible, find:
(a) the time of motion;
(b) the maximum height of ascent and the horizontal range; at what

value of the angle α they will be equal to each other;

Physical Fundamentals of Mechanics | 5
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(c) the equation of trajectory y x( ), where y and x are displacements of
the body along the vertical and the horizontal respectively;

(d) the curvature radii of trajectory at its initial point and at its peak.

30. Using the conditions of the foregoing problem, draw the approximate

time dependence of moduli of the normal w n and tangent w τ
acceleration vectors, as well as of the projection of the total

acceleration vector w v on the velocity vector direction.

31. A ball starts falling with zero initial velocity on a smooth inclined

plane forming an angle α with the horizontal. Having fallen the

distance h, the ball rebounds elastically off the inclined plane. At what

distance from the impact point will the ball rebound for the second

time?

32. A cannon and a target are 5.10 km apart and located at the same level.

How soon will the shell launched with the initial velocity 240 m/s

reach the target in the absence of air drag?

33. A cannon fires successively two shells with velocity v0 250= m/s; the

first at the angle θ1 60= ° and the second at the angle θ2 45= ° to the

horizontal, the azimuth being the same. Neglecting the air drag, find

the time interval between firings leading to the collision of the shells.

34. A balloon starts rising from the surface of the Earth. The ascension rate

is constant and equal to v0. Due to the wind the balloon gathers the

horizontal velocity component v ayx = , where a is a constant and y is

the height of ascent. Find how the following quantities depend on the

height of  ascent;

(a) the horizontal, drift of the balloon x y( );

(b) the total, tangential, and normal accelerations of the balloon.

35. A particle moves in the plane xy with velocity v i j= +a bx ,where i and

j are the unit vectors of the x and y axes, and a and b are constants. At

the initial moment of time the particle wave located at the point

x y= =0. Find :

(a) the equation of the particle’s trajectory y x( );

(b) the curvature radius of trajectory as a function of x.

36. A particle A moves in one direction along
a given trajectory with a tangential
acceleration w aτ τ= , where a is a

constant vector coinciding in direction
with the x axis (Fig. 1.4), and τ is a unit
vector coinciding in direction with the
velocity vector at a given point. Find how
the velocity of the particle depends on x provided that its velocity is
negligible at the point x = 0.

37. A point moves along a circle with a velocity v at= , where

a = −0.50 ms 2. Find the total acceleration of the point at the moment

6 | Physical Fundamentals of Mechanics
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when it covered the nth (n = 0.10) fraction of the circle after the
beginning of motion.

38. A point moves with deceleration along the circle of radius R so that at
any moment of time its tangential and normal accelerations are equal
in moduli. At the initial moment t = 0 the velocity of the point equals
v0. Find :
(a) the velocity of the point as a function of time and as a function of

the distance covered s;
(b) the total acceleration of the point as a function of velocity and the

distance covered.

39. A point moves along an arc of a circle of radius R. Its velocity depends
on the distance covered s as v a s= , where a is a constant. Find the

angle α between the vector of the total acceleration and the vector of
velocity as a function of s.

40. A particle moves along an arc of a circle of radius R according to the
law l a t= sin ,ω where l is the displacement from the initial position
measured along the arc, and a and ω are constants. Assuming
R = 1.00 m, a = 0.80 m, and ω = −2.00 rad s 1 find:

(a) the magnitude of the total acceleration of the particle at the points
l = 0 and l a= ± ;

(b) the minimum value of the total acceleration w min and the
corresponding displacement lm.

41. A point moves in the plane so that its tangential acceleration w aτ = ,

and its normal acceleration w btn = 4, where a and b are positive

constants, and t is time. At the moment t = 0 the point was at rest. Find
how the curvature radius R of the point’s trajectory and the total
acceleration w depend on the distance covered s.

42. A particle moves along the plane trajectory y x( ) with velocity v whose

modulus is constant. Find the acceleration of the particle at the point
x = 0 and the curvature radius of the trajectory at that point if the
trajectory has the form.
(a) of a parabola y ax= 2;

(b) of an ellipse ( / ) ( / ) ;x a y b2 2 1+ = a and b are constants here.

43. A particle A moves along a circle of radius
R = 50 cm so that its radius vector r relative to the
point O (Fig. 1.5) rotates with the constant angular
velocity ω = −0.40 rad s 1. Find the modulus of the

velocity of the particle, and the modulus and
direction of its total acceleration.

44. A wheel rotates around a stationary axis so that the
rotation angle φvaries with time as φ =at 2,where a = −0.20 rad s 2.Find

the total acceleration w of the point A at the rim at the moment t = 2.5 s
if the linear velocity of the point A at this moment v = −0.65 ms 1.

Physical Fundamentals of Mechanics | 7
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45. A shell acquires the initial velocity v = −320 1ms , having made n = 2.0

turns inside the barrel whose length is equal to l = 2.0 m. Assuming
that the shell moves inside the barrel with a uniform acceleration, find
the angular velocity of its axial rotation at the moment when the shell
escapes the barrel.

46. A solid body rotates about a stationary axis according to the law
φ = −at bt 2, where a = −6.0 rad s 1 and b = −2.0 rad s 2. Find :

(a) the mean values of the angular velocity and angular acceleration
averaged over the time interval between t = 0 and the complete
stop;

(b) the angular acceleration at the moment when the body stops

47. A solid body starts rotating about a stationary axis with an angular
acceleration β = at , where a = × −2.0 10 2 rad/s2. How soon after the

beginning of rotation will the total acceleration vector of an arbitrary
point of the body form an angle α = °60 with its velocity vector?

48. A solid body rotates with deceleration about a stationary axis with an
angular deceleration β ω∝ , where ω is its angular velocity. Find the

mean angualr velocity of the body averaged over the whole time of
rotation if at the initial moment of time its angular velocity was equal
to ω0.

49. A solid body rotates about a stationary axis so that its angular velocity
depends on the rotation angle φ as ω ω= − φ0 a , where ω0 and a are
positive constants. At the moment t = 0 and the angle φ =0. Find the
time dependence of
(a) the rotation angle;
(b) the angular velocity.

50. A solid body starts rotating about a stationary axis with an angular
accelerationβ β= φ0 cos ,whereβ0 is a constant vector and φis an angle
of rotation from the initial position. Find the angular velocity of the
body as a function of the angle φ. Draw the plot of this dependence.

51. A rotating disc (Fig. 1.6) moves in the positive direction of the x axis.
Find the equation y x( ) describing the position of the instantaneous
axis of rotation, if at the initial moment the axis C of the disc was
located at the point O after which it moved.
(a) with a constant velocity v, while the disc started rotating

counterclockwise with a constant angular accelerationβ (the initial
angular velocity is equal to zero);

(b) with a constant acceleration w (and the zero initial velocity), while
the disc rotates counterclockwise with a constant angular velocityω.

52. A point A is located on the rim of a wheel of radius R = 0.50 m which

rolls without slipping along a horizontal surface with velocity
v = 1.00 m/s. Find :
(a) the modulus and the direction of the acceleration vector of the

point A;

8 | Physical Fundamentals of Mechanics
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(b) the total distance s traversed by the point A between the two
successive moments at which it touches the surface.

53. A ball of radius R = 10.0 cm rolls without slipping down an inclined

plane so that its centre moves with constant acceleration
w = 2.50 cms–2; t = 2.00 s after the beginning of motion its position

corresponds to that shown in Fig. 1.7. Find :

(a) the velocities of the points A, B, and O;

(b) the accelerations of these points.

54. A cylinder rolls without slipping over a horizontal plane. The radius of
the cylinder is equal to r.Find the curvature radii of trajectories traced
out by the points A and B (see Fig. 1.7).

55. Two solid bodies rotate about stationary mutually perpendicular

intersecting axes with constant angular velocities ω1
1= −3.0 rad s and

ω2
1= −4.0 rad s . Find the angular velocity and angular acceleration of

one body relative to the other.

56. A solid body rotates with angular velocity ω = +at bti j2 , where

a = −0.50 rad s 2,b = −0.060 rad s 2,and i and j are the unit vectors of the

x and y axes. Find:
(a) the moduli of the angular velocity and the angular acceleration at

the moment t = 10.0 s.
(b) the angle between the vectors of the angular velocity and the

angular acceleration at that moment.

57. A round cone with half-angle
α = °30 and the radius of the
base R = 5.0 cm rolls
uniformly and without
slipping over a horizontal
plane as shown in Fig. 1.8.
The cone apex is hinged at
the point O which is on the
same level with the point C,
the cone base centre. The
velocity of point C is v = −10.0 cms 1. Find the moduli of

(a) the vector of the angular velocity of the cone and the angle it forms
with the vertical

(b) the vector of the angular acceleration of the cone.

Physical Fundamentals of Mechanics | 9

C

v x
O

y

C w
B

O

A

Fig. 1.6 Fig. 1.7

2α
CO

Fig. 1.8

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


58. A solid body rotates with a constant angular velocity ω0
1= −0.50 rads

about a horizontal axis AB. At the moment t = 0 the axis AB starts
turning about the vertical with a constant angular acceleration
β0

2= −0.10 rads . Find the angular velocity and angular acceleration of

the body after t = 3.5 s.

1.2 The Fundamental Equation of Dynamics
● The fundamental equation of dynamics of a mass point (Newton’s second

law):

m
d

dt

v
F= . …(1.2a)

● The same equation expressed in projections on the tangent and the normal of
the point’s trajectory:

m
dv

dt
Fτ

τ= , m
v

R
Fn

2

= , …(1.2b)

● The equation of dynamics of a point in the non-inertial reference frame K ′
which rotates with a constant angular velocity ω about an axis translating
with an acceleration w0:

m m m R mw F w v′ = − + + ′0
2 2ω ω[ ], …(1.2c)

where R is the radius vector of the point relative to the axis of rotation of the
K ′ frame.

59. An aerostat of mass m starts coming down with a constant acceleration
w. Determine the ballest mass to be dumped for the aerostat to reach
the upward acceleration of the same magnitude. The air drag is to be
neglected.

60. In the arrangement of Fig. 1.9 the masses m0, m1, and m2of bodies are

equal, the masses of the pulley and the threads are negligible, and
there is no friction in the pulley. Find the acceleration w with which
the body m0 comes down, and the tension of the thread binding
together the bodies m1 and m2, if the coefficient of friction between
these bodies and the horizontal surface is equal to k. Consider possible
cases.

61. Two touching bars 1 and 2 are placed on an inclined plane forming an
angle α with the horizontal (Fig,. 1.10). The masses of the bars are
equal to m1 and m2, and the coefficients of friction between the
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inclined plane and these bars are equal to k1 and k2 respectively, with
k k1 2> . Find:
(a) the force of interaction of the bars in the process of motion;
(b) the minimum value of the angle α at which the bars start sliding

down.

62. A small body was launched up an inclined plane set at an angleα = °15

against the horizontal. Find the coefficient of friction, if the time of the
ascent of the body is η = 2.0 times less than the time of its descent.

63. The following parameters of the arrangement of Fig. 1.11 are available;
the angle α which the inclined plane forms with the horizontal, and
the coefficient of friction k between the body m1 and the inclined
plane. The masses of the pulley and the threads, as well as the friction
in the pulley, are negligible. Assuming both bodies to be motionless at
the initial moment, find the mass ratio m m2 1/ at which the body m2

(a) starts coming down
(b) starts going up;
(c) is at rest.

64. The inclined plane of Fig. 1.11 forms
an angle α = °30 with the horizontal.
The mass ratio m m2 1 2 3/ / .= =η The
coefficient of friction between the body
m1 and the inclined plane is equal to
k = 0.10. The masses of the pulley and
the threads are negligible. Find the
magnitude and the direction of
acceleration of the body m2 when the formerly stationary system of
masses starts moving.

65. A plank of mass m1 with a bar of mass m2 placed on it lies on a smooth

horizontal plane. A horizontal force growing with time t as F at= (a is
constant) is applied to the bar. Find how the accelerations of the plank
w1 and of the bar w2 depend on t, if the coefficient of friction between
the plank and the bar is equal to k. Draw the approximate plots of these
dependences.

66. A small body A starts sliding down from the top
of a wedge (Fig. 1.12) whose base is equal to
l = 2.10 m. The coefficient of friction between
the body and the wedge surface is k = 0.140. At
what value of the angleα will the time of sliding
be the least? What will it be equal to?

67. A bar of mass m is pulled by means of a thread
up an inclined plane forming an angle α with
the horizontal (Fig. 1.13). The coefficient of
friction is equal to k. Find the angle β which the
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thread must form with the inclined plane for the tension of the thread
to be minimum. What is it equal to?

68. At the moment t = 0 the force F at= is applied to a small body of mass

m resting on a smooth horizontal plane (a is a constant).

The permanent direction of this forms an angle α with the horizontal
(Fig. 1.14). Find :

(a) the velocity of the body at the moment of its breaking off the plane;

(b) the distance traversed by the body up to this moment.

69. A bar of mass m resting on a smooth horizontal plane starts moving
due to the force F mg= /3 of constant magnitude. In the process of its
rectilinear motion the angle α between the direction of this force and
the horizontal varies as α = as, where a is a constant and s is the
distance traversed by the bar from its initial position. Find the velocity
of the bar as a function of the angle α .

70. A horizontal plane with the coefficient of friction k supports two
bodies: a bar and an electric motor with a battery on a block. A thread
attached to the bar is wound on the shaft of the electric motor. The
distance between the bar and the electric motor is equal to l. When the
motor is switched on, the bar, whose mass is twice as great as that of
the other body, starts moving with a constant acceleration w. How
soon will the bodies collide?

71. A pulley fixed to the ceiling of an elevator car carries a thread whose
ends are attached to the loads of masses m1 and m2.The car starts going
up with an acceleration w0.Assuming the masses of the pulley and the
thread, as well as the friction, to be negligible find:

(a) the acceleration of the load m1 relative to the elevator shaft and
relative to the car;

(b) the force exerted by the pulley on the ceiling of the car.

72. Find the acceleration w of the body 2 in the arrangement shown in
Fig. 1.15, if its mass is η times as great as the mass of bar 1 and the angle
that the inclined plane forms with the horizontal is equal to α . The
masses of the pulleys and the threads, as well as the friction, are
assumed to be negligible. Look into possible cases.
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73. In the arrangement shown in Fig. 1.16 the bodies have masses m0, m1,

m2, the friction is absent, the masses of the pulleys and the threads are
negligible. Find the acceleration of the body m1. Look into possible
cases.

74. In the arrangement shown in Fig. 1.17. the mass of the rod
M exceeds the mass m of the ball. The ball has an opening
permitting it to slide along the thread with some friction.
The mass of the pulley and the friction in its axle are
negligible. At the initial moment the ball was located
opposite the lower end of the rod. When set free, both
bodies began moving with constant accelerations. Find
the friction force between the ball and the thread it t
seconds after the beginning of motion the ball got opposite the upper
end of the rod. The rod length equals l.

75. In the arrangement shown in Fig. 1.18 the mass of ball

1 is η = 1.8 times as great as that of rod 2. The length of

the latter is l = 100 cm.The masses of the pulleys and the

threads, as well as the friction, are negligible. The ball is

set on the same level as the lower end of the rod and then

released. How soon will the ball be opposite the upper

end of the rod?

76. In the arrangement shown in Fig. 1.19 the mass of

body 1 is η = 4.0 times as great as that of body 2. The

height h = 20 cm. The masses of the pulleys and the

threads, as well as the friction, are negligible. At a

certain moment body 2 is released and the

arrangement set in motion. What is the maximum

height that body 2 will go up to?
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77. Find the accelerations of rod A and wedge B in
the arrangement shown in Fig. 1.20 if the ratio
of the mass of the wedge to that of the rod
equals η, and the friction between all contact
surfaces is negligible.

78. In the arrangement shown in
Fig. 1.21 the masses of the wedge M
and the body m are known. The
appreciable friction exists only
between the wedge and the body
m, the friction coefficient being
equal to k. The masses of the pulley
and the thread are negligible. Find
the acceleration of the body m relative to the horizontal surface on
which the wedge slides.

79. What is the minimum acceleration with which
bar A (Fig. 1.22) should be shifted horizontally
to keep bodies 1 and 2 stationary relative to the
bar? The masses of the bodies are equal, and the
coefficient of friction between the bar and the
bodies is equal to k. The masses of the pulley
and the threads are negligible, the friction in the
pulley is absent.

80. Prism 1 with bar 2 of mass m placed on it gets a
horizontal acceleration w directed to the left
(Fig,. 1.23). At what maximum value of this
acceleration will the bar be still stationary
relative to the prism, if the coefficient of
friction between them k < cot α?

81. Prism 1 of mass m1 and with angleα (see Fig. 1.23) rests on a horizontal

surface. Bar 2 of mass m2 is placed on the prism. Assuming the friction
to be negligible, find the acceleration of the prism.

82. In the arrangement shown in Fig. 1.24
the masses m of the bar and M of the
wedge, as well as the wedge angle α , are
known.

The masses of the pulley and the thread
are negligible. The friction is absent.
Find the acceleration of the wedge M.

83. A particle of mass m moves along a
circle of radius R. Find the modulus of the average vector of the force
acting on the particle over the distance equal to a quarter of the circle,
if the particle moves
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(a) uniformly with velocity v;
(b) with constant tangential acceleration w τ , the initial velocity being

equal to zero.

84. An aircraft loops the loop of radius R = 500 mwith a constant velocity

v = 360 km per hour. Find he weight of the flyer of mass m = 70 kg in
the lower, upper, and middle points of the loop.

85. A small sphere of mass m suspended by a thread is first taken aside so
that the thread forms the right angle with the vertical and then
released. Find :

(a) the total acceleration of the sphere and the thread tension as a
function ofθ,the angle of deflection of the thread from the vertical;

(b) the thread tension at the moment when the vertical component of
the sphere’s velocity is maximum;

(c) the angle θ between the thread and the vertical at the moment
when the total acceleration vector of the sphere is directed
horizontally.

86. A ball suspended by a thread swings in a vertical plane so that its
acceleration values in the extreme and the lowest position are equal.
Find the thread deflection angle in the extreme position.

87. A small body A starts sliding off the top of a smooth sphere of radius R.

Find the angle θ (Fig. 1.25) corresponding to the point at which the
body breaks off the sphere, as well as the break-off velocity of the body.

88. A device (Fig. 1.26) consists of a smooth L-shaped rod located in a
horizontal plane and a sleeve A of mass m attached by a weight less
spring to a point B. The spring stiffness is equal to x. The whole system
rotates with a constant angular velocity ωabout a vertical axis passing
through the point O. Find the elongation of the spring. How is the
result affected by the rotation direction?

89. A cyclist rides along the circumference of a circular horizontal plane of
radius R, the friction coefficient being dependent only on distance r

from the centre O of the plane as k k r R= −0 1( / ), where k0 is a
constant. Find the radius of the circle with the centre at the point along
which the cyclist can ride with the maximum velocity. What is this
velocity?
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90. A car moves with a constant tangential acceleration w τ = 0.62 m/s2

along a horizontal surface circumscribing a circle of radius R = 40 m.
The coefficient of sliding friction between the wheels of the car and
the surface is k = 0.20. What distance will the car ride without sliding
if at the initial moment of time its velocity is equal to zero?

91. A car moves uniformly along a horizontal sine curve y a x= sin ( / ),α
where a and α are certain constants. The coefficient of friction
between the wheels and the road is equal to k. At what velocity will the
car ride without sliding?

92. A chain of mass m forming a circle of radius R is slipped on a smooth
round cone with half-angle θ. Find the tension of the chain if it rotates
with a constant angular velocityωabout a vertical axis coinciding with
the symmetry axis of the cone.

93. A fixed pulley carries a weightless thread with masses m1 and m2 at its

ends. There is friction between the thread and the pulley. It is such

that the thread starts slipping when the ratio
m

m
2

1
0= η . Find :

(a) the friction coefficient;

(b) the acceleration of the masses when
m

m
2

1
0= >η η .

94. A particle of mass m moves along the internal smooth surface of a
vertical cylinder of radius R. Find the force with which the particle
acts on the cylinder wall if at the initial moment of time its velocity
equals v0 and forms an angle α with the horizontal.

95. Find the magnitude and direction of the force acting on the particle of
mass m during its motion in the plane xy according to the law
x a t= sin ,ω y b t= cos ,ω where a, b and ω are constants.

96. A body of mass m is thrown at an angle to the horizontal with the
initial velocity v0. Assuming the air drag to be negligible, find :
(a) the momentum increment ∆p that the body acquires over the first

t seconds of motion;
(b) the modulus of the momentum increment ∆p during the total time

of motion.

97. At the moment t = 0 a stationary particle of mass m experiences a

time-dependent force F a= −t t( ),τ where a is a constant vector, τ is the

time during which the given force acts. Find
(a) the momentum of the particle when the action of the force

discontinued;
(b) the distance covered by the particle while the force acted.

98. At the moment t = 0 a particle of mass m starts moving due to a force

F F= 0 sin ,ωt where F0 and ω are constants. Find the distance covered
by the particle as a function of t. Draw the approximate plot of this
function.
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99. At the moment t = 0 a particle of mass m starts moving due to a force

F F= 0 cos ,ωt where F0 andωare constants. How long will it be moving
until it stops for the first time? What distance will it traverse during
that time? What is the maximum velocity of the particle over this
distance?

100. A motorboat of mass m moves along a lake with velocity v0. At the

moment t = 0 the engine of the boat is shut down. Assuming the
resistance of water to be proportional to the velocity of the boat
F v= − r , find:

(a) how long the motorboat moved with the shutdown engine;

(b) the velocity of the motorboat as a function of the distance covered
with the shutdown engine, as well as the total distance covered till
the complete stop;

(c) the mean velocity of the motorboat over the time interval
(beginning with the moment t = 0), during which its velocity
decreases η times.

101. Having gone through a plank of thickness h, a bullet changed its
velocity from v0 to v. Find the time of motion of the bullet in the plank,
assuming the resistance force to be proportional to the square of the
velocity.

102. A small bar starts sliding down an inclined plane forming an angle α
with the horizontal. The friction coefficient depends on the distance x

covered as k ax= , where a is a constant. Find the distance covered by
the bar till it stops, and its maximum velocity over this distance.

103. A body of mass m rests on a horizontal plane with the friction
coefficient k. At the moment t = 0 a horizontal force is applied to it,

which varies with time as F a= t , where a is a constant vector.

Find the distance traversed by the body during the first t seconds after
the force acting began.

104. A body of mass m is thrown straight up with velocity v0. Find the

velocity v′ with which the body comes down if the air drag equals kv2,

where k is a constant and v is the velocity of the body.

105. A particle of mass m moves in a certain plane P due to a force F whose
magnitude is constant and whose vector rotates in that plane with a
constant angular velocity ω. Assuming the particle to be stationary at
the moment t = 0, find:

(a) its velocity as a function of time;

(b) the distance covered by the particle between two successive stops,
and the mean velocity over this time.
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106. A small disc A is placed on an inclined
plane forming an angle α with the
horizontal (Fig. 1.27) and is imparted an
initial velocity v0. Find how the velocity
of the disc depends on the angle φ if the
friction coefficient k = tan α and at the

initial moment φ =0
2

π
.

107. A chain of length l is placed on a smooth
spherical surface of radius R with one of
its ends fixed at the top of the sphere.
What will be the acceleration w of each element of the chain when its
upper end is released? It is assumed that the length of the chain

l R< 1

2
π .

108. A small body is placed on the top of a smooth sphere of radius R. Then
the sphere is imparted a constant acceleration w0 in the horizontal
direction and the body begins sliding down. Find:
(a) the velocity of the body relative to the sphere at the moment of

break-off;
(b) the angle θ0 between the vertical and the radius vector drawn from

the centre of the sphere to the break-off point; calculate θ0 for
w g0 = .

109. A particle moves in a plane under the action of a force which is always
perpendicular to the particle’s velocity and depends on a distance to a
certain point on the plane as 1/ ,r n where n is a constant. At what value

of n will the motion of the particle along the circle be steady?

110. A sleeve A can slide freely along a smooth rod bent in
the shape of a half-circle of radius R (Fig. 1.28). The
system is set is rotation with a constant angular
velocity ω about a vertical axis OO′. Find the angle θ
corresponding to the steady position of the sleeve.

111. A rifle was aimed at the vertical line on the target
located precisely in the northern direction, and then
fired. Assuming the air drag to be negligible, find how
much off the line, and in what direction, will the
bullet hit the target. The shot was fired in the
horizontal direction at the latitude φ = °60 , the bullet
velocity v = −900 1ms ,and the distance from the target

equals s = 1.0 km.

112. A horizontal disc rotates with a constant angular velocity

ω = −6.0 rads 1 about a vertical axis passing through its centre. A small

body of mass m = 0.50 kg moves along a diameter of the disc with a

velocity v′ = 50 cm/s which is constant relative to the disc. Find the
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force that the disc exerts on the body at the moment when it is located

at the distance r = 30 cm from the rotation axis.

113. A horizontal smooth rod AB rotates with a constant angular velocity

ω = −2.00 rads 1 about a vertical axis passing through its end A. A freely

sliding sleeve of mass m = 0.50 kg moves along the rod from the point

A with the initial velocity v0 = 1.00 m/s. Find the Coriolis force acting

on the sleeve (in the reference frame fixed to the rotating rod) at the

moment when the sleeve is located at the distance r = 50 cm from the

rotation axis.

114. A horizontal disc of radius R rotates with a constant angular velocity ω
about a stationary vertical axis passing through its edge. Along the

circumference of the disc a particle of mass m moves with a velocity

that is constant relative to the disc. At the moment when the particle is

at the maximum distance from the rotation axis, the resultant of the

inertial forces Fin acting on the particle in the reference frame fixed to

the disc turns into zero. Find :
(a) the acceleration ω′ of the particle relative to the disc;
(b) the dependence of Fin on the distance from the rotation axis.

115. A small body of mass m = 0.30 kg starts sliding down from the top of a

smooth sphere of radius R = 1.00 m. The spheres rotates with a
constant angular velocity ω = −6.0 rads 1 about a vertical axis passing

through its centre. Find the centrifugal force of inertia and the Coriolis
force at the moment when the body breaks off the surface of the sphere
in the reference frame fixed to the sphere.

116. A train of mass m = 2000 tons moves in the latitude φ = °60 North.

Find:
(a) the magnitude and direction of the lateral force that the train exerts

on the rails if it moves along a meridian with a velocity v = 54 km
per hour.

(b) in what direction and with what velocity the train should move for
the resultant for the inertial forces acting on the train in the
reference frame fixed to the Earth to be equal to zero.

117. At the equator a stationary (relative to the Earth) body falls down from
the height h = 500 m. Assuming the air drag to be negligible, find how
much off the vertical, and in what direction, the body will deviate
when it hits the ground.

1.3 Laws of Conservation of Energy, Momentum, and
Angular Momentum

● Work and power of the force F:

A d F dss= =∫ ∫F r , P = Fv. …(1.3a)

● Increment of the kinetic energy of a particle:

T T A2 1− = , …(1.3b)
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where A is the work performed by the resultant of all the forces acting on the
particle.

● Work performed by the forces of a field is equal to the decrease of the
potential energy of a particle in the given field:

A U U= −1 2. …(1.3c)

● Relationship between the force of a field and the potential energy of a
particle in the field:

F = − ∇ U, …(1.3d)

ie, the force is equal to the antigradient of the potential energy.
● Increment of the total mechanical energy of a particle in a given potential

field:

E E A2 1− = extr, …(1.3e)

where Aextr is the algebraic sum of works performed by all extraneous forces
that is, by the forces not belonging to those of the given field.

● Increment of the total mechanical energy of a system:

E E A A2 1− = +ext int
noncons , …(1.3f)

where E T U= + , and U is the inherient potential energy of the system.
● Law of momentum variation of a system;

d dtp/ F,= …(1.3g)

where F is the resultant of all external forces.
● Equation of motion of the system’s centre of inertia:

m
d

dt
Cv

F= , …(1.3h)

where F is the resultant of all external forces.
● Kinetic energy of a system

T T
mvC= +~

,
2

2
…(1.3i)

where
~
T is its kinetic energy in the system of centre of inertia.

● Equation of dynamics of a body with a variable mass:

m
d

dt

dm

dt

v
F u= + , …(1.3j)

where u is the velocity of the separated (gained) substance relative to the
body considered.

● Law of angular momentum variation of a system:
d

dt

M
N= , …(1.3 k)

where M is the angular momentum of the system, and N is the total moment
of all external forces.

● Angular momentum of a system:

M M r P= +~
[ ],C …(1.3l)

where
~
M is its angular momentum in the system of the centre of inertia, rC is

the radius vector of the centre of inertia, and p is the momentum of the
system.
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118. A particle has shifted along some trajectory in the plane xy from point
1 whose radius vector r i j1 2= + to point 2 with the radius vector
r i j.2 2 3= − During that time the particle experienced the action of
certain forces, one of which being F i j.= +3 4 Find the work performed
by the force F. (Here r1, r2 and F are given in SI units).

119. A locomotive of mass m starts moving so that its velocity varies
according to the law v a s= , where a is a constant, and s is the

distance covered. Find the total work performed by all the forces
which are acting on the locomotive during the first t seconds after the
beginning of motion.

120. The kinetic energy of a particle moving along a circle of radius R

depends on the distance covered s as T as= 2, where a is a constant.

Find the force acting on the particle as a function of s.

121. A body of mass m was slowly hauled up the hill
(Fig. 1.29) by a force F which at each point was
directed along a tangent to the trajectory. Find
the work performed by this force, if the height
of the hill is h, the length of its base l, and the
coefficient of friction k.

122. A disc of mass m = 50 g slides with the zero

initial velocity down an inclined plane set at an
angle α = °30 to the horizontal; having
traversed the distance l = 50 cm along the horizontal plane, the disc
stops. Find the work performed by the friction forces over the whole
distance, assuming the friction coefficient k = 0.15 for both inclined
and horizontal planes.

123. Two bars of masses m1 and m2 connected by a non-deformed light

spring rest on a horizontal plane. The coefficient of friction between
the bars and the surface is equal to k. What minimum constant force
has to be applied in the horizontal direction to the bar of mass m1 in
order to shift the other bar?

124. A chain of mass m = 0.80 kg and length l = 1.5 m rests on a

rough-surfaced table so that one of its ends hangs over the edge. The
chain starts sliding off the table all by itself provided the overhanging

part equals η = 1

3
of the chain length. What will be the total work

performed by the friction forces acting on the chain by the moment it
slides completely off the table?

125. A body of mass m is thrown at an angle α to the horizontal with the
initial velocity v0. Find the mean power developed by gravity over the
whole time of motion of the body, and the instantaneous power of
gravity as a function of time.

126. A particle of mass m moves along a circle of radius R with a normal
acceleration varying with time as w atn = 2,where a is a constant. Find
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the time dependence of the power developed by all the forces acting on
the particle, and the mean value of this power averaged over the first
t seconds after the beginning of motion.

127. A small body of mass m is located on a horizontal plane at the point O.

The body acquires a horizontal velocity v0. Find:
(a) the mean power developed by the friction force during the whole

time of motion, if the friction coefficient k = 0.27, m = 1.0 kg, and

v0
1= −1.5 ms ;

(b) the maximum instantaneous power developed by the friction
force, if the friction coefficient varies as k x= α , where α is a
constant, and x is the distance from the point O.

128. A small body of mass m = 0.10 kg moves in the reference frame

rotating about a stationary axis with a constant angular velocity

ω = −5.0 rads 1. What work does the centrifugal force of inertia perform

during the transfer of this body along an arbitrary path from point 1 to
2 which are located at the distances r1 30= cmand r2 50= cmfrom the
rotation axis?

129. A system consists of two springs connected in series and having the
stiffness coefficients k1 and k2. Find the minimum work to be
performed in order to stretch this system by ∆l.

130. A body of mass m is hauled from the Earth’s surface by applying a force

F varying with the height of ascent y as F = −2 1( ) ,ay mg where a is a

positive constant. Find the work performed by this force and the
increment of the body’s potential energy in the gravitational field of
the Earth over the first half of the ascent.

131. The potential energy of a particle in a certain field has the form

U
a

r

b

r
= −

2
,where a and b are positive constants, r is the distance from

the centre of the field. Find :
(a) the value of r0 corresponding to the equilibrium position of the

particle; examine whether this position is steady;
(b) the maximum magnitude of the attraction force; draw the plotsU r( )

and F rr( ) (the projection of the force on the radius vector r).

132. In a certain two-dimensional field of force the potential energy of a

particle has the form U x y= +α β2 2, where α and β are positive

constants whose magnitudes are different. Find out:
(a) whether this field is central;
(b) what is the shape of the equipotential surfaces and also of the

surfaces for which the magnitude of the vector of force
F = constant.

133. There are two stationary fields of force F i= ay and F i j= +ax by ,where

i and j are the unit vectors of the x and y axes, and a and b are
constants. Find out whether these fields are potential.
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134. A body of mass m is pushed with the initial velocity v0 up an inclined

plane set at an angle α to the horizontal. The friction coefficient is
equal to k. What distance will the body cover before it stops and what
work do the friction forces perform over this distance?

135. A small disc A slides down with initial velocity equal to zero from the
top of a smooth hill of height H having a horizontal portion (Fig. 1.30).
What must be the height of the horizontal portion h to ensure the
maximum distance s covered by the disc? What is it equal to?

136. A small body A starts sliding from the height h down an inclined
groove passing into a half-circle of radius h/2 (Fig. 1.31).

Assuming the friction to be negligible, find the velocity of the body at
the highest  point of its trajectory (after breaking off the groove).

137. A ball of mass m is suspended by a thread of length l. With what
minimum velocity has the point of suspension to be shifted in the
horizontal direction for the ball to move along the circle about that
point? What will be the tension of the thread at the moment it will be
passing the horizontal position?

138. A horizontal plane supports a stationary vertical cylinder of radius R
and a disc A attached to the cylinder by a horizontal thread AB of
length l0 (Fig. 1.32, top view). An initial velocity v0 is imparted to the
disc as shown in the figure. How long will it move along the plane until
it strikes against the cylinder? The friction is assumed to be absent.

139. A smooth rubber cord of length l whose coefficient of elasticity is k is
suspended by one end from the point O (Fig. 1.33). The other end is
fitted with a catch B. A small sleeve A of mass m starts falling from the
point O. Neglecting the masses of the thread and the catch, find the
maximum elongation of the cord.
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140. A small bar A resting on a smooth horizontal plane is attached by

threads to a point P (Fig. 1.34) and, by means of a weightless pulley, to

a weight B possessing the same mass as the bar itself.

Besides, the bar is also attached to a point O by means of light

non-deformed spring of length l0 50= cm and stiffness x mg l= 5 0/ ,

where m is the mass of the bar. The thread PA having been burned, the

bar starts moving. Find its velocity at the moment when it is breaking

off the plane.

141. A horizontal plane supports a plank with a bar of mass m = 1.0 kg

placed on it and attached by a light elastic non-deformed cord of

length l0 40= cm to a point O (Fig. 1.35). The coefficient of friction

between the bar and the plank equal k = 0.20. The plank is slowly

shifted to the right until the bar starts sliding over it. It occurs at the

moment when the cord deviates from the vertical by an angle θ = °30 .

Find the work that has been performed by that moment by the friction

force acting on the bar in the reference frame fixed to the plane.

142. A smooth light horizontal rod AB can rotate about a vertical axis

passing through its end A. The rod is fitted with a small sleeve of mass

m attached to the end A by a weightless spring of length l0 and stiffness

x. What work must be performed to slowly get this system going and

reaching the angular velocity ω?

143. A pulley fixed to the ceiling carries a thread with bodies of masses m1

and m2 attached to its ends. The masses of the pulley and the thread

are negligible, friction is absent. Find the acceleration wC of the centre

of inertia of this system.
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144. Two interacting particles form a closed system whose
centre of inertia is at rest. Fig. 1.36 illustrates the positions
of both particles at a certain moment and the trajectory of
the particle of mass m1.Draw the trajectory of the particle of

mass m1 and m
m

2
1

2
= .

145. A closed chain A of mass m = 0.36 kg is attached to a

vertical rotating shaft by means of a thread (Fig. 1.37), and
rotates with a constant angular velocity ω = −35 1rads . The

thread forms an angle θ = °45 with the vertical. Find the distance
between the chain’s centre of gravity and the rotation axis, and the
tension of the thread.

146. A round cone A of mass m = 3.2 kg and half-angle α = °10 rolls

uniformly and without slipping along a round conical surface B so that
its apex O remains stationary (Fig. 1.38). The centre of gravity of the
cone A is at the same level as the point O and at a distance l = 17 cm
from it. The cone’s axis moves with angular velocity ω. Find :

(a) the static friction force acting on the cone A, if ω = −1.0 rads 1;

(b) at what values of ω the cone A will roll without sliding, if the
coefficient of friction between the surfaces is equal to k = 0.25.

147. In the reference frame K two particles travel along the x-axis, one of
mass m1 with velocity v1, and the other of mass m2 with velocity v2.
Find :
(a) the velocity V of the reference frame K ′ in which the cumulative

kinetic energy of these particles is minimum;
(b) the cumulative kinetic energy of these particles in the K ′ frame.

148. The reference frame, in which the centre of inertia of a given system of
particles is at rest, translates with a velocity V relative to an inertial
reference frame K. The mass of the system of particles equals m, and
the total energy of the system in the frame of the centre of inertia is
equal to

~
.E Find the total energy E of this system of particles in the

reference frame K.

149. Two small discs of masses m1 and m2 interconnected by a weightless

spring rest on a smooth horizontal plane. The discs are set in motion
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with initial velocities v1 and v2 whose directions are mutually
perpendicular and lie in a horizontal plane. Find the total energy

~
E of

this system in the frame of the centre of inertia.

150. A system consists of two small spheres of masses m1 and m2

interconnected by a weightless spring. At the moment t = 0 the spheres
are set in motion with the initial velocities v1 and v2 after which the
system starts moving in the Earth’s uniform gravitational field.
Neglecting the air drag, find the time dependence of the total
momentum of this system in the process of motion and of the radius
vector of its centre of inertia relative to the initial position of the
centre.

151. Two bars of masses m1 and m2 connected by

a weightless spring of stiffness x (Fig. 1.39)
rest on a smooth horizontal plane.

Bar 2 is shifted a small distance x to the left
and then released. Find the velocity of the
centre of inertia of the system after bar 1 breaks off the wall.

152. Two bars connected by a weightless spring
of stiffness x and length (in the
non-deformed state) l0 rest on a horizontal
plane. A constant horizontal force F starts
acting on one of the bars as shown in Fig. 1.40. Find the maximum and
minimum distances between the bars during the subsequent motion of
the system, if the masses of the bars are
(a) equal;
(b) equal to m1 and m2,and the force F is applied to the bar of mass m2

153. A system consists of two identical cubes, each of mass m,

linked together by the compressed weightless spring of
stiffness x (Fig. 1.41). The cubes are also connected by a
thread which is burned through at a certain moment. Find:
(a) at what values of ∆ l, the initial compression of the

spring, the lower cube will bounce up after the thread
has been burned through:

(b) to what height h the centre of gravity of this system
will rise if the initial compression of the spring
∆l mg x= 7 / .

154. Two identical buggies 1 and 2 with one man in each moves without
friction due to inertia along the parallel rails towards each other. When
the buggies get opposite each other, the men exchange their places by
jumping in the direction perpendicular to the motion direction. As a
consequence, buggy 1 stops and buggy 2 keeps moving in the same

direction, with its velocity becoming equal to v. Find the initial
velocities of the buggies v1 and v2 if the mass of each buggy (without a
man) equal M and the mass of each man m.
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155. Two identical buggies move one after the other due to inertia (without
friction) with the same velocity v0. A man of mass m rides the rear
buggy. At a certain moment the man jumps into the front buggy with a
velocity u relative to his buggy. Knowing that the mass of each buggy is
equal to M, find the velocities with which the buggies will move after
that.

156. Two men, each of mass m, stand on the edge of a stationary buggy of
mass M. Assuming the friction to be negligible, find the velocity of the
buggy after both men jump off with the same horizontal velocity u
relative to the buggy: (1) simultaneously; (2) one after the other. In
what case will the velocity of the buggy be greater and how many
times?

157. A chain hangs on a thread and touches the surface of a table by its
lower end. Show that after the thread has been burned through, the
force exerted on the table by the falling part of the chain at any
moment is twice as great as the force of pressure exerted by the part
already resting on the table.

158. A steel ball of mass m = 50 g falls from the height h = 1.0 m on the

horizontal surface of a massive slab. Find the cumulative momentum
that the ball imparts to the slab after numerous bounces, if every
impact decreases the velocity of the ball η = 1.25 times.

159. A raft of mass M with a man of mass m aboard stays motionless on the
surface of a lake. The man moves a distance l′ relative to the raft with
velocity v′ ( )t and then stops. Assuming the water resistance to be
negligible, find:
(a) the displacement of the raft l relative to the shore;
(b) the horizontal component of the force with which the man acted

on the raft during the motion.

160. A stationary pulley carries a rope whose one end supports a ladder
with a man and the other end the counterweight of mass M. The man
of mass m climbs up a distance l′ with respect to the ladder and then
stops. Neglecting the mass of the rope and the friction in the pulley
axle, find the displacement l of the centre of inertia of this system.

161. A cannon of mass M starts sliding freely down a smooth inclined plane
at an angleα to the horizontal. After the cannon covered the distance l,
a shot was fired, the shell leaving the cannon in the horizontal
direction with a momentum p. As a consequence, the cannon stopped.
Assuming the mass of the shell to be negligible, as compared to that of
the cannon, determine the duration of the shot.

162. A horizontally flying bullet of mass m gets stuck in a
body of mass M suspended by two identical threads
of length l (Fig. 1.42). As a result, the threads swerve
through an angle θ. Assuming m M<< , find :
(a) the velocity of the bullet before striking the body;
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(b) the fraction of the bullet’s initial kinetic energy that turned into
heat.

163. A body of mass M (Fig. 1.43) with a small disc
of mass m placed on it rests on a smooth
horizontal plane. The disc is set in motion in
the horizontal direction with velocity v. To
what height (relative to the initial level) will
the disc rise after breaking off the body M? The
friction is assumed to be absent.

164. A small disc of mass m slides down a smooth
hill of height h without initial velocity and
gets onto a plank of mass M lying on the
horizontal plane at the base of the hill (Fig.
1.44). Due to friction between the disc and
the plank the disc slows down and,
beginning with a certain moment, moves in
one piece with the plank.
(1) Find the total work performed by the

friction forces in this process.
(2) Can it be stated that the result obtained does not depend on the

choice of the reference frame?

165. A stone falls down without initial velocity from a height h onto the
Earth’s surface. The air drag assumed to be negligible, the stone hits
the ground with velocity v gh0 2= relative to the Earth. Obtain the

same formula in terms of the reference frame “falling” to the Earth with
a constant velocity v0.

166. A particle of mass 1.0 g moving with velocity v i j1 = −3.0 2.0

experiences a perfectly inelastic collision with another particle of
mass 2.0 g and velocity v j k2 = −4.0 6.0 .Find the velocity of the formed
particle (both the vector v and its modulus), if the components of the
vectors v1 and v2 are given in the SI units.

167. Find the increment of the kinetic energy of the closed system
comprising two spheres of masses m1 and m2 due to their perfectly
inelastic collision, if the initial velocities of the spheres were equal to
v1 and v2.

168. A particle of mass m1 experienced a perfectly elastic collision with a

stationary particle of mass m2.What fraction of the kinetic energy does
the striking particle lose, if
(a) it recoils at right angles to its original motion direction;
(b) the collision is a head-on one?

169. Particle 1 experiences a perfectly elastic collision with a stationary
particle 2. Determine their mass ratio, if
(a) after a head-on collision the particles fly apart in the opposite

directions with equal velocities;
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(b) the particles fly apart symmetrically relative to the initial motion
direction of particle 1 with the angle of divergence θ = °60 .

170. A ball moving translationally collides elastically with another,
stationary, ball of the same mass. At the moment of impact the angle
between the straight line passing through the centres of the balls and
the direction of the initial motion of the striking ball is equal to
α = °45 . Assuming the balls to be smooth, find the fraction η of the
kinetic energy of the striking ball that turned into potential energy at
the moment of the maximum deformation.

171. A shell flying with velocity v = −500 1ms bursts into three identical

fragments so that the kinetic energy of the system increases η = 1.5
times. What maximum velocity can one of the fragments obtain?

172. Particle 1 moving with velocity v = −10 1ms experienced a head-on

collision with a stationary particle 2 of the same mass. As a result of
the collision, the kinetic energy of the system decreased by η = 1.0%.
Find the magnitude and direction of the velocity of particle 1 after the
collision.

173. A particle of mass m having collided with a stationary particle of mass
M deviated by an angle π/2 whereas the particle M recoiled at an angle
θ = °30 to the direction of the initial motion of the particle m. How
much (in per cent) and in what way has the kinetic energy of this
system changed after the collision, if M m/ = 5.0?

174. A closed system consists of two particles of masses m1 and m2 which

move at right angles to each other with velocities v1 and v2. Find
(a) the momentum of each particle and
(b) the total kinetic energy of the two particles in the reference frame

fixed to their centre of inertia.

175. A particle of mass m1 collides elastically with a stationary particle of

mass m m m2 1 2( ).> Find the maximum angle through which the
striking particle may deviate as a result of the collision.

176. Three identical discs A, B, and C

(Fig. 1.45) rest on a smooth
horizontal plane. The disc A is set is

motion with velocity v after which
it experiences an elastic collision
simultaneously with the discs B and
C. The distance between the centres
of the latter discs prior to the
collision is η times greater than the diameter of each disc. Find the
velocity of the disc A after the collision. At what value of η will the disc
A recoil after the collision; stop; move on?

177. A molecule collides with another, stationary, molecule of the same
mass. Demonstrate that the angle of divergence
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(a) equals 90° when the collision is ideally elastic;
(b) differs from 90° when the collision is inelastic.

178. A rocket ejects a steady jet whose velocity is equal to u relative to the
rocket. The gas discharge rate equals µ kg s−1. Demonstrate that the

rocket motion equation in this case takes the form

mw F u= − µ ,

where m is the mass of the rocket at a given moment, w is its

acceleration, and F is the external force.

179. A rocket moves in the absence of external forces by ejecting a steady jet

with velocity u constant relative to the rocket. Find the velocity v of
the rocket at the moment when its mass is equal to m, if at the initial
moment it possessed the mass m0 and its velocity was equal to zero.
Make use of the formula given in the foregoing problem.

180. Find the law according to which the mass of the rocket varies with
time, when the rocket moves with a constant acceleration w, the
external forces are absent, the gas escapes with a constant velocity u

relative to the rocket, and its mass at the initial moment equals m0.

181. A spaceship of mass m0 moves in the absence of external forces with a

constant velocity v0. To change the motion direction, a jet engine is
switched on. It starts ejecting a gas jet with velocity u which is
constant relative to the spaceship and directed at right angles to the
spaceship motion. The engine is shut down when the mass of the
spaceship decreases to m. Through what angle α did the motion
direction of the spaceship deviate due to the jet engine operation?

182. A cart loaded with sand moves along a horizontal plane due to a

constant force F coinciding in direction with the cart’s velocity vector.
In the process, sand spills through a hole in the bottom with a constant

velocityµ kgs−1.Find the acceleration and the velocity of the cart at the

moment t, if at the initial moment t = 0 the cart with loaded sand had
the mass m0 and its velocity was equal to zero. The friction is to be
neglected.

183. A flatcar of mass m0 starts moving to the

right due to a constant horizontal force F

(Fig. 1.46). Sand spills on the flatcar
from a stationary hopper. The velocity
of loading is constant and equal to

µ kgs−1.Find the time dependence of the

velocity and the acceleration of the flatcar in the process of loading.
The friction is negligible small.
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184. A chain AB of length l is located in a
smooth horizontal tube so that its fraction
of length h hangs freely and touches the
surface of the table with its end B (Fig.
1.47). At a certain moment the end A of
the chain is set free. With what velocity
will this end of the chain slip out of the
tube?

185. The angular momentum of a particle
relative to a certain point O varies with time as M a b= + t 2, where a

and b are constant vectors, with a b.⊥ Find the force moment N

relative to the point O acting on the particle when the angle between
the vectors N and M equals 45°.

186. A ball of mass m is thrown at an angle α to the horizontal with the
initial velocity v0. Find the time dependence of the magnitude of the
ball’s angular momentum vector relative to the point from which the
ball is thrown. Find the angular momentum M at the highest point of
the trajectory if m = 130 g,α = °45 , and v0

125= −ms . The air drag is to

be neglected.

187. A disc A of mass m sliding over a smooth horizontal
surface with velocity v experiences a perfectly
elastic collision with a smooth stationary wall at a
point O (Fig. 1.48). The angle between the motion
direction of the disc and the normal of the wall is
equal to α . Find :
(a) the points relative to which the angular

momentum M of the disc remains constant in this process;
(b) the magnitude of the increment of the vector of the disc’s angular

momentum relative to the point O′ which is located in the plane of
the disc’s motion at the distance l from the point O.

188. A small ball of mass m suspended from the ceiling at a point O by a
thread of length l moves along a horizontal circle with a constant
angular velocity ω. Relative to which points does not angular
momentum M of the ball remain constant? Find the magnitude of the
increment of the vector of the ball’s angular momentum relative to the
point O picked up during half of revolution.

189. A ball of mass m falls down without initial velocity from a height h
over the Earth’s surface. Find the increment of the ball’s angular
momentum vector picked up during the time of falling (relative to the
point O of the reference frame moving translationally in a horizontal
direction with a velocity V). The ball starts falling from the point O.
The air drag is to be neglected.

190. A smooth horizontal disc rotates with a constant angular velocity ω
about a stationary vertical axis passing through its centre, the point O.
At a moment t = 0 a disc is set in motion from that point with velocity v0.
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Find the angular momentum M t( ) of the disc relative to the point O in
the reference frame fixed to the disc. Make sure that this angular
momentum is caused by the Coriolis force.

191. A particle moves along a closed trajectory in a central field of force
where the particle’s potential energy U kr= 2 (k is a positive constant, r

is the distance of the particle from the centre O of the field). Find the
mass of the particle if its minimum distance from the point O equals r1
and  its velocity at the point farthest from O equals v2.

192. A small ball is suspended from a point O by a light thread of length l.
Then the ball is drawn aside so that the thread deviates through an
angle θ from the vertical and set in motion in a horizontal direction at
right angles to the vertical plane in which the thread is located. What is
the initial velocity that has to be imparted to the ball so that it could

deviate through the maximum angle
π
2

in the process of motion?

193. A small body of mass m tied to a non-stretchable
thread moves over a smooth horizontal plane. The
other end of the thread is being drawn into a hole O
(Fig. 1.49) with a constant velocity. Find the thread
tension as a function of the distance r between the
body and the hole if at r r= 0 the angular velocity of
the thread is equal to ω0.

194. A light non-stretchable thread is wound on a massive fixed pulley of
radius R. A small body of mass m is tied to the free end of the thread. At
a moment t = 0 the system is released and starts moving. Find its
angular momentum relative to the pulley axle as a function of time t.

195. A uniform sphere of mass m and radius R starts rolling without
slipping down an inclined plane at an angle α to the horizontal. Find
the time dependence of the angular momentum of the sphere relative
to the point of contact at the initial moment. How will the obtained
result change in the case of a perfectly smooth inclined plane?

196. A certain system of particles possesses a total momentum p and an
angular momentum M relative to a point O. Find its angular
momentum M′ relative to a pointO′ whose position with respect to the
point O is determined by the radius vector r0. Find out when the
angular momentum of the system of particles does not depend on the
choice of the point O.

197. Demonstrate that the angular momentum M of the system of particles
relative to a point O of the reference frame K can be represented as

M M r p= +~
[ ],C

where
~
M is its proper angular momentum (in the reference frame

moving translationally and fixed to the centre of inertia), rC is the
radius vector of the centre of inertia relative to the point O, p is the
total momentum of the system of particles in the reference frame K.
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198. A ball of mass m moving with velocity v0

experiences a head-on elastic collision with one
of the spheres of a stationary rigid dumbbell as
shown in Fig. 1.50. The mass of each sphere
equals m/ ,2 and the distance between them is l.
Disregarding the size of the spheres, find the
proper angular momentum

~
M of the dumbbell after the collision, ie,

the angular momentum in the reference frame moving translationally
and fixed to the dumbbell’s centre of inertia.

199. Two small identical discs, each of mass m, lie on a smooth horizontal
plane. The discs are interconnected by a light non-deformed spring of
length l0 and stiffness x. At a certain moment one of the discs is set in
motion in a horizontal direction perpendicular to the spring with
velocity v0. Find the maximum elongation of the spring in the process
of motion, if it is known to be considerably less than unity.

1.4 Universal Gravitation
● Universal gravitation law

F
m m

r
= γ 1 2

2
. …(1.4a)

● The squares of the periods of revolution off any two planets around the Sun
are proportional to the cubes of the major semiaxes of their orbits (Kepler):

T a2 3∝ . …(1.4b)

● Strength G and potential φof the gravitational field of a mass point:

G r= − γ m

r3
, φ = − γ m

r
. …(1.4c)

● Orbital and escape velocities:

v gR1 = , v v2 12= . …(1.4d)

200. A planet of mass M moves along a circle around the Sun with velocity
v = 34.9 km/s (relative to the heliocentric reference frame). Find the
period of revolution of this planet around the Sun.

201. The Jupiter’s period of revolution around the Sun is 12 times that of
the Earth. Assuming the planetary orbits to be circular, find
(a) how many times the distance between the Jupiter and the Sun

exceeds that between the Earth and the Sun;
(b) the velocity and the acceleration of Jupiter in the heliocentric

reference frame.

202. A planet of mass M moves around the Sun along an ellipse so that its
minimum distance from the Sun is equal to r and the maximum
distance to R. Making use of Kepler’s laws, find its period of revolution
around the Sun.

203. A small body starts falling onto the Sun from a distance equal to the
radius of the Earth’s orbit. The initial velocity of the body is equal to
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zero in the heliocentric reference frame. Making use of Kepler’s laws,
find how long the body will be falling.

204. Suppose we have made a model of the Solar system scaled down in the
ratio η but of materials of the same mean density as the actual
materials of the planets and the Sun. How will the orbital periods of
revolution of planetary models change in this case?

205. A double star is a system of two stars moving around the centre of
inertia of the system due to gravitation. Find the distance between the
components of the double star, if its total mass equals M and the
period of revolution T.

206. Find the potential energy of the gravitational interaction
(a) of two mass points of masses m1 and m2 located at a distance r from

each other;
(b) of a mass point of mass m and a thin uniform rod of mass M and

length l, if they are located along a straight line at a distance a from
each other; also find the force of their interaction.

207. A planet of mass m moves along an ellipse around the Sun so that its
maximum and minimum distances from the Sun are equal to r1 and r2
respectively. Find the angular momentum M of this planet relative to
the centre of the Sun.

208. Using the conservation laws, demonstrate that the total mechanical
energy of a planet of mass m moving around the Sun along an ellipse
depends only on its semi-major axis a. Find this energy as a function of
a.

209. A planet A moves along an elliptical orbit around the Sun. At the
moment when it was at the distance r0 from the Sun its velocity was
equal to v0 and the angle between the radius vector r0 and the velocity
vector v0 was equal to α . Find the maximum and minimum distances
that will separate this planet from the Sun during its orbital motion.

210. A cosmic body A moves to the Sun with
velocity v0 (when far from the Sun) and
aiming parameter l the arm of the vector v0

relative to the centre of the Sun (Fig. 1.51.).
Find the minimum distance by which this
body will get to the Sun.

211. A particle of mass m is located outside a
uniform sphere of mass M at a distance r
from its centre. Find :
(a) the potential energy of gravitational interaction of the particle and

the sphere;
(b) the gravitational force which the sphere exerts on the particle.

212. Demonstrate that the gravitational force acting on a particle A inside a
uniform spherical layer of matter is equal to zero.

213. A particle of mass m was transferred from the centre of the base of a
uniform hemisphere of mass M and radius R into infinity.
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What work performed in the process by the gravitational force exerted
on the particle by the hemisphere?

214. There is a uniform sphere of mass M and radius R. Find the strength G
and the potential φof the gravitational field of this sphere as a function
of the distance r from its centre (with r R< and r R> ). Draw the
approximate plots of the functions G r( ) and φ( ).r

215. Inside a uniform sphere of density ρ there is a spherical cavity whose

centre is at a distance l from the centre of the sphere. Find the strength
G of the gravitational field inside the cavity.

216. A uniform sphere has a mass M and radius R. Find the pressure p
inside the sphere, caused by gravitational compression, as a function
of the distance r from its centre. Evaluate p at the centre of the Earth,
assuming it to be a uniform sphere.

217. Find the proper potential energy of gravitational interaction of matter
forming
(a) a thin uniform spherical layer of mass m and radius R;
(b) a uniform sphere of mass m and radius R (make use of the answer

to Problem 1.214).

218. Two Earth’s satellites move in a common plane along circular orbits.
The orbital radius of one satellite r = 7000 km while that of the other
satellite is ∆r = 70 km less. What time interval separates the periodic
approaches of the satellites to each other over the minimum distance?

219. Calculate the ratios of the following accelerations: the acceleration w1

due to the gravitational force on the Earth’s surface, the accelerationw2

due to the centrifugal force of inertia on the Earth’s equator, and the
acceleration w3 caused by the Sun to the bodies on the Earth.

220. At what height over the Earth’s pole the free-fall acceleration decreases
by one per cent; by half?

221. On the pole of the Earth a body is imparted velocity v0 directed

vertically up. Knowing the radius of the Earth and the free-fall
acceleration on its surface, find the height to which the body will
ascend. The air drag is to be neglected.

222. An artificial satellite is launched into a circular orbit around the Earth
with velocity v relative to the reference frame moving translationally
and fixed to the Earth’s rotation axis. Find the distance from the
satellite to the Earth’s surface. The radius of the Earth and the free-fall
acceleration on its surface are supposed to be known.

223. Calculate the radius of the circular orbit of a stationary Earth’s
satellite, which remains motionless with respect to its surface. What
are its velocity and acceleration in the inertial reference frame fixed at
a given moment to the centre of the Earth?

224. A satellite revolving in a circular equatorial orbit of radius

R = ×2.00 km104 from west to east appears over a certain point at the
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equator every τ = 11.6 hours. Using these data, calculate the mass of
the Earth. The gravitational constant is supposed to be known.

225. A satellite revolves from east to west in a circular equatorial orbit of
radius R = ×1.00 km104 around the Earth. Find the velocity and the

acceleration of the satellite in the reference frame fixed to the Earth.

226. A satellite must move in the equatorial plane of the Earth close to its
surface either in the Earth’s rotation direction or against it. Find how
many times the kinetic energy of the satellite in the latter case exceeds
that in the former case (in the reference frame fixed to the Earth).

227. An artificial satellite of the Moon revolves in a circular orbit whose
radius exceeds the radius of the Moon η times. In the process of motion
the satellite experiences a slight resistance due to cosmic dust.
Assuming the resistance force to depend on the velocity of the satellite
as F v= α 2, whereα is a constant, find how long the satellite will stay in

orbit until it falls onto the Moon’s surface.

228. Calculate the orbital and escape velocities for the Moon. Compare the
results obtained with the corresponding velocities for the Earth.

229. A spaceship approaches the Moon along a parabolic trajectory which
is almost tangent to the Moon’s surface. At the moment of the
maximum approach the brake rocket was fired for a short time
interval, and the spaceship was transferred into a circular orbit of a
Moon satellite. Find how the spaceship velocity modulus increased in
the process of braking.

230. A spaceship is launched into a circular orbit close to the Earth’s
surface. What additional velocity has to be imparted to the spaceship
to overcome the gravitational pull?

231. At what distance from the centre of the Moon is the point at which the
strength of the resultant of the Earth’s and Moon’s gravitational fields
in equal to zero? The Earth’s mass is assumed to be η = 81 times that of
the Moon, and the distance between the centres of these planets n = 60
times greater than the radius of the Earth R.

232. What is the minimum work that has to be performed to bring a
spaceship of mass m = ×2.0 kg103 from the surface of the Earth to the

Moon?

233. Find approximately the third cosmic velocity v3, ie, the minimum

velocity that has to be imparted to a body relative to the Earth’s surface
to drive it out of the Solar system. The rotation of the Earth about its
own axis is to be neglected.

1.5 Dynamics of a Solid Body
● Equation of dynamics of a solid body rotating about a stationary axis z :

I NZ Zβ = , …(1.5a)

where NZ is the algebraic sum of the moments of external forces relative to
the z-axis.
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● According to Steiner’s theorem:

I I maC= + 2. …(1.5b)

● Kinetic energy of a solid body rotating about a stationary axis:

T I= 1

2

2ω . …(1.5c)

● Work performed by external forces during the rotation of a solid body about
a stationary axis:

A N dZ= φ∫ . …(1.5d)

● Kinetic energy of a solid body in plane motion:

T
I mvC C= +ω2 2

2 2
. …(1.5e)

● Relationship between the angular velocity ω′ of gyroscope precession, its
angular momentum M equal to Iω,and the moment N of the external forces:

[ ] .ω′ =M N …(1.5f)

234. A thin uniform rod AB of mass m = 1.0 kg

moves translationally with acceleration
w = −2.0 ms 2 due to two antiparallel forces F1

and F2 (Fig. 1.52). The distance between the
points at which these forces are applied is
equal to a = 20 cm. Besides, it is known that
F2 = 5.0 N. find the length of the rod.

235. A force F i j= +A B is applied to a point whose radius vector relative to

the origin of coordinates O is equal to r i j= +a b , where a, b, A, B are
constants, and i, j are the unit vectors of the x and y axes. Find the
moment N and the arm l of the force F relative to the point O.

236. A force F A1 = j is applied to a point whose radius vector r a1 = i,while a

force F B2 = i is applied to the point whose radius vector r j2 = b . Both
radius vectors are determined relative to the origin of coordinates O, i
and j are the unit vectors of the x and y axes, a, b, A, B are constants.
Find the arm l of the resultant force relative to the point O.

237. Three forces are applied to a square plate as
shown in Fig. 1.53. Find the modulus, direction,
and the point of application of the resultant force,
if this point is taken on the side BC.

238. Find the moment of inertia
(a) of a thin uniform rod relative to the axis

which is perpendicular to the rod and passes
through its end, if the mass of the rod is m and
its length l;

(b) of a thin uniform reactangular plate relative to
the axis passing perpendicular to the plane of the plate through one
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of its vertices, if the sides of the plate are equal to a and b, and its
mass is m.

239. Calculate the moment of inertia
(a) of a copper uniform disc relative to the symmetry axis

perpendicular to the plane of the disc, if its thickness is equal to
b = 2.0 mm and its radius to R = 100 mm;

(b) of a uniform solid cone relative to its symmetry axis, if the mass of
the cone is equal to m and the radius of its base to R.

240. Demonstrate that in the case of a thin plate of arbitrary shape there is
the following relationship between the moments of inertia: I I I1 2 3+ = ,
where subindices 1, 2, and 3 define three mutually perpendicular axes
passing through one point, with axes 1 and 2 lying in the plane of the
plate. Using this relationship, find the moment of inertia of a thin
uniform round disc of radius R and mass m relative to the axis
coinciding with one of its diameters.

241. A uniform disc of radius R = 20 cm has a round cut

as shown in Fig. 1.54. The mass of the remaining
(shaded) portion of the disc equals m = 7.3 kg.Find
the moment of inertia of such a disc relative to the
axis passing through its centre of inertia and
perpendicular to the plane of the disc.

242. Using the formula for the moment of inertia of a
uniform sphere, find the moment of inertia of a
thin spherical layer of mass m and radius R relative to the axis passing
through its centre.

243. A light thread with a body of mass m tied to its end is
wound on a uniform solid cylinder of mass M and
radius R (Fig. 1.55). At a moment t = 0 the system is set
in motion. Assuming the friction in the axle of the
cylinder to be negligible, find the time dependence of
(a) the angular velocity of the cylinder;
(b) the kinetic energy of the whole system.

244. The ends of thin threads tightly wound on the axle of
radius r of the Maxwell disc are attached to a horizontal
bar. When the disc unwinds, the bar is raised to keep the disc at the
same height. The mass of the disc with the axle is equal to m, the
moment of inertia of the arrangement relative to its axis is I. Find the
tension of each thread and the acceleration of the bar.

245. A thin horizontal uniform rod AB of mass m and length l can rotate
freely about a vertical axis passing through its end A. At a certain
moment the end B starts experiencing a constant force F which is
always perpendicular to the original position of the stationary rod and
directed in a horizontal plane. Find the angular velocity of the rod as a
function of its rotation angle φcounted relative to the initial position.
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246. In the arrangement shown in Fig. 1.56 the mass of the
uniform solid cylinder of radius R is equal to m and the
masses of two bodies are equal to m1 and m2.The thread
slipping and the friction in the axle of the cylinder are
supposed to be absent. Find the angular acceleration of

the cylinder and the ratio of tensions
T

T
1

2

of the sections of

the thread in the process of motion.

247. In the system shown in Fig. 1.57 the masses
of the bodies are known to be m1 and m2, the
coefficient of friction between the body m1

and the horizontal plane is equal to k, and a
pulley of mass m is assumed to be a uniform
disc. The thread does not slip over the
pulley. At the moment t = 0 the body m2 starts descending. Assuming
the mass of the thread and the friction in the axle of the pulley to be
negligible, find the work performed by the friction forces acting on the
body m1 over the first t seconds after the beginning of motion.

248. A uniform cylinder of radius R is spinned about its

axis to the angular velocity ω0 and then placed into

a corner (Fig. 1.58). The coefficient of friction

between the corner walls and the cylinder is equal

to k. How many turns will the cylinder accomplish

before it stops?

249. A uniform disc of radius R is spinned to the angular velocity ω and
then carefully placed on a horizontal surface. How long will the disc be
rotating on the surface if the friction coefficient is equal to k? The
pressure exerted by the disc on the surface can be regarded as uniform.

250. A flywheel with the initial angular velocity ω0 decelerates due to the

forces whose moment relative to the axis is proportional to the square
root of its angular velocity. Find the mean angular velocity of the
flywheel averaged over the total deceleration time.

251. A uniform cylinder of radius R and mass M can rotate

freely about a stationary horizontal axis O (Fig. 1.59). A

thin cord of length l and mass m is wound on the cylinder

in a single layer. Find the angular acceleration of the

cylinder as a function of the length x of the hanging part of

the cord. The wound part of the cord is supposed to have

its centre of gravity on the cylinder axis.

252. A uniform sphere of mass m and radius R rolls without slipping down
an inclined plane set at an angle α to the horizontal. Find :
(a) the magnitudes of the friction coefficient at which slipping is

absent;
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(b) the kinetic energy of the sphere t seconds after the beginning of
motion.

253. A uniform cylinder of mass m = 8.0 kg and radius

R = 1.3 cm (Fig. 1.60) starts descending at a
moment t = 0 due to gravity. Neglecting the mass
of the thread, find :
(a) the tension of each thread and the angular

acceleration of the cylinder;
(b) the time dependence of the instantaneous

power developed by the gravitational force.

254. Thin threads are tightly wound on the ends of a uniform solid cylinder
of mass m. The free ends of the threads are attached to the ceiling of an
elevator car. The car starts going up with an acceleration w0. Find the
acceleration w′ of the cylinder relative to the car and the force F
exerted by the cylinder on the ceiling (through the threads).

255. A spool with a thread wound on it is placed on an inclined smooth
plane set at an angle α = °30 to the horizontal. The free end of the
thread is attached to the wall as shown in Fig. 1.61. The mass of the
spool is m = 200 g, its moment of inertia relative to its own axis
I = 0.45 gm2, the radius of the wound thread layer r = 3.0 cm. Find the

acceleration of the spool axis.

256. A uniform solid cylinder of mass m rests on two horizontal planks. A
thread is wound on the cylinder. The hanging end of the thread is
pulled vertically down with a constant force F (Fig. 1.62).

Find the maximum magnitude of the force F which still does not bring
about any sliding of the cylinder, if the coefficient of friction between
the cylinder and the planks is equal to k. What is the acceleration w max

of the axis of the cylinder rolling down the inclined plane?

257. A spool with thread wound on it, of mass
m, rests on a rough horizontal surface. Its
moment of inertia relative to its own axis is
equal to I mR= γ 2, where γ is a numerical

factor, and R is the outside radius of the
spool. The radius of the wound thread layer is equal to r. The spool is
pulled without sliding by the thread with a constant force F directed at
an angle α to the horizontal (Fig. 1.63). Find:
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(a) the projection of the acceleration vector of the spool axis on the
x-axis;

(b) the work performed by the force F during the first t seconds after
the beginning of motion.

258. The arrangement shown in Fig. 1.64 consists of two identical uniform
solid cylinders, each of mass m, on which two light threads are wound
symmetrically. Find the tension of each thread in the process of
motion. The friction in the axle of the upper cylinder is assumed to be
absent.

259. In the arrangement shown in Fig. 1.65 a weight A possesses mass m, a
pulley B possesses mass M. Also known are the moment of inertia I of
the pulley relative to its axis and the radii of the pulley R and 2R. The
mass of the threads is negligible. Find the acceleration of the weight A
after the system is set free.

260. A uniform solid cylinder A of mass m1 can

freely rotate about a horizontal axis fixed to
a mount B of mass m2 (Fig. 1.66). A constant
horizontal force F is applied to the end K of a
light thread tightly wound on the cylinder.
The friction between the mount and the
supporting horizontal plane is assumed to be absent. Find :
(a) the acceleration of the point K;
(b) the kinetic energy of this system t seconds after the beginning of

motion.

261. A plank of mass m1 with a uniform sphere of mass m2 placed on it rests

on a smooth horizontal plane. A constant horizontal force F is applied
to the plank. With what accelerations will the plank and the centre of
the sphere move provided there is no sliding between the plank and
the sphere?

262. A uniform solid cylinder of mass m and radius R is set in rotation about
its axis with an angular velocity ω0, then lowered with its lateral
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surface onto a horizontal plane and released. The coefficient of friction
between the cylinder and the plane is equal to k. Find :
(a) how long the cylinder will move with sliding;
(b) the total work performed by the sliding friction force acting on the

cylinder.

263. A uniform ball of radius r rolls without slipping down from the top of a
sphere of radius R. Find the angular velocity of the ball at the moment
it breaks off the sphere. The initial velocity of the ball is negligible.

264. A uniform solid cylinder of radius R = 15 cm rolls over a horizontal

plane passing into an inclined plane forming an angle α = °30 with the
horizontal (Fig. 1.67). Find the maximum value of the velocity v0

which still permits the cylinder to roll onto the inclined plane section
without a jump. The sliding is assumed to be absent.

265. A small body A is fixed to the inside of a thin rigid hoop of radius R and
mass equal to that of the body A. The hoop rolls without slipping over a
horizontal plane; at the moments when the body A gets into the lower
position, the centre of the hoop moves with velocity v0 (Fig. 1.68). At
what values of v0 will the hoop move without bouncing?

266. Determine the kinetic energy of a tractor crawler belt of mass m if the
tractor moves with velocity v (Fig. 1.69).

267. A uniform sphere of mass m and radius r rolls without sliding over a
horizontal plane, rotating about a horizontal axle OA (Fig. 1.70). In the
process, the centre of the sphere moves with velocity v along a circle of
radius R. Find the kinetic energy of the sphere.

268. Demonstrate that in the reference frame rotating with a constant
angular velocityωabout a stationary axis a body of mass m experiences
the resultant
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(a) centrifugal force of inertia F Rcf cm= ω2 , where RC is the radius

vector of the body’s centre of inertia relative to the rotation axis;
(b) Coriolis force F vcor = ′2m C[ ],ω where vC ′ is the velocity of the

body’s centre of inertia in the rotating reference frame.

269. A midpoint of a thin uniform rod AB of mass m and
length l is rigidly fixed to a rotation axle OO′ as
shown in Fig. 1.71. The rod is set into rotation with
a constant angular velocity ω. Find the resultant
moment of the centrifugal forces of inertia relative
to the point C in the reference frame fixed to the
axle OO′ and to the rod.

270. A conical pendulum, a thin uniform rod of length l
and mass m, rotates uniformly about a vertical axis
with angular velocity ω (the upper end of the rod is hinged). Find the
angle θ between the rod and the vertical.

271. A uniform cube with edge a rests on a horizontal plane whose friction
coefficient equals k. The cube is set in motion with an initial velocity,
travels some distance over the plane and comes to a stand-still.
Explain the disappearance of the angular momentum of the cube
relative to the axis lying in the plane at right angles to the cube’s
motion direction. Find the distance between the resultants of
gravitational forces and the reaction forces exerted by the supporting
plane.

272. A smooth uniform rod AB of mass M and length l rotates freely with an
angular velocity ω0 in a horizontal plane about a stationary vertical
axis passing through its end A. A small sleeve of mass m starts sliding
along the rod from the point A. Find the velocity v′ of the sleeve
relative to the rod at the moment it reaches its other end B.

273. A uniform rod of mass m = 5.0 kg and length l = 90 cm rests on a

smooth horizontal surface. One of the ends of the rod is struck with the
impulse J = 3.0 N-s in a horizontal direction perpendicular to the rod.
As a result, the rod obtains the momentum p = 3.0 N-s. Find the force
with which one half of the rod will act on the other in the process of
motion.

274. A thin uniform square plate with side l and mass M can rotate freely
about a stationary vertical axis coinciding with one of its sides. A small
ball of mass m flying with velocity v at right angles to the plate strikes
elastically the centre of it. Find :
(a) the velocity of the ball v′ after the impact;
(b) the horizontal component of the resultant force which the axis will

exert on the plate after the impact.

275. A vertically oriented uniform rod of mass M and length l can rotate
about its upper end. A horizontally flying bullet of mass m strikes the
lower end of the rod and gets stuck in it; as a result, the rod swings
through an angle α . Assuming that m M<< , find :

Physical Fundamentals of Mechanics | 43

O

C

θ

O′ B

A

Fig. 1.71

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


(a) the velocity of the flying bullet;
(b) the momentum increment in the system “bullet-rod” during the

impact; what causes the change of that momentum;
(c) at what distance x from the upper end of the rod the bullet must

strike for the momentum of the system “bullet-rod” to remain
constant during the impact.

276. A horizontally oriented uniform disc of mass M and radius R rotates
freely about a stationary vertical axis passing through its centre. The
disc has a radial guide along which can slide without friction a small
body of mass m. A light thread running down through the hollow axle
of the disc is tied to the body. Initially the body was located at the edge
of the disc and the whole system rotated with an angular velocity ω0.
Then by means of a force F applied to the lower end of the thread the
body was slowly pulled to the rotation axis. Find :
(a) the angular velocity of the system in its final state;
(b) the work performed by the force F.

277. A man of mass m1 stands on the edge of a horizontal uniform disc of

mass m2 and radius R which is capable of rotating freely about a
stationary vertical axis passing through its centre. At a certain moment
the man starts moving along the edge of the disc; he shifts over an
angle φ′ relative to the disc and then stops. In the process of motion the
velocity of the man varies with time as v t′ ( ).Assuming the dimensions
of the man to be negligible, find:
(a) the angle through which the disc had turned by the moment the

man stopped;
(b) the force moment (relative to the rotation axis) with which the man

acted on the disc in the process of motion.

278. Two horizontal discs rotate freely about a vertical axis passing through
their centres. The moments of inertia of the discs relative to this axis
are equal to I1 and I2, and the angular velocities to ω1 and ω2. When the
upper disc fell on the lower one, both discs began rotating, after some
time, as a single whole (due to friction). Find :
(a) the steady-state angular rotation velocity of the discs;
(b) the work performed by the friction forces in this process.

279. A small disc and a thin uniform rod of length l, whose mass is η times

greater than the mass of the disc, lie on a smooth horizontal plane. The
disc is set in motion, in horizontal direction and perpendicular to the

rod, with velocity v, after which it elastically collides with the end of
the rod. Find the velocity of the disc and the angular velocity of the rod
after the collision. At what value of η will the velocity of the disc after
the collision be equal to zero? reverse its direction?
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280. A stationary platform P which can
rotate freely about a vertical axis (Fig.
1.72) supports a motor M and a balance
weight N. The moment of inertia of the
platform with the motor and the
balance weight relative to this axis is
equal to I. A light frame is fixed to the
motor’s shaft with a uniform sphere A
rotating freely with an angular velocity
ω0 about a shaft BB′ coinciding with the
axis OO′ . The moment of inertia of the sphere relative to the rotation
axis is equal to I0. Find :
(a) the work performed by the motor in turning the shaft BB′ through

90°; through 180°;
(b) the moment of external forces which maintains the axis of the

arrangement in the vertical position after the motor turns the shaft
BB′ through 90°.

281. A horizontally oriented uniform rod AB of mass m = 1.40 kg and length

l0 100= cm rotates freely about a stationary vertical axis OO′ passing
through its end A. The point A is located at the middle of the axis OO′
whose length is equal to l = 55 cm. At what angular velocity of the rod
the horizontal component of the force acting on the lower end of the
axis OO′ is equal to zero? What is in this case the horizontal
component of the force acting on the upper end of the axis?

282. The middle of a uniform rod of mass m and length l is rigidly fixed to a
vertical axisOO′ so that the angle between the rod and the axis is equal
toθ (see Fig. 1.71). The ends of the axisOO′ are provided with bearings.
The system rotates without friction with an angular velocity ω. Find:
(a) the magnitude and direction of the rod’s angular momentum M

relative to the point C, as well as its angular momentum relative to
the rotation axis;

(b) how much the modulus of the vector M relative to the point C
increases during a half-turn.

(c) the moment of external forces N acting on the axle OO′ in the
process of rotation.

283. A top of mass m = 0.50 kg,whose axis is tilted by an angleθ = °30 to the

vertical, precesses due to gravity, The moment of inertia of the top
relative to its symmetry axis is equal to I = 2.0 gm2, the angular

velocity of rotation about that axis is equal to ω = −350 1rads , the

distance from the point of rest to the centre of inertia of the top is
l = 10 cm. Find :
(a) the angular velocity of the top’s precession;
(b) the magnitude and direction of the horizontal component of the

reaction force acting on the top at the point of rest.
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284. A gyroscope, a uniform disc of radius R = 5.0 cm at

the end of a rod of length l = 10 cm (Fig. 1.73), is
mounted on the floor of an elevator car going up
with a constant acceleration w = −2.0 ms 2. The

other end of the rod is hinged at the point O. The
gyroscope precesses with an angular velocity
n = 0.5 rps. Neglecting the friction and the mass of
the rod, find the proper angular velocity of the disc.

285. A top of mass m = 1.0 kg and moment of inertia relative to its own axis

I = 4.0 gm2 spins with an angular velocity ω = −310 1rads . Its point of

rest is located on a block which is shifted in a horizontal direction with
a constant acceleration w = −1.0 ms 2. The distance between the point

of rest and the centre of inertia of the top equals l = 10 cm. Find the
magnitude and direction of the angular velocity of precession ω′ .

286. A uniform sphere of mass m = 5.0 kg and radius R = 6.0 cm rotates

with an angular velocity ω = −1250 1rads about a horizontal axle

passing through its centre and fixed on the mounting base by means of
bearings. The distance between the bearings equals l = 15 cm. The
base is set in rotation about a vertical axis with an angular velocity

ω′ = −5.0 rads 1. Find the modulus and direction of the gyroscopic

forces.

287. A cylindrical disc of a gyroscope of mass m = 15 kg and radius

r = 5.0 cm spins with an angular velocity ω = −330 1rads . The distance

between the bearings in which the axle of the disc is mounted is equal
to l = 15 cm.The axle is forced to oscillate about a horizontal axis with
a period T = 1.0 s and amplitude φ = °m 20 . Find the maximum value of
the gyroscopic forces exerted by the axle on the bearings.

288. A ship moves with velocity v = 36 kmper hour along an arc of a circle

of radius R = 200 m.Find the moment of the gyroscopic forces exerted
on the bearings by the shaft with a flywheel whose moment of inertia

relative to the rotation axis equals I = ×3.8 kg m103 2 and whose

rotation velocity n = 300 rpm. The rotation axis is oriented along the
length of the ship.

289. A locomotive is propelled by a turbine whose axle is parallel to the
axes of wheels. The turbine’s rotation direction coincides with that of
wheels. The moment of inertia of the turbine rotor relative to its own

axis is equal to I = 240 2kg m . Find the additional force exerted by the

gyroscopic forces on the rails when the locomotive moves along a
circle of radius R = 250 mwith velocity v = 50 kmper hour. The gauge
is equal to l = 1.5 m. The angular velocity of the turbine equals
n = 1500 rpm.

46 | Physical Fundamentals of Mechanics

l
O

R

Fig. 1.73

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


1.6 Elastic Deformations of a Solid Body
● Relation between tensile (compressive) strain ε and stress σ :

ε = σ/ ,E …(1.6a)

where E is Young’s modulus.
● Relation between lateral compressive (tensile) strain ε′ and longitudinal

tensile (compressive) strain ε :

ε′ = − εµ , …(1.6b)

where µ is Poisson’s ratio.
● Relation between shear strain γ and tangential stress τ :

γ τ= / ,G …(1.6c)

where G is shear modulus.
● Compressibility:

β = − 1

V

dV

dp
. …(1.6d)

● Volume density of elastic strain energy :

u E= ε2 2/ , u G= γ2 /2. …(1.6e)

290. What pressure has to be applied to the ends of a steel cylinder to keep
its length constant on raising its temperature by 100°C?

291. What internal pressure (in the absence of an external pressure) can be
sustained
(a) by a glass tube;
(b) by a glass spherical flask, if in both cases the wall thickness is

equal to ∆r = 1.0 mm and the radius of the tube and the flask
equals r = 25 mm?

292. A horizontally oriented copper rod of length l = 1.0 m is rotated about

a vertical axis passing through its middle. What is the number of rps at
which this rod ruptures?

293. A ring of radius r = 25 cm made of lead wire is rotated about a

stationary vertical axis passing through its centre and perpendicular to
the plane of the ring. What is the number of rps at which the ring
ruptures?

294. A steel wire of diameter d = 1.0 mm is stretched horizontally between

two clamps located at the distance l = 2.0 m from each other. A weight
of mass m = 0.25 kg is suspended from the midpoint O of the wire.
What will the resulting descent of the point O be in centimetres?

295. A uniform elastic plank moves over a smooth horizontal plane due to a
constant force F0 distributed uniformly over the end face. The surface
of the end face of equal to S, and Young’s modulus of the material to E.
Find the compressive strain of the plank in the direction of the acting
force.

296. A thin uniform copper rod of length l and mass m rotates uniformly
with an angular velocity ω in a horizontal plane about a vertical axis
passing through one of its ends. Determine the tension in the rod as a
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function of the distance r from the rotation axis. Find the elongation of
the rod.

297. A solid copper cylinder of length l = 65 cm is placed on a horizontal

surface and subjected to a vertical compressive force F = 1000 N
directed downward and distributed uniformly over the end face. What
will be the resulting change of the volume of the cylinder in cubic
millimetres?

298. A copper rod of length l is suspended from the ceiling by one of its
ends. Find :
(a) the elongation ∆ l of the rod due to its own weight;
(b) the relative increment of its volume ∆V V/ .

299. A bar made of material whose Young’s modulus is equal to E and
Poisson’s ratio to µ is subjected to the hydrostatic pressure p. Find:
(a) the fractional decrement of its volume;
(b) the relationship between the compressibility β and the elastic

constants E and µ.

Show that Poisson’s ratio µ cannot exceed 1/2.

300. One end of a steel rectangular girder is
embedded into a wall (Fig. 1.74). Due to
gravity it sags slightly. Find the radius of
curvature of the neutral layer (see the dotted
line in the figure) in the vicinity of the point O
if the length of the protruding section of the girder is equal to l = 6.0 m
and the thickness of the girder equals h = 10 cm.

301. The bending of an elastic rod is described by the elastic curve passing
through centres of gravity of rod’s cross-sections. At small bendings
the equation of this curve takes the form.

N x EI
d y

dx
( ) ,=

2

2

where N x( ) is the bending moment of the elastic forces in the
cross-section corresponding to the x coordinate, E is Young’s modulus,
I is the moment of inertia of the cross-section relative to the axis

passing through the neutral layer ( ,I z dS= ∫ 2 Fig. 1.75).

Suppose one end of a steel rod of a square cross-section with side a is
embedded into a wall, the protruding section being of length l
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(Fig. 1.76). Assuming the mass of the rod to be negligible, find the
shape of the elastic curve and the deflection of the rod λ, if its end A
experiences.
(a) the bending moment of the couple N0;
(b) a force F oriented along the y axis.

302. A steel girder of length l rests freely on two
supports (Fig. 1.77). The moment of inertia of
its cross-section is equal to I (see the foregoing
problem). Neglecting the mass of the girder and
assuming the sagging to be slight, find the
deflection λ due to the force F applied to the middle of the girder.

303. The thickness of a rectangular steel girder equals h. Using the equation
of Problem 1.301, find the deflection λ caused by the weight of the
girder in two cases:
(a) one end of the girder is embedded into a wall with the length of the

protruding section being equal to l (Fig. 1.78a);
(b) the girder of length 2 l rests freely on two supports (Fig. 1.78b).

304. A steel plate of thickness h has the shape of a square whose side equals
l, with h l<< . The plate is rigidly fixed to a vertical axle OO which is
rotated with a constant angular acceleration β (Fig. 1.79). Find the
deflection λ, assuming the sagging to be small.

305. Determine the relationship between the torque N and the torsion angle
φ for
(a) the tube whose wall thickness ∆r is considerably less than the tube

radius;
(b) for the solid rod of circular cross-section. Their length l, radius r,

and shear modulus G are supposed to be known.

306. Calculate the torque N twisting a steel tube of length l = 3.0 mthrough

an angle φ = °2.0 about its axis, if the inside and outside diameters of
the tube are equal to d1 30= mm and d2 50= mm.

307. Find the maximum power which can be transmitted by means of a
steel shaft rotating about its axis with an angular velocity
ω = −120 1rads , if its length l = 200 cm, radius r = 1.50 cm, and the

permissible torsion angle φ = °2.5 .

308. A uniform ring of mass m, with the outside radius r2, is fitted tightly on

a shaft of radius r1. The shaft is rotated about its axis with a constant
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angular accelerationβ.Find the moment of elastic forces in the ring as a
function of the distance r from the rotation axis.

309. Find the elastic deformation energy of a steel rod of mass m = 3.1 kg

stretched to a tensile strain ε = × −1.0 10 3.

310. A steel cylindrical rod of length l and radius r is suspended by its end
from the ceiling.
(a) Find the elastic deformation energy U of the rod.
(b) Define U in terms of tensile strain ∆l l/ of the rod.

311. What work has to be performed to make a hoop out of a steel band of
length l = 2.0 m, width h = 6.0 cm, and thickness δ =2.0 mm? The
process is assumed to proceed within the elasticity range of the the
material.

312. Find the elastic deformation energy of a steel rod whose one end is
fixed and the other is twisted through an angle φ = °60 . The length of
the rod is equal to l = 1.0 m, and the radius to r = 10 mm.

313. Find how the volume density of the elastic deformation energy is
distributed in a steel rod depending on the distance r from its axis. The
length of the rod is equal to l, the torsion angle to φ.

314. Find the volume density of the elastic deformation energy in fresh
water at the depth of h = 1000 m.

1.7 Hydrodynamics
● The fundamental equation of hydrodynamics is ideal fluid (Eulerian

equation):

ρ d

dt
p

v
f= − ∇ , …(1.7a)

where ρ is the fluid density, f is the volume density of mass forces (f = ρg in

the case of gravity), ∇ p is the pressure gradient.
● Bernoulli’s equation. In the steady flow of an ideal fluid

ρ ρv
gh p

2

2
+ + = constant …(1.7b)

along any streamline.
● Reynolds number defining the flow pattern of a viscous fluid:

Re / ,= ρ ηvl …(1.7c)

where l is a characteristic length, η is the fluid viscosity.
● Poiseuille’s law. The volume of liquid flowing through a circular tube

(in m3/s):

Q
R p p

l
= −π

η

4
1 2

8
, …(1.7d)

where R and l are the tube’s radius and length, p p1 2− is the pressure
difference between the ends of the tube.

● Stokes’ law. The friction force on the sphere of radius r moving through a
viscous fluid:

F rv= 6πη . …(1.7e)
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315. Ideal fluid flows along a flat tube of constant cross-section, located in a
horizontal plane and bent as shown in Fig. 1.80 (top view). The flow is
steady. Are the pressures and velocities of the fluid equal at points 1
and 2?  What is the shape of the streamlines?

316. Two manometric tubes are mounted on a horizontal pipe of varying
cross-section at the sections S1 and S2 (Fig. 1.81). Find the volume of
water flowing across the pipe’s section per unit time if the difference
in water columns is equal to ∆h.

317. A Pitot tube (Fig. 1.82) is mounted along the
axis of a gas pipeline whose cross-sectional
area is equal to S. Assuming the viscosity to be
negligible, find the volume of gas flowing
across the section of the pipe per unit time, if
the difference in the liquid columns is equal to
∆h, and the densities of the liquid and the gas
are ρ0 and ρ respectively.

318. A wide vessel with a small hole in the bottom
is filled with water and kerosene. Neglecting the viscosity, find the
velocity of the water flow, if the thickness of the water layer is equal to
h1 30= cm and that of the kerosene layer to h2 20= cm.

319. A wide cylindrical vessel 50 cm in height is filled with water and rests
on a table. Assuming the viscosity to be negligible, find at what height
from the bottom of the vessel a small hole should be perforated for the
water jet coming out of it to hit the surface of the table at the maximum
distance lmax from the vessel. Find lmax.

320. A bent tube is lowered into a water stream
as shown in Fig. 1.83. The velocity of the
stream relative to the tube is equal to
v = 2.5 m/s. The closed upper end of the
tube located at the height h0 12= cm has a
small orifice. To what height h will the
water jet spurt?

321. The horizontal bottom of a wide vessel
with an ideal fluid has a round orifice of
radius R1 over which a round closed
cylinder is mounted, whose radius R R2 1>
(Fig. 1.84). The clearance between the
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cylinder and the bottom of the vessel is very small, the fluid density is
ρ. Find the static pressure of the fluid in the clearance as a function of
the distance r from the axis of the orifice (and the cylinder), if the
height of the fluid is equal to h.

322. What work should be done in order to squeeze all water from a
horizontally located cylinder (Fig. 1.85) during the time t by means of a
constant force acting on the piston? The volume of water in the
cylinder is equal to V, the cross-sectional area of the orifice to s, with s
being considerably less than the piston area. The friction and viscosity
are negligible small.

323. A cylindrical vessel of height h and base area S is filled with water. An
orifice of area s S<< is opened in the bottom of the vessel. Neglecting
the viscosity of water, determine how soon all the water will pour out
of the vessel.

324. A horizontally oriented tube AB of length l
rotates with a constant angular velocity ω
about a stationary vertical axis OO′ passing
through the end A (Fig. 1.86). The tube is
filled with an ideal fluid. The end A of the
tube is open, the closed end B has a very
small orifice. Find the velocity of the fluid
relative to the tube as a function of the column “height” h.

325. Demonstrate that in the case of a steady flow of an ideal fluid Eq. (1.7a)
turns into Bernoulli equation.

326. On the opposite sides of a wide vertical vessel filled with water two
identical holes are opened, each having the cross-sectional area
S = 0.50 cm2. The height difference between them is equal to

∆h = 51 cm.Find the resultant force of reaction of the water flowing out
of the vessel.

327. The side wall of a wide vertical cylindrical vessel of height h = 75 cm

has a narrow vertical slit running all the way down to the bottom of the
vessel. The length of the slit is l = 50 cm and the width b = 1.0 mm.
With the slit closed, the vessel is filled with water. Find the resultant
force of reaction of the water flowing out of the vessel immediately
after the slit is opened.

52 | Physical Fundamentals of Mechanics

R2

R1

h s
V

Fig. 1.84 Fig. 1.85

B

h

lO′

A

O

ω

Fig. 1.86

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


328. Water flows out of a big tank along a tube bent at right angles: the
inside radius of the tube is equal to r = 0.50 cm (Fig. 1.87). The length
of the horizontal section of the tube is equal to l = 22 cm. The water
flow rate is Q = 0.50 litres per second. Find the moment of reaction
forces of flowing water, acting on the tube’s walls, relative to the
point O.

329. A side wall of a wide open tank is provided with a narrowing tube
(Fig. 1.88) through which water flows out. The cross-sectional area of
the tube decreases from S = 3.0 cm2 to s = 1.0 cm2. The water level in

the tank is h = 4.6 m higher than that in the tube.

Neglecting the viscosity of the water, find the horizontal component of
the force tending to pull the tube out of the tank.

330. A cylindrical vessel with water is rotated about its vertical axis with a
constant angular velocity ω. Find :
(a) the shape of the free surface of the water;
(b) the water pressure distribution over the bottom of the vessel along

its radius provided the pressure at the central point is equal to p0.

331. A thin horizontal disc of radius
R = 10 cm is located within a
cylindrical cavity filled with oil
whose viscosity η = 0.08 P (Fig.
1.89). The clearance between the
disc and the horizontal planes of
the cavity is equal to h = 1.0 mm.
Find the power developed by the viscous forces acting on the disc
when it rotates with the angular velocity ω =60 rad/s.The end effects
are to be neglected.

332. A long cylinder of radius R1 is displaced along its axis with a constant

velocity v0 inside a stationary co-axial cylinder of radius R2.The space
between the cylinders is filled with viscous liquid. Find the velocity of
the liquid as a function of the distance r from the axis of the cylinders.
The flow is laminar.

333. A fluid with viscosity η fills the space between two long co-axial

cylinders of radii R1 and R2, with R R1 2< . The inner cylinder is
stationary while the outer one is rotated with a constant angular
velocity ω2. The fluid flow is laminar. Taking into account that the
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friction force acting on a unit area of a cylindrical surface of radius r is
defined by the formula σ η ω= ∂ ∂r r( / ), find :
(a) the angular velocity of the rotating fluid as a function of radius r;
(b) the moment of the friction forces acting on a unit length of the

outer cylinder.

334. A tube of length l and radius R carries a steady flow of fluid whose
density is ρ and viscosity η. The fluid flow velocity depends on the
distance r from the axis of the tube as v v r R= −0

2 21( / ). Find:

(a) the volume of the fluid flowing across the section of the tube per
unit time;

(b) the kinetic energy of the fluid within the tube’s volume;
(c) the friction force exerted on the tube by the fluid;
(d) the pressure difference at the ends of the tube.

335. In the arrangement shown in Fig. 1.90 a viscous liquid whose density
is ρ = 1.0 g /cm3 flows along a tube out of a wide tank A. Find the

velocity of the liquid flow, if h1 10= cm,h2 20= cm,and h3 35= cm.All
the distances l are equal.

336. The cross-sectional radius of a pipeline decreases gradually as
r r e x= −

0
α ,where α = −0.50 m 1, x is the distance from the pipeline inlet.

Find the ratio of Reynolds numbers for two cross-sections separated by
∆x = 3.2 m.

337. When a sphere of radius r1 = 1.2 mm moves in glycerin, the laminar

flow is observed if the velocity of the sphere does not exceed
v1 23= cm/s. At what minimum velocity v2 of a sphere of radius
r2 = 5.5 cm will the flow in water become turbulent? The viscosities of
glycerin and water are equal to η1 = 13.9 P and η2 = 0.011 P
respectively.

338. A lead sphere is steadily sinking in glycerin whose viscosity is equal to
η = 13.9 P. What is the maximum diameter of the sphere at which the
flow around that sphere still remains laminar? It is known that the
transition to the turbulent flow corresponds to Reynolds number
Re .= 0.5 (Here the characteristic length is taken to be the sphere
diameter.)

339. A steel ball of diameter d = 3.0 mm starts sinking with zero initial

velocity in olive oil whose viscosity is η = 0.90 P. How soon after the
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beginning of motion will the velocity of the ball differ from the
steady-state velocity of n = 1.0%?

1.8 Relativistic Mechanics
● Lorentz contraction of length and slowing of a moving clock:

l l v c= −0
21 ( / ) , ∆ ∆

t
t

v c
=

−
0

21 ( / )
, …(1.8a)

where l0 is the proper length and ∆t0 is the proper time of the moving clock.
● Lorentz transformation*:

x
x Vt

V c
′ = −

−1 2( / )
, y y′ = , t

t xV c

V c
′ = −

−
/

( / )
.

2

21
…(1.8b)

● Interval s12 is an invariant:

s c t l12
2 2

12
2

12
2= − = inv, …(1.8c)

where t12 is the time interval between events 1 and 2, l12 is the distance
between the points at which these events occurred.

● Transformation of velocity*:

v
v V

v V c
x

x

x

′ = −
−1 2/

, v
v V c

v V c
y

y

x

′ =
−

−

1

1

2

2

( / )

/
, …(1.8d)

● Relativistic mass and relativistic momentum:

m
m

v c
=

−
0

21 ( / )
, p v

v= =
−

m
m

v c

0

21 ( / )
, …(1.8e)

where m0 is the rest mass, or, simply, the mass.
● Relativistic equation of dynamics for a particle:

d

dt

p
F= , …(1.8f)

where p is the relativistic momentum of the particle.

● Total and kinetic energies of a relativistic particle:

E mc m c T= = +2
0

2 , T m m c= −( ) .0
2 …(1.8g)

● Relationship between the energy and momentum of a relativistic particle

E p c m c2 2 2
0
2 4− = , pc T T m c= +( ).2 0

2 …(1.8h)

● When considering the collisions of particles it helps to use the following
invariant quantity:

E p c m c2 2 2
0
2 4− = , …(1.8i)

where E and p are the total energy and momentum of the system prior to the
collision, and m0 is the rest mass of the particle (or the system) formed.

*The reference frame K ′ is assumed to move with a velocity v in the positive direction
of the x axis of the frame K, with the x and x ′ axes coinciding and the y ′ and y axes
parallel.
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340. A rod moves lengthwise with a constant velocity v relative to the
inertial reference frame K. At what value of v will the length of the rod
in this frame be η = 0.5% less than its proper length?

341. In a triangle the proper length of each side equals a. Find the perimeter
of this triangle in the reference frame moving relative to it with a
constant velocity V along one of its
(a) bisectors; (b) sides.

Investigate the results obtained at V c<< and V c→ , where c is the
velocity of light.

342. Find the proper length of a rod if in the laboratory frame of reference
its velocity is v c= / ,2 the length l = 1.00 m, and the angle between the
rod and its direction of motion is θ = °45 .

343. A stationary upright cone has a taper angle θ = °45 ,and the area of the

lateral surface S0
2= 4.0 m . Find:

(a) its taper angle;
(b) its lateral surface area, in the reference frame moving with a

velocity v c= ( / )4 5 along the axis of the cone.

344. With what velocity (relative to the reference frame K) did the clock
move, if during the time interval t = 5.0 s,measured by the clock of the
frame K, it became slow by ∆t = 0.10 s?

345. A rod flies with constant velocity past a mark which is stationary in the
reference frame K. In the frame K it takes ∆t = 20 ns for the rod to fly
past the mark. In the reference frame fixed to the rod the mark moves
past the rod for ∆t ′ = 25 ns. Find the proper length of the rod.

346. The proper lifetime of an unstable particle is equal to ∆t 0 10= ns. Find

the distance this particle will traverse till its decay in the laboratory
frame of reference, where its lifetime is equal to ∆t = 20 ns.

347. In the reference frame K a muon moving with a velocity v c= 0.990

travelled a distance l = 3.0 km from its birthplace to the point where it
decayed. Find :
(a) the proper lifetime of this muon;
(b) the distance travelled by the muon in the frame K “from the

muon’s standpoint”.

348. Two particles moving in a laboratory frame of reference along the same
straight line with the same velocity v c= ( / )3 4 strike against a stationary
target with the time interval ∆t = 50 ns. Find the proper distance
between the particles prior to their hitting the target.

349. A rod moves along a ruler with a constant velocity. When the positions
of both ends of the rod are marked simultaneously in the reference
frame fixed to the ruler, the difference of readings on the ruler is equal
to ∆x1 = 4.0 m. But when the positions of the rod’s ends are marked
simultaneously in the reference frame fixed to the rod, the difference
of readings on the same ruler is equal to ∆x2 = 9.0 m. Find the proper
length of the rod and its velocity relative to the ruler.
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350. Two rods of the same proper length l0 move toward each other parallel

to a common horizontal axis. In the reference frame fixed to one of the
rods the time interval between the moments, when the right and left
ends of the rods coincide, is equal to ∆t .What is the velocity of one rod
relative to the other?

351. Two unstable particles move in the reference frame K along a straight
line in the same direction with a velocity v c= 0.990 . The distance
between them in this reference frame is equal to l = 120 m.At a certain
moment both particles decay simultaneously in the reference frame
fixed to them. What time interval between the moments of decay of the
two particles will be observed in the frame K? Which particle decays
later in the frame K?

352. A rod AB oriented along the x axis of the reference frame K moves in
the positive direction of the x axis with a constant velocity v. The point
A is the forward end of the rod, and the point B its rear end. Find:
(a) the proper length of the rod, if at the moment t A the coordinate of

the point A is equal to xA, and at the moment t B the coordinate of
the point B is equal to xB;

(b) what time interval should separate the markings of coordinates of
the rod’s ends in the frame K for the difference of coordinates to
become equal to the proper length of the rod.

353. The rod A B′ ′ moves with a constant
velocity v relative to the rod AB
(Fig. 1.91). Both rods have the same
proper length l0 and at the ends of
each of them clocks are mounted,
which are synchronized pairwise. A with B and A′ with B′ . Suppose
the moment when the clock B′ gets opposite the clock A is taken for the
beginning of the time count in the reference frames fixed to each of the
rods. Determine:
(a) the readings of the clocks B and B′ at the moment when they are

opposite each other;
(b) the same for the clocks A and A′ .

354. There are two groups of mutually synchronized clocks K and K ′
moving relative to each other with a velocity v as shown in Fig. 1.92.

The moment when the clock A′ gets opposite the clock A is taken for
the beginning of the time count. Draw the approximate position of
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hands of all the clocks at this moment “in terms of the K clocks”; “in
terms of the K ′ clocks”.

355. The reference frame K ′ moves in the positive direction of the x axis of
the frame K with a relative velocity V. Suppose that at the moment
when the origins of coordinates O and O′ coincide, the clock readings
at these points are equal to zero in both frames. Find the displacement
velocity &x of the point (in the frame K) at which the readings of the
clocks of both reference frames will be permanently identical.
Demonstrate that & .x V<

356. At two points of the reference frame K two events occurred separated
by a time interval ∆t . Demonstrate that if these events obey the
cause-and-effect relationship in the frame K (e.g., a shot fired and a
bullet hitting a target), they obey that relationship in any other inertial
reference frame K ′ .

357. The space-time diagram of Fig. 1.93 shows three events A, B, and C
which occurred on the x axis of some inertial reference frame. Find:

(a) the time interval between the events A and B in the reference frame
where the two events occurred at the same point;

(b) the distance between the points at which the events A and C
occurred in the reference frame where these two events are
simultaneous.

358. The velocity components of a particle moving in the xy plane of the
reference frame K are equal to vx and v y. Find the velocity v′ of this
particle in the frame K ′ which moves with the velocity V relative to the
frame K in the positive direction of its x axis.

359. Two particles move toward each other with velocities v c1 = 0.50 and

v c2 = 0.75 relative to a laboratory frame of reference. Find :
(a) the approach velocity of the particles in the laboratory frame of

reference;
(b) their relative velocity.

360. Two rods having the same proper length l0 move lengthwise toward each

other parallel to a common axis with the same velocity v relative to the
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laboratory frame of reference. What is the length of each rod in the
reference frame fixed to the other rod?

361. Two relativistic particles move at right angles to each other in a laboratory
frame of reference, one with the velocity v1 and the other with the velocity
v2. Find their relative velocity.

362. An unstable particle moves in the reference frame K ′ along its y ′ axis with

a velocity v ′. In its turn, the frame K ′ moves relative to the frame K in the
positive direction of its x axis with a velocity V. The x′ and x axes of the two
reference frames coincide, the y ′ and y axes are parallel. Find the distance
which the particle traverses in the frame K, if its proper lifetime is equal to
∆t0.

363. A particle moves in the frame K with a velocity v at an angle θ to the x axis.
Find the corresponding angle in the frame K ′ moving with a velocity V
relative to the frame K in the positive direction of its x axis, if the x and x′
axes of the two frames coincide.

364. The rod AB oriented parallel to the
x′ axis of the reference frame K ′
moves in this frame with a velocity
v ′ along its y ′ axis. In its turn, the
frame K ′ moves with a velocity V
relative to the frame K as shown in
Fig. 1.94. Find the angle θ between
the rod and the x axis in the frame
K.

365. The frame K ′ moves with a

constant velocity V relative to the
frame K. Find the accelerationw ′ of a particle in the frame K ′, if in the frame
K this particle moves with a velocity v and acceleration w along a straight
line

(a) in the direction of vector V;
(b) perpendicular to the vector V.

366. An imaginary space rocket launched from the Earth moves with an
acceleration w g′ = 10 which is the same in every instantaneous
co-moving inertial reference frame. The boost stage lasted τ = 1.0 year
of terrestrial time. Find how much (in per cent) does the rocket
velocity differ from the velocity of light at the end of the boost stage.
What distance does the rocket cover by that moment?

367. From the conditions of the foregoing problem determine the boost
time τ0 in the reference frame fixed to the rocket. Remember that this
time is defined by the formula

τ
τ

0
2

0
1= −∫ ( / ) ,v c dt

where dt is the time in the geocentric reference frame.

368. How many times does the relativistic mass of a particle whose velocity
differs from the velocity of light by 0.010% exceed its rest mass?
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369. The density of a stationary body is equal to ρ0. Find the velocity

(relative to the body) of the reference frame in which the density of the
body is η = 25% greater than ρ0.

370. A proton moves with a momentum p c= 10.0 GeV/ , where c is the

velocity of light. How much (in per cent) does the proton velocity
differ from the velocity of light?

371. Find the velocity at which the relativistic momentum of a particle
exceeds its Newtonian momentum η = 2 times.

372. What work has to be performed in order to increase the velocity of a
particle of rest mass m0 from 0.60 c to 0.80 c? Compare the result
obtained with the value calculated from the classical formula.

373. Find the velocity at which the kinetic energy of a particle equals its rest
energy.

374. At what values of the ratio of the kinetic energy to rest energy can the
velocity of a particle be calculated from the classical formula with the
relative error less than ε = 0.010?

375. Find how the momentum of a particle of rest mass m0 depends on its

kinetic energy. Calculate the momentum of a proton whose kinetic
energy equals 500 MeV.

376. A beam of relativistic particles with kinetic energy T strikes against an
absorbing target. The beam current equals I, the charge and rest mass
of each particle are equal to e and m0 respectively. Find the pressure
developed by the beam on the target surface, and the power liberated
there.

377. A sphere moves with a relativistic velocity v through a gas whose unit
volume contains n slowly moving particles, each of mass m. Find the
pressure p exerted by the gas on a spherical surface element
perpendicular to the velocity of the sphere, provided that the particles
scatter elastically. Show that the pressure is the same both in the
reference frame fixed to the sphere and in the reference frame fixed to
the gas.

378. A particle of rest mass m0 starts moving at a moment t = 0 due to a

constant force F. Find the time dependence of the particle’s velocity
and of the distance covered.

379. A particle of rest mass m0 moves along the x axis of the frame K in

accordance with the law x a c t= +2 2 2 , where a is a constant, c is the

velocity of light, and t is time. Find the force acting on the particle in
this reference frame.

380. Proceeding from the fundamental equation of relativistic dynamics,
find;
(a) under what circumstances the acceleration of a particle coincides

in direction with the force F acting on it;
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(b) the proportionality factors relating the force F and the acceleration
w in the cases when F v⊥ and F v,|| where v is the velocity of the

particle.

381. A relativistic particle with momentum p and total energy E moves
along the x axis of the frame K. Demonstrate that in the frame K ′
moving with a constant velocity V relative to the frame K in the
positive direction of its axis x the momentum and the total energy of
the given particle are defined by the formulas:

p
p EV c

x
x′ = −

−

/
,

2

21 β
E

E p Vx′ = −

−1 2β

where β = V c/

382. The photon energy in the frame K is equal to ε . Making use of the

transformation formulas cited in the foregoing problem, find the
energy ε′ of this photon in the frame K ′ moving with a velocity V
relative to the frame K in the photon’s motion direction. At what value
of V is the energy of the photon equal to ε′ = ε /2?

383. Demonstrate that the quantity E p c2 2 2− for a particle is an invariant,

i.e., it has the same magnitude in all inertial reference frames. What is
the magnitude of this invariant?

384. A neutron with kinetic energy T m c= 2 0
2, where m0 is its rest mass,

strikes another, stationary, neutron. Determine :
(a) the combined kinetic energy

~
T of both neutrons in the frame of

their centre of inertia and the momentum ~p of each neutron in that
frame;

(b) the velocity of the centre of inertia of this system of particles.

Instruction. Make use of the invariant E p c2 2 2− remaining constant

on transition from one inertial reference frame to another (E is the total
energy of the system, p is its composite momentum).

385. A particle of rest mass m0 with kinetic energy T strikes a stationary

particle of the same rest mass. Find the rest mass and the velocity of
the compound particle formed as a result of the collision.

386. How high must be the kinetic energy of a proton striking another,
stationary, proton for their combined kinetic energy in the frame of the
centre of inertia to be equal to the total kinetic energy of two protons
moving toward each other with individual kinetic energies
T = 25.0 GeV?

387. A stationary particle of rest mass m0 disintegrates into three particles

with rest masses m1, m2, and m3. Find the maximum total energy that,
for example, the particle m1 may possess.

388. A relativistic rocket emits a gas jet with non-relativistic velocity u
constant relative to the rocket. Find how the velocity v of the rocket
depends on its rest mass m if the initial rest mass of the rocket
equals m0.
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2.1 Equation of the Gas State. Processes
● Ideal gas law:

pV
m

M
RT= , …(2.1a)

where M is the molar mass.
● Barometric formula:

p p e Mgh RT= −
0

/ , …(2.1b)

where p0 is the pressure at the height h = 0.
● Van der Waals equation of gas state (for a mole):

p
a

V
V b RT

M

M+








 − =

2
( ) , …(2.1c)

where VM is the molar volume under given p and T.

1. A vessel of volume V = 30 l contains ideal gas at the temperature 0°C.

After a portion of the gas has been let out, the pressure in the vessel
decreased by ∆p = 078. atm (the temperature remaining constant). Find
the mass of the released gas. The gas density under the normal
conditions ρ = 13. g/l.

2. Two identical vessels are connected by a tube with a valve letting the
gas pass from one vessel into the other if the pressure difference
∆p ≥ 110. atm. Initially there was a vacuum in one vessel while the
other contained ideal gas at a temperature t1 27= °C and pressure
p1 100= . atm. Then both vessels were heated to a temperature
t2 = °107 C. Up to what value will the pressure in the first vessel
(which had vacuum initially) increase?

3. A vessel of volumeV = 20 l contains a mixture of hydrogen and helium

at a temperature t = 20°C and pressure p = 20. atm. The mass of the
mixture is equal to m = 50. g. Find the ratio of the mass of hydrogen to
that of helium in the given mixture.

4. A vessel contains a mixture of nitrogen (m1 70= . g) and carbon dioxide

(m2 11= g) at a temperature T = 290 K and pressure p0 10= . atm. Find
the density of this mixture, assuming the gases to be ideal.
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5. A vessel of volume V = 75. l contains a mixture of ideal gases at a

temperature T = 300 K: v1 010= . mole of oxygen, v2 020= . mole of
nitrogen, and v3 030= . mole of carbon dioxide. Assuming the gases to
be  ideal, find:
(a) the pressure of the mixture;
(b) the mean molar mass M of the given mixture which enters its

equation of state pV m M RT= ( / ) , where m is the mass of the
mixture.

6. A vertical cylinder closed from both ends is equipped with an easily
moving piston dividing the volume into two parts, each containing one
mole of air. In equilibrium atT0 300= K the volume of the upper part is
η = 40. times greater than that of the lower part. At what temperature
will the ratio of these volumes be equal to η′ = 30. ?

7. A vessel of volume V is evacuated by means of a piston air pump. One
piston stroke captures the volume ∆V . How many strokes are needed
to reduce the pressure in the vessel η times? The process is assumed to
be isothermal, and the gas ideal.

8. Find the pressure of air in a vessel being evacuated as a function of
evacuation time t . The vessel volume is V, the initial pressure is p0.
The process is assumed to be isothermal, and the evacuation rate equal
to C and independent of pressure.

Note. The evacuation rate is the gas volume being evacuated per unit time, with

that volume being measured under the gas pressure attained by that moment.

9. A chamber of volume V = 87 l is evacuated by a pump whose

evacuation rate (see Note to the foregoing problem) equals C = 10 l/s.
How soon will the pressure in the chamber decrease by
η = 1000 times?

10. A smooth vertical tube having two different sections is
open from both ends and equipped with two pistons of
different areas (Fig. 2.1). Each piston slides within a
respective tube section. One mole of ideal gas is enclosed
between the pistons tied with a non-stretchable thread.
The cross-sectional area of the upper piston is
∆S = 10 2cm greater than that of the lower one. The

combined mass of the two pistons is equal to m = 50. kg.
The outside air pressure is p0 10= . atm. By how many
kelvins must the gas between the pistons be heated to
shift the pistons through l = 50. cm?

11. Find the maximum attainable temperature of ideal gas in
each of the following processes:
(a) p p V= −0

2α ;

(b) p p e V= −
2

β

where p0, α and β are positive constants, and V is the volume of one
mole of gas.
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12. Find the minimum attainable pressure of ideal gas in the process
T T V= +0

2α , where T0 and α are positive constants, and V is the

volume of one mole of gas. Draw the approximate p vs V plot of this
process.

13. A tall cylindrical vessel with gaseous nitrogen is located in a uniform
gravitational field in which the free-fall acceleration is equal to g . The
temperature of the nitrogen varies along the height h so that its density
is the same throughout the volume. Find the temperature gradient
dT dh/ .

14. Suppose the pressure p and the density ρ of air are related as

p n/ρ = const regardless of height (n is a constant here). Find the

corresponding temperature gradient.

15. Let us assume that air is under standard conditions close to the Earth’s
surface. Presuming that the temperature and the molar mass of air are
independent of height, find the air pressure at the height 5.0 km over
the surface and in a mine at the depth 5.0 km below the surface.

16. Assuming the temperature and the molar mass of air, as well as the
free-fall acceleration, to be independent of the height, find the
difference in heights at which the air densities at the temperature 0°C
differ
(a) e times,
(b) by η = 1.0%.

17. An ideal gas of molar mass M is contained in a tall vertical cylindrical
vessel whose base area is S and height h . The temperature of the gas is
T , its pressure on the bottom base is p0. Assuming the temperature and
the free-fall acceleration g to be independent of the height, find the
mass of gas in the vessel.

18. An ideal gas of molar mass M is contained in a very tall vertical
cylindrical vessel in the uniform gravitational field in which the
free-fall acceleration equals g. Assuming the gas temperature to be the
same and equal to T , find the height at which the centre of gravity of
the gas is located.

19. An ideal gas of molar mass M is located in the uniform gravitational
field in which the free-fall acceleration is equal to g. Find the gas
pressure as a function of height h, if p p= 0 at h = 0, and the
temperature varies with height as
(a) T T ah= −0 1( );
(b) T T ah= +0 1( ),
where a is a positive constant.

20. A horizontal cylinder closed from one end is rotated with a constant
angular velocityωabout a vertical axis passing through the open end of
the cylinder. The outside air pressure is equal to p0, the temperature to
T , and the molar mass of air to M. Find the air pressure as a function of
the distance r from the rotation axis. The molar mass is assumed to be
independent of r.
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21. Under what pressure will carbon dioxide have the densityρ = 500 g/l at

the temperature T = 300 K? Carry out the calculations both for an ideal
and for Van der Waals gas.

22. One mole of nitrogen is contained in a vessel of volume V = 100. l.

Find:
(a) the temperature of the nitrogen at which the pressure can be

calculated from an ideal gas law with an error η = 10% (as
compared with the pressure calculated from the Van der Waals
equation of state);

(b) the gas pressure at this temperature.

23. One mole of a certain gas is contained in a vessel of volumeV = 0.250 l.

At a temperature T1 300= K the gas pressure is p1 90= atm, and at a
temperature T2 350= K the pressure is p2 110= atm. Find the Van der
Waals parameters for this gas.

24. Find the isothermal compressibility of a Van der Waals gas as a
function of volume V at temperature T.

Note. By definition, x
V

V

p
= − ∂

∂
1

.

25. Making use of the result obtained in the foregoing problem, find at
what temperature the isothermal compressibility x of a Van der Waals
gas is greater than that of an ideal gas. Examine the case when the
molar volume is much greater than the parameter b.

2.2 The first Law of Thermodynamics. Heat Capacity
● The first law of thermodynamics:

Q U A= +∆ , …(2.2a)

where ∆U is the increment of the internal energy of the system.
● Work performed by gas:

A p dV= ∫ . …(2.2b)

● Internal energy of an ideal gas:

U
m

M
C T

m

M

RT pV
V= =

−
=

−γ γ1 1
. …(2.2c)

● Molar heat capacity in a polytropic process (pV n = constant) :

C
R R

n

n R

n
=

−
−

−
= −

− −γ
γ
γ1 1 1 1

( )

( )( )
. …(2.2d)

● Internal energy of one mole of a Van der Waals gas :

U C T
a

V
V

M

= − . …(2.2e)

26. Demonstrate that the internal energy U of the air in a room is
independent of temperature provided the outside pressure p is
constant. Calculate U, if p is equal to the normal atmospheric pressure
and the room’s volume is equal to V = 40 3m .
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27. A thermally insulated vessel containing a gas whose molar mass is
equal to M and the ratio of specific heats C Cp V/ = γ moves with a
velocity v. Find the gas temperature increment resulting from the
sudden stoppage of the vessel.

28. Two thermally insulated vessels 1 and 2 are filled with air and
connected by a short tube equipped with a valve. The volumes of the
vessels, the pressures and temperatures of air in them are known ( ,V1

p1,T1 and V2, p2,T2). Find the air temperature and pressure established
after the opening of the valve.

29. Gaseous hydrogen contained initially under standard conditions in a
sealed vessel of volume V = 5.0 l was cooled by ∆T = 55 K. Find how
much the internal energy of the gas will change and what amount of
heat will be lost by the gas.

30. What amount of heat is to be transferred to nitrogen in the isobaric
heating process for that gas to perform the work A = 2.0 J?

31. As a result of the isobaric heating by ∆T = 72 K one mole of a certain

ideal gas obtains an amount of heat Q = 1.60 kJ. Find the work
performed by the gas, the increment of its internal energy, and the
value of γ =C Cp V/ .

32. Two moles of a certain ideal gas at a temperature T0 300= K were

cooled isochorically so that the gas pressure reduced n = 2.0 times.
Then, as a result of the isobaric process, the gas expanded till its
temperature got back to the initial value. Find the total amount of heat
absorbed by the gas in this process.

33. Calculate the value of γ =C Cp V/ for a gaseous mixture consisting of

v1 = 2.0 moles of oxygen and ν2 = 3.0 moles of carbon dioxide. The
gases are assumed to be ideal.

34. Find the specific heat capacities cV and c p for a gaseous mixture

consisting of 7.0 g of nitrogen and 20 g of argon. The gases are assumed
to be ideal.

35. One mole of a certain ideal gas is contained under a weightless piston
of a vertical cylinder at a temperature T. The space over the piston
opens into the atmosphere. What work has to be performed in order to
increase isothermally the gas volume under the piston n times by
slowly raising the piston? The friction of the piston against the
cylinder walls is negligibly small.

36. A piston can freely move inside a horizontal cylinder closed from both
ends. Initially, the piston separates the inside space of the cylinder
into two equal parts each of volume V0, in which an ideal gas is
contained under the same pressure p0 and at the same temperature.
What work has to be performed in order to increase isothermally the
volume of one part of gas η times compared to that of the other by
slowly moving the piston?
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37. Three moles of an ideal gas being initially at a temperature T0 273= K

were isothermally expanded n = 5.0 times its initial volume and then
isochorically heated so that the pressure in the final state became
equal to that in the initial state. The total amount of heat transferred to
the gas during the process equalsQ = 80 kJ.Find the ratio γ =C Cp V/ for
this gas.

38. Draw the approximate plots of isochoric, isobaric, isothermal, and
adiabatic processes for the case of an ideal gas, using the following
variables:
(a) p, T; (b) V, T.

39. One mole of oxygen being initially at a temperature T0 290= K is

adiabatically compressed to increase its pressure η = 10.0 times. Find:
(a) the gas temperature after the compression;
(b) the work that has been performed on the gas.

40. A certain mass of nitrogen was compressed η = 5.0 times (in terms of

volume), first adiabatically, and then isothermally. In both cases the
initial state of the gas was the same. Find the ratio of the respective
works expended in each compression.

41. A heat-conducting piston can freely move inside a closed thermally
insulated cylinder with an ideal gas. In equilibrium the piston divides
the cylinder into two equal parts, the gas temperature being equal toT0.
The piston is slowly displaced. Find the gas temperature as a function
of the ratio η of the volumes of the greater and smaller sections. The
adiabatic exponent of the gas is equal to γ.

42. Find the rate v with which helium flows out of a thermally insulated
vessel into vacuum through a small hole. The flow rate of the gas
inside the vessel is assumed to be negligible under these conditions.
The temperature of helium in the vessel is T = 1000, K.

43. The volume of one mole of an ideal gas with the adiabatic exponent γ is

varied according to the law V a T= / , where a is a constant. Find the
amount of heat obtained by the gas in this process if the gas
temperature increased by ∆T .

44. Demonstrate that the process in which the work performed by an ideal
gas is proportional to the corresponding increment of its internal
energy is described by the equation pV n = const,where n is a constant.

45. Find the molar heat capacity of an ideal gas in a polytropic process
pV n = const if the adiabatic exponent of the gas is equal to γ. At what

values of the polytropic constant n will the heat capacity of the gas be
negative?

46. In a certain polytropic process the volume of argon was increased
α = 4.0 times. Simultaneously, the pressure decreased β = 8.0 times.
Find the molar heat capacity of argon in this process, assuming the gas
to be ideal.
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47. One mole of argon is expanded polytropically, the polytropic constant
being n = 1.50. In the process, the gas temperature changes by
∆T = −26 K. Find :
(a) the amount of heat obtained by the gas;
(b) the work performed by the gas.

48. An ideal gas whose adiabatic exponent equals γ is expanded according

to the law p V= α ,whereα is a constant. The initial volume of the gas is
equal to V0. As a result of expansion the volume increases η times.
Find:
(a) the increment of the internal energy of the gas;
(b) the work performed by the gas;
(c) the molar heat capacity of the gas in the process.

49. An ideal gas whose adiabatic exponent equals γ is expanded so that the

amount of heat transferred to the gas is equal to the decrease of its
internal energy. Find:
(a) the molar heat capacity of the gas in this process;
(b) the equation of the process in the variables T, V;
(c) the work performed by one mole of the gas when its volume

increases η times if the initial temperature of the gas is T0.

50. One mole of an ideal gas whose adiabatic exponent equals γundergoes

a process in which the gas pressure relates to the temperature as
p aT= α , where a and α are constants. Find:

(a) the work performed by the gas if its temperature gets an increment
∆T ;

(b) the molar heat capacity of the gas in this process; at what value ofα
will the heat capacity be negative?

51. An ideal gas with the adiabatic exponent γ undergoes a process in

which its internal energy relates to the volume as U aV= α , where a

and α are constants. Find:
(a) the work performed by the gas and the amount of heat to be

transferred to this gas to increase its internal energy by ∆U;
(b) the molar heat capacity of the gas in this process.

52. An ideal gas has a molar heat capacity CV at constant volume. Find the

molar heat capacity of this gas as a function of its volume V, if the gas
undergoes the following process:
(a) T T V= 0e

α ; (b) p p V= 0e
α ,

where T0, p0, and α are constants.

53. One mole of an ideal gas whose adiabatic exponent equals γundergoes

a process p p V= +0 α / , where p0 and α are positive constants. Find:
(a) heat capacity of the gas as a function of its volume;
(b) the internal energy increment of the gas, the work performed by it,

and the amount of heat transferred to the gas, if its volume
increased from V1 to V2.
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54. One mole of an ideal gas with heat capacity at constant pressure Cp

undergoes the processT T V= +0 α ,whereT0 andα are constants. Find:
(a) heat capacity of the gas as a function of its volume;
(b) the amount of heat transferred to the gas, if its volume increased

from V1 to V2.

55. For the case of an ideal gas find the equation of the process (in the
variables T, V) in which the molar heat capacity varies as:
(a) C C TV= + α ; (b) C C VV= + β ; (c) C C apV= + ,
where α ,β, and a are constants.

56. An ideal gas has an adiabatic exponent γ. In some process its molar

heat capacity varies as C T= α / , where α is a constant, Find :
(a) the work performed by one mole of the gas during its heating from

the temperature T0 to the temperature η times higher;
(b) the equation of the process in the variables p, V.

57. Find the work performed by one mole of a Van der Waals gas during its
isothermal expansion from the volume V1 to V2 at a temperature T.

58. One mole of oxygen is expanded from a volume V1 = 1.00 l to V2 = 5.0 l

at a constant temperature T = 280 K. Calculate:
(a) the increment of the internal energy of the gas:
(b) the amount of the absorbed heat.
The gas is assumed to be a Van der Waals gas.

59. For a Van der Waals gas find:
(a) the equation of the adiabatic curve in the variables T, V;
(b) the difference of the molar heat capacities C Cp V− as a function of

T and V.

60. Two thermally insulated vessels are interconnected by a tube
equipped with a valve. One vessel of volume V1 10= l contains ν = 2.5,
moles of carbon dioxide. The other vessel of volume V2 100= l is
evacuated. The valve having been opened, the gas adiabatically
expanded. Assuming the gas to obey the Van der Waals equation, find
its temperature change accompanying the expansion.

61. What amount of heat has to be transferred to ν = 3.0 moles of carbon

dioxide to keep its temperature constant while it expands into vacuum
from the volume V1 = 5.0 l to V2 10= l ? The gas is assumed to be a Van
der Waals gas.

2.3 Kinetic Theory of Gases.
Boltzmann’s Law and Maxwell’s Distribution

● Number of collisions exercised by gas molecules on a unit area of the wall
surface per unit time:

ν = 1

4
n v , …(2.3a)

where n is the concentration of molecules, and v is their mean velocity.
● Equation of an ideal gas state:

p nkT= . …(2.3b)
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● Mean energy of molecules:

ε = i
kT

2
, …(2.3c)

where i is the sum of translational, rotational, and the double number of
vibrational degrees of freedom.

● Maxwellian distribution:

dN v N
m

kT
e dvx

mv kT
x

x( ) ,
/

/= 





−

2

1 2
22

π
…(2.3d)

dN v N
m

kT
e v dvmv kt( ) .

/
/= 





−

2
4

3 2
2 22

π
π …(2.3e)

● Maxwellian distribution in a reduced form:

dN u N e u duu( ) ,= −4 2 2

π
…(2.3f)

where, u v v p= / , v p is the most probable velocity.
● The most probable, the mean, and the root mean square velocities of

molecules:

v
kT

m
p = 2 , v

kT

m
= 8

π
, v

kT

m
eq = 3 …(2.3g)

● Boltzmann’s formula:

n n e U U kT= − −
0

0( )/ , …(2.3h)

where U is the potential energy of a molecule.

62. Modern vacuum pumps permit the pressures down to p = × −4 10 15 atm

to be reached at room temperatures. Assuming that the gas exhausted

is nitrogen, find the number of its molecules per 1 3cm and the mean

distance between them at this pressure.

63. A vessel of volume V = 5.0 l contains m = 1.4g of nitrogen at a

temperature T = 1800 K. Find the gas pressure, taking into account
that η = 30% of molecules are disassociated into atoms at this
temperature.

64. Under standard conditions the density of the helium and nitrogen
mixture equals ρ = 0.60 g/ l.Find the concentration of helium atoms in
the given mixture.

65. A parallel beam of nitrogen molecules moving with velocity
v = 400 m/s impinges on a wall at an angle θ = °30 to its normal. The

concentration of molecules in the beam η = × −0.9 cm1019 3. Find the

pressure exerted by the beam on the wall assuming the molecules to
scatter in accordance with the perfectly elastic collision law.

66. How many degrees of freedom have the gas molecules, if under

standard conditions the gas density is ρ = 1.3 mg/cm3 and the velocity

of sound propagation in it is v = 330 m/s.
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67. Determine the ratio of the sonic velocity v in a gas to the root mean
square velocity of molecules of this gas, if the molecules are
(a) monatomic; (b) rigid diatomic.

68. A gas consisting of N-atomic molecules has the temperature T at which
all degrees of freedom (translational, rotational, and vibrational) are
excited. Find the mean energy of molecules in such a gas. What
fraction of this energy corresponds to that of translational motion?

69. Suppose a gas is heated up to a temperature at which all degrees of
freedom (translational, rotational, and vibrational) of its molecules are
excited. Find the molar heat capacity of such a gas in the isochoric
process, as well as the adiabatic exponent γ, if the gas consists of
(a) diatomic;
(b) linear N-atomic;
(c) network N-atomic molecules.

70. An ideal gas consisting of N-atomic molecules is expanded
isobarically. Assuming that all degrees of freedom (translational,
rotational, and vibrational) of the molecules are excited, find what
fraction of heat transferred to the gas in this process is spent to perform
the work of expansion. How high is this fraction in the case of a
monatomic gas?

71. Find the molar mass and the number of degrees of freedom of
molecules in a gas if its heat capacities are known: cV = ⋅0.65 J /(g K)
and c p = ⋅0.91 J /(g K).

72. Find the number of degrees of freedom of molecules in a gas whose
molar heat capacity
(a) at constant pressure is equal to Cp = ⋅29 J/(mol K);
(b) is equal to C = ⋅29 J/(mol K) in the process pT = const.

73. Find the adiabatic exponent γ for a mixture consisting of ν1 moles of a

monatomic gas and ν2 moles of gas of rigid diatomic molecules.

74. A thermally insulated vessel with gaseous nitrogen at a temperature
t = °27 C moves with velocity v = 100 m/s. How much (in per cent) and
in what way will the gas pressure change on a sudden stoppage of the
vessel?

75. Calculate at the temperature t = °17 C :

(a) the root mean square velocity and the mean kinetic energy of an
oxygen molecule in the process of translational motion;

(b) the root mean square velocity of a water droplet of diameter
d = 0.10 mµ suspended in the air.

76. A gas consisting of rigid diatomic molecules is expanded adiabatically.
How many times has the gas to be expanded to reduce the root mean
square velocity of the molecules η = 1.50 times?

77. The mass m = 15 g of nitrogen is enclosed in a vessel at a temperature

T = 300 K. What amount of heat has to be transferred to the gas to
increase the root mean square velocity of its molecules η = 2.0 times?
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78. The temperature of a gas consisting of rigid diatomic molecules is
T = 300 K.Calculate the angular root mean square velocity of a rotating
molecule if its moment of inertia is equal to I = × ⋅−2.1 g cm .210 39

79. A gas consisting of rigid diatomic molecules was initially under
standard conditions. Then the gas was compressed adiabatically
η = 5.0 times. Find the mean kinetic energy of a rotating molecule in
the final state.

80. How will the rate of collisions of rigid diatomic molecules against the
vessel’s wall change, if the gas is expanded adiabatically η times?

81. The volume of gas consisting of rigid diatomic molecules was
increased η = 2.0 times in a polytropic process with the molar heat
capacityC R= .How many times will the rate of collisions of molecules
against a vessel’s wall be reduced as a result of this process?

82. A gas consisting of rigid diatomic molecules was expanded in a
polytropic process so that the rate of collisions of the molecules
against the vessel’s wall did not change. Find the molar heat capacity
of the gas in this process.

83. Calculate the most probable, the mean, and the root mean square
velocities of a molecule of a gas whose density under standard
atmospheric pressure is equal to ρ = 1.00 g/ l.

84. Find the fraction of gas molecules whose velocities differ by less than
δη = 1.00% from the value of
(a) the most probable velocity;
(b) the root mean square velocity.

85. Determine the gas temperature at which
(a) the root mean square velocity of hydrogen molecules exceeds their

most probable velocity by ∆v = 400 m/s;
(b) the velocity distribution function F v( ) for the oxygen molecules

will have the maximum value at the velocity v = 420 m/s.

86. In the case of gaseous nitrogen find:
(a) the temperature at which the velocities of the molecules

v1 300= m/s and v2 600= m/s are associated with equal values of
the Maxwell distribution function F v( );

(b) the velocity of the molecules v at which the value of the Maxwell
distribution function F v( ) for the temperatureT0 will be the same as
that for the temperature η times higher.

87. At what temperature of a nitrogen and oxygen mixture do the most
probable velocities of nitrogen and oxygen molecules differ by
∆v = 30 m/s?

88. The temperature of a hydrogen and helium mixture is T = 300 K. At

what value of the molecular velocity v will the Maxwell distribution
function F v( ) yield the same magnitude for both gases?

89. At what temperature of a gas will the number of molecules, whose
velocities fall within the given interval from v to v dv+ ,be the greatest?
The mass of each molecule is equal to m.
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90. Find the fraction of molecules whose velocity projections on the x axis
fall within the interval from vx to v dvx x+ , while the moduli of
perpendicular velocity components fall within the interval from v⊥ to
v dv⊥ ⊥+ . The mass of each molecule is m, and the temperature is T.

91. Using the Maxwell distribution function, calculate the mean velocity
projection vx and the mean value of the modulus of this projection
| |vx if the mass of each molecule is equal to m and the gas
temperature is T.

92. From the Maxwell distribution function find vx
2 , the mean value of

the squared vx projection of the molecular velocity in a gas at a
temperature T. The mass of each molecule is equal to m.

93. Making use of the Maxwell distribution function, calculate the
number ν of gas molecules reaching a unit area of a wall per unit time,
if the concentration of molecules is equal to n, the temperature to T,
and the mass of each molecule is m.

94. Using the Maxwell distribution function, determine the pressure
exerted by gas on a wall, if the gas temperature is T and the
concentration of molecule is n.

95. Making use of the Maxwell distribution function, 1/ ,v the mean value

of the reciprocal of the velocity of molecules in an ideal gas at a
temperature T, if the mass of each molecule is equal to m. Compare the
value obtained with the reciprocal of the mean velocity.

96. A gas consists of molecules of mass m and is at a temperature T.
Making use of the Maxwell velocity distribution function, find the
corresponding distribution of the molecules over the kinetic energies ε .
Determine the most probable value of the kinetic energy ε p. Does ε p

correspond to the most probable velocity?

97. What fraction of monoatomic molecules of a gas in a thermal
equilibrium possesses kinetic energies differing from the mean value
by δη = 1.0% and less?

98. What fraction of molecules in a gas at a temperature T has the kinetic
energy of translational motion exceeding ε0 if ε >>0 kT ?

99. The velocity distribution of molecules in a beam coming out of a hole

in a vessel is described by the function F v Av e mv kT( ) ,/= −3 22

where T is

the temperature of the gas in the vessel. Find the most probable values
of
(a) the velocity of the molecules in the beam; compare the result

obtained with the most probable velocity of the molecules in the
vessel;

(b) the kinetic energy of the molecules in the beam.

100. An ideal gas consisting of molecules of mass m with concentration n
has a temperature T. Using the Maxwell distribution function, find the
number of molecules reaching a unit area of a wall at the angles
between θ and θ θ+ d to its normal per unit time.

Thermodynamics and Molecular Physics | 73

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


101. From the conditions of the foregoing problem find the number of
molecules reaching a unit area of a wall with the velocities in the
interval from v to v dv+ per unit time.

102. Find the force exerted on a particle by a uniform field if the
concentrations of these particles at two levels separated by the
distance ∆h = 3.0 cm (along the field) differ by η = 2.0 times. The
temperature of the system is equal to T = 280 K.

103. When examining the suspended gamboge droplets under a
microscope, their average numbers in the layers separated by the
distance h = 40 µm were found to differ by η = 2.0 times. The
environmental temperature is equal to T = 290 K. The diameter of the
droplets is d = 0.40 m,µ and their density exceeds that of the
surrounding fluid by ∆ρ = 0.20 g/cm3. Find Avogadro’s number from

these data.

104. Suppose that η0 is the ratio of the molecular concentration of hydrogen

to that of nitrogen at the Earth’s surface, while η is the corresponding
ratio at the height h = 3000 m. Find the ratio η/η0 at the temperature
T = 280 K assuming that the temperature and the free fall acceleration
are independent of the height.

105. A tall vertical vessel contains a gas composed of two kinds of
molecules of masses m1 and m2, with m m2 1> . The concentrations of
these molecules at the bottom of the vessel are equal to n1 and n2

respectively, with n n2 1> .Assuming the temperature T and the free-fall
acceleration g to be independent of the height, find the height at which
the concentrations of these kinds of molecules are equal.

106. A very tall vertical cylinder contains carbon dioxide at a certain
temperature T. Assuming the gravitational field to be uniform, find
how the gas pressure on the bottom of the vessel will change when the
gas temperature increases η times.

107. A very tall vertical cylinder contains a gas at a temperature T.
Assuming the gravitational field to be uniform, find the mean value of
the potential energy of the gas molecules. Does this value depend on
whether the gas consists of one kind of molecules or of several kinds?

108. A horizontal tube of length l = 100 cm closed from both ends is

displaced lengthwise with a constant acceleration w. The tube
contains argon at a temperature T = 330 K. At what value of w will the
argon concentrations at the tube’s ends differ by η = 1.0%?

109. Find the mass of a mole of colloid particles if during their centrifuging
with an angular velocityωabout a vertical axis the concentration of the
particles at the distance r2 from the rotation axis is η times greater than
that at the distance r1 (in the same horizontal plane). The densities of
the particles and the solvent are equal to ρ and to ρ0 respectively.

110. A horizontal tube with closed ends is rotated with a constant angular
velocity ω about a vertical axis passing through one of its ends. The
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tube contains carbon dioxide at a temperature T = 300 K.The length of
the tube is l = 100 cm.Find the value ωat which the ratio of molecular
concentrations at the opposite ends of the tube is equal to η = 2.0.

111. The potential energy of gas molecules in a certain central field

depends on the distance r from the field’s centre as U r ar( ) ,= 2 where a

is a positive constant. The gas temperature is T, the concentration of
molecules at the centre of the field is n0. Find :
(a) the number of molecules located at the distances between r and

r dr+ from the centre of the field;
(b) the most probable distance separating the molecules from the

centre of the field;
(c) the fraction of molecules located in the spherical layer between r

and r dr+ ;
(d) how many times the concentration of molecules in the centre of

the field will change if the temperature decreases η times.

112. From the conditions of the foregoing problem find:
(a) the number of molecules whose potential energy lies within the

interval from U to U dU+ ;
(b) the most probable value of the potential energy of a molecule;

compare this value with the potential energy of a molecule located
at its most probable distance from the centre of the field.

2.4 The Second Law of Thermodynamics. Entropy
● Heat engine efficiency:

η = = − ′A

Q

Q

Q1

2

1

1 , …(2.4a)

where Q1 is the heat obtained by the working substance, Q2 ′ is the heat
released by the working substance.

● Efficiency of a Carnot cycle:

η = −T T

T
1 2

1

, …(2.4b)

whereT1 andT2 are the temperatures of the hot and cold bodies respectively.
● Clausius inequality:

δQ

T
≤∫ 0, …(2.4c)

whereδQ is the elementary amount of heat transferred to the system(δQ is an
algebraic quantity).

● Entropy increment of a system:

∆S
Q

T
≥ ∫

δ
. …(2.4d)

● Fundamental relation of thermodynamics:

T dS dU pdV≥ + . …(2.4e)
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● Relation between the entropy and the statistical weight Ω (the
thermodynamic probability):

S k= ln ,Ω …(2.4f)

where k is the Boltzmann constant.

113. In which case will the efficiency of a Carnot cycle be higher: when the
hot body temperature is increased by ∆T , or when the cold body
temperature is decreased by the same magnitude?

114. Hydrogen is used in a Carnot cycle as a working substance. Find the
efficiency of the cycle, if as a result of an adiabatic expansion
(a) the gas volume increases n = 2.0 times;
(b) the pressure decreases n = 2.0 times.

115. A heat engine employing a Carnot cycle with an efficiency of η = 10%

is used as a refrigerating machine, the thermal reservoirs being the
same.Find its refrigerating efficiency ε.

116. An ideal gas goes through a cycle consisting of
alternate isothermal and adiabatic curves
(Fig. 2.2). The isothermal processes proceed at
the temperatures T1,T2, and T3. Find the efficiency
of such a cycle, if in each isothermal expansion
the gas volume increases in the same proportion.

117. Find the efficiency of a cycle consisting of two
isochoric and two adiabatic lines, if the volume
of the ideal gas changes n = 10 times within the
cycle. The working substance is nitrogen.

118. Find the efficiency of a cycle consisting of two isobaric and two
adiabatic lines, if the pressure changes n times within the cycle. The
working substance is an ideal gas whose adiabatic exponent is equal
to γ.

119. An ideal gas whose adiabatic exponent equals γ goes through a cycle

consisting of two isochoric and two isobaric lines. Find the efficiency
of such a cycle, if the absolute temperature of the gas rises n times both
in the isochoric heating and in the isobaric expansion.

120. An ideal gas goes through a cycle consisting of
(a) isochoric, adiabatic, and isothermal lines;
(b) isobaric, adiabatic, and isothermal lines,

with the isothermal process proceeding at the minimum temperature
of the whole cycle. Find the efficiency of each cycle if the absolute
temperature varies n-fold within the cycle.

121. The conditions are the same as in the foregoing problem with the
exception that the isothermal process proceeds at the maximum
temperature of the whole cycle.

122. An ideal gas goes through a cycle consisting of isothermal, polytropic,
and adiabatic lines, with the isothermal process proceeding at the
maximum temperature of the whole cycle.
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123. An ideal gas with the adiabatic exponent γ goes through a direct

(clockwise) cycle consisting of adiabatic, isobaric and isochoric lines.
Find the efficiency of the cycle if in the adiabatic process the volume
of the ideal gas
(a) increases n-fold; (b) decreases n-fold.

124. Calculate the efficiency of a cycle consisting of isothermal, isobaric,
and isochoric lines, if in the isothermal process the volume of the ideal
gas with the adiabatic exponent γ
(a) increases n-fold; (b) decreases n-fold.

125. Find the efficiency of a cycle consisting of two isochoric and two
isothermal lines if the volume varies v-fold and the absolute
temperature τ-fold within the cycle. The working substance is an ideal
gas with the adiabatic exponent γ.

126. Find the efficiency of a cycle consisting of two isobaric and two
isothermal lines if the pressure varies n-fold and the absolute
temperature τ-fold within the cycle. The working substance is an ideal
gas with the adiabatic exponent γ.

127. An ideal gas with the adiabatic exponent γ goes

through a cycle (Fig. 2.3) within which the absolute
temperature varies τ-fold. Find the efficiency of this
cycle.

128. Making use of the Clausius inequality, demonstrate
that all cycles having the same maximum
temperature Tmax and the same minimum
temperature Tmin are less efficient compared to the
Carnot cycle with the same Tmax and Tmin.

129. Making use of the Carnot theorem, show that in the case of a physically
uniform substance whose state is defined by the parameters T and V.

( / ) ( / ) ,∂ ∂ = ∂ ∂ −U V T p T pT V

where U T V( , ) is the internal energy of the substance.

Instruction. Consider the infinitesimal Carnot cycle in the variables
p, V.

130. Find the entropy increment of one mole of carbon dioxide when its
absolute temperature increases n = 2.0 times if the process of heating is
(a) isochoric; (b) isobaric.
The gas is to be regarded as ideal.

131. The entropy of ν = 4.0 moles of an ideal gas increases by ∆S = 23 J/ K

due to the isothermal expansion. How many times should the volume
ν = 4.0 moles of the gas be increased?

132. Two moles of an ideal gas are cooled isochorically and then expanded
isobarically to lower the gas temperature back to the initial value. Find
the entropy increment of the gas if in this process the gas pressure
changed n = 3.3 times.
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133. Helium of mass m = 1.7 g is expanded adiabatically n = 3.0 times and

then compressed isobarically down to the initial volume. Find the
entropy increment of the gas in this process.

134. Find the entropy increment of ν = 2.0 moles of an ideal gas whose

adiabatic exponent γ =1.30 if, as a result of a certain process, the
gas volume increased α = 2.0 times while the pressure dropped
β = 3.0 times.

135. Vessels 1 and 2 contain ν = 1.2 moles of gaseous helium. The ratio of

the vessels’ volumes V V2 1/ = =α 2.0, and the ratio of the absolute
temperatures of helium in them T T1 2/ = =β 1.5.Assuming the gas to be
ideal, find the difference of gas entropies in these vessels, S S2 1− .

136. One mole of an ideal gas with the adiabatic exponent γ goes through a

polytropic process as a result of which the absolute temperature of the
gas increases τ-fold. The polytropic constant equals n. Find the
entropy increment of the gas in this process.

137. The expansion process of ν = 2.0 moles of argon proceeds so that the

gas pressure increases in direct proportion to its volume. Find the
entropy increment of the gas in this process provided its volume
increases α = 2.0 times.

138. An ideal gas with the adiabatic exponent γ goes through a process

p p V= −0 α , where p0 and α are positive constants, and V is the
volume. At what volume will the gas entropy have the maximum
value?

139. One mole of an ideal gas goes through a process in which the entropy
of the gas changes with temperature T asS aT C TV= + ln ,where a is a
positive constant, CV is the molar heat capacity of this gas at constant
volume. Find the volume dependence of the gas temperature in this
process if T T= 0 at V V= 0.

140. Find the entropy increment of one mole of a Van der Waals gas due to
the isothermal variation of volume from V1 to V2. The Van der Waals
corrections are assumed to be known.

141. One mole of a Van der Waals gas which had initially the volumeV1 and

the temperature T1 was transferred to the state with the volume V2 and
the temperature T2. Find the corresponding entropy increment of the
gas, assuming its molar heat capacity CV to be known.

142. At very low temperatures the heat capacity of crystals is equal to
C aT= 3, where a is a constant. Find the entropy of a crystal as a

function of temperature in this temperature interval.

143. Find the entropy increment of an aluminium bar of mass m = 3.0 kg on

its heating from the temperature T1 300= K up to T2 600= K if in this
temperature interval the specific heat capacity of aluminium varies as
c a bT= + , where a = ⋅0.77 J /(g K),b = ⋅0.46 mJ/(g K ).2

78 | Thermodynamics and Molecular Physics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


144. In some process the temperature of a substance depends on its entropy

S asT aS n= ,where a and n are constants. Find the corresponding heat

capacity C of the substance as a function of S. At what condition is
C < 0?

145. Find the temperature T as a function of the entropy S of a substance for
a polytropic process in which the heat capacity of the substance equals
C. The entropy of the substance is known to be equal to S0 at the
temperature T0. Draw the approximate plots T S( ) for C > 0 and C < 0.

146. One mole of an ideal gas with heat capacity CV goes through a process

in which its entropy S depends on T as S T= α / , where α is a constant.
The gas temperature varies from T1 to T2. Find :
(a) the molar heat capacity of the gas as a function of its temperature;
(b) the amount of  heat transferred to the gas;
(c) the work performed by the gas.

147. A working substance goes through a cycle within which the absolute
temperature varies n-fold, and the shape of the cycle is shown in
(a) Fig. 2.4a; (b) Fig. 2.4b, where T is the absolute temperature, and S

the entropy. Find the efficiency of each cycle.

148. One of the two thermally insulated vessels interconnected by a tube
with a valve contains ν = 2.2 moles of an ideal gas. The other vessel is
evacuated. The valve having been opened, the gas increased its
volume n = 3.0 times. Find the entropy increment of the gas.

149. A weightless piston divides a thermally insulated cylinder into two
equal parts. One part contains one mole of an ideal gas with adiabatic
exponent γ, the other is evacuated. The initial gas temperature is T0.
The piston is released and the gas fills the whole volume of the
cylinder. Then the piston is slowly displaced back to the initial
position. Find the increment of the internal energy and the entropy of
the gas resulting from these two processes.

150. An ideal gas was expanded from the initial state to the volume V
without any heat exchange with the surrounding bodies. Will the final
gas pressure be the same in the case of (a) a fast and in the case of (b) a
very slow expansion process?
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151. A thermally insulated vessel is partitioned into two parts so that the
volume of one part is n = 2.0 times greater than that of the other. The
smaller part contains ν1 = 0.30 mole of nitrogen, and the greater one
ν2 = 0.70 mole of oxygen. The temperature of the gases is the same. A
hole is punctured in the partition and the gases are mixed. Find the
corresponding increment of the system’s entropy, assuming the gases
to be ideal.

152. A piece of copper of mass m1 300= g with initial temperature t1 97= °C

is placed into a calorimeter in which the water of mass m2 100= g is at
a temperature t2 7= °C. Find the entropy increment of the system by
the moment the temperatures equalize. The heat capacity of the
calorimeter itself is negligible small.

153. Two identical thermally insulated vessels interconnected by a tube
with a valve contain one mole of the same ideal gas each. The gas
temperature in one vessel is equal to T1 and in the other, T2. The molar
heat capacity of the gas of constant volume equalsCV.The valve having
been opened, the gas comes to a new equilibrium state. Find the
entropy increment ∆S of the gas. Demonstrate that ∆S > 0.

154. N atoms of gaseous helium are enclosed in a cubic vessel of volume
1.0 cm3 at room temperature. Find:

(a) the probability of atoms gathering in one half of the vessel;
(b) the approximate numerical value of N ensuring the occurrence of

this event within the time interval t ≈ 1010 years (the age of the

Universe).

155. Find the statistical weight of the most probable distribution of N = 10

identical molecules over two halves of the cylinder’s volume. Find also
the probability of such a distribution.

156. A vessel contains N molecules of an ideal gas. Dividing mentally the
vessel into two halves A and B, find the probability that the half A
contains n molecules. Consider the cases when N = 5 and
n = 0 1 2 3 4 5, , , , , .

157. A vessel of volume V0 contains N molecules of an ideal gas. Find the

probability of n molecules getting into a certain separated part of the
vessel of volume V. Examine, in particular, the case V V= 0 /2.

158. An ideal gas is under standard conditions. Find the diameter of the
sphere within whose volume the relative fluctuation of the number of
molecules is equal to η = × −1.0 10 3. What is the average number of

molecules inside such a sphere?

159. One mole of an ideal gas consisting of monoatomic molecules is
enclosed in a vessel at a temperature T0 300= K. How many times and
in what way will the statistical weight of this system (gas) vary if it is
heated isochorically by ∆T = 1.0 K?
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2.5 Liquids. Capillary Effects
● Additional (capillary) pressure in a liquid under an arbitrary surface

(Laplace’s formula):

∆p
R R

= +








α 1 1

1 2

, …(2.5a)

where α is the surface tension of a given liquid.
● Free energy increment of the surface layer of a liquid:

dF dS= α , …(2.5b)

where dS is the area increment of the surface layer.
● Amount of heat required to form a unit area of the liquid surface layer during

the isothermal increase of its surface:

q T
d

dT
= − α

. …(2.5c)

160. Find the capillary pressure.
(a) in mercury droplets of diameter d = 1.5 m;µ
(b) inside a soap bubble of diameter d = 3.0 mm if the surface tension

of the soap water solution is α = 45 mN/ m.

161. In the bottom of a vessel with mercury there is a round hole of
diameter d = 70 µm. At what maximum thickness of the mercury layer
will the liquid still not flow out through this hole?

162. A vessel filled with air under pressure p0 contains a soap bubble of

diameter d. The air pressure having been reduced isothermally n-fold,
the bubble diameter increased n-fold. Find the surface tension of the
soap water solution.

163. Find the pressure in an air bubble of diameter d = 4.0 m,µ located in

water at a depth h = 5.0 m.The atmospheric pressure has the standard
value p0.

164. The diameter of a gas bubble formed at the bottom of a pond is
d = 4.0 m.µ When the bubble rises to the surface its diameter increases
n = 1.1 times. Find how deep is the pond at that spot. The atmospheric
pressure is standard, the gas expansion is assumed to be isothermal.

165. Find the difference in height of mercury columns in two
communicating vertical capillaries whose diameters are d1 = 0.50 mm
and d2 = 1.00 mm, if the contact angle θ = °138 .

166. A vertical capillary with inside diameter 0.50 mm is submerged into
water so that the length of its part protruding over the water surface is
equal to h = 25 mm. Find the curvature radius of the meniscus.

167. A glass capillary of length l = 110 mmand inside diameter d = 20 µmis

submerged vertically into water. The upper end of the capillary is
sealed. The outside pressure is standard. To what length x has the
capillary to be submerged to make the water levels inside and outside
the capillary coincide?
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168. When a vertical capillary of length l with the sealed upper end was
brought in contact with the surface of a liquid, the level of this liquid
rose to the height h. The liquid density is ρ, the inside diameter of the
capillary is d, the contact angle is θ, the atmospheric pressure is p0.
Find the surface tension of the liquid.

169. A glass rod of diameter d1 = 1.5 mm is inserted symmetrically into a

glass capillary with inside diameter d2 = 2.0 mm. Then the whole
arrangement is vertically oriented and brought in contact with the
surface of water. To what height will the water rise in the capillary?

170. Two vertical plates submerged partially in a wetting liquid form a
wedge with a very small angle δφ. The edge of this wedge is vertical.
The density of the liquid is ρ, its surface tension is α , the contact angle
is θ. Find the height h, to which the liquid rises, as a function of the
distance x from the edge.

171. A vertical water jet flows out of a round hole. One of the horizontal
sections of the jet has the diameter d = 2.0 mmwhile the other section
located l = 20 mm lower has the diameter which is n = 1.5 times less.
Find the volume of the water flowing from the hole each second.

172. A water drop falls in air with a uniform velocity. Find the difference
between the curvature radii of the drop’s surface at the upper and
lower  points of the drop separated by the distance h = 2.3 mm.

173. A mercury drop shaped as a round tablet of radius R and thickness h is
located between two horizontal glass plates. Assuming that h R<< ,
find the mass m of a weight which has to be placed on the upper plate
to diminish the distance between the plates n-times. The contact angle
equals θ. Calculate m if R = 2.0 cm, h = 0.38 mm, n = 2.0, and θ = °135 .

174. Find the attraction force between two parallel glass plates, separated
by a distance h = 0.10 mm, after a water drop of mass m = 70 mg was
introduced between them. The wetting is assumed to be complete.

175. Two glass discs of radius R = 5.0 cm were wetted with water and put

together so that the thickness of the water layer between them was
h = 1.9 m.µ Assuming the wetting to be complete, find the force that
has to be applied at right angles to the plates in order to pull them
apart.

176. Two vertical parallel glass plates are partially submerged in water. The
distance between the plates is d = 0.10 mm, and their width is
l = 12 cm. Assuming that the water between the plates does not reach
the upper edges of the plates and that the wetting is complete, find the
force of their mutual attraction.

177. Find the lifetime of a soap bubble of radius R connected with the
atmosphere through a capillary of length l and inside radius r. The
surface tension is α , the viscosity coefficient of the gas is η.

178. A vertical capillary is brought in contact with the water surface. What
amount of heat is liberated while the water rises along the capillary?
The wetting is assumed to be complete, the surface tension equals α .
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179. Find the free energy of the surface layer of
(a) a mercury droplet of diameter d = 1.4 mm;
(b) a soap bubble of diameter d = 6.0 mm if the surface tension of the

soap water solution is equal to α = 45 mN/ m.

180. Find the increment of the free energy of the surface layer when two
identical mercury droplets, each of diameter d = 1.5 mm, merge
isothermally.

181. Find the work to be performed in order to blow a soap bubble of radius
R if the outside air pressure is equal to p0 and the surface tension of
the soap water solution is equal to α .

182. A soap bubble of radius r is inflated with an ideal gas. The atmospheric
pressure is p0, the surface tension of the soap water solution is α . Find
the difference between the molar heat capacity of the gas during its
heating inside the bubble and the molar heat capacity of the gas under
constant pressure, C Cp− .

183. Considering the Carnot cycle as applied to a liquid film, show that in
an isothermal process the amount of heat required for the formation of
a unit area of the surface layer is equal to q T d dT= − ⋅ α / ,where d dTα /
is the temperature derivative of the surface tension.

184. The surface of a soap film was increased isothermally by ∆σ at a

temperature T. Knowing the surface tension of the soap water solution
α and the temperature coefficient d dTα / , find the increment
(a) of the entropy of the film’s surface layer;
(b) of the internal energy of the surface layer.

2.6 Phase Transformations
● Relations between Van der Waals constants and the parameters of the

critical state of a substance:

V bMcr = 3 , p
a

b
cr =

27 2
,T

a

Rb
cr = 8

27
. …(2.6a)

● Relation between the critical parameters for a mole of substance:

p V RTcr Mcr cr= ( / ) .3 8 …(2.6b)

● Clausius-Clapeyron equation:

dp

dT

q

T V V
=

′ − ′
12

2 1( )
, …(2.6c)

whereq12 is the specific heat absorbed in the transformation1 2→ ,V1 ′ andV2 ′
are the specific volumes of phases 1 and 2.

185. A saturated water vapour is contained in a cylindrical vessel under a
weightless piston at a temperature t = °100 C. As a result of a slow
introduction of the piston a small fraction of the vapour ∆m = 0.70 g
gets condensed. What amount of work was performed over the gas?
The vapour is assumed to be ideal, the volume of the liquid is to be
neglected.
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186. A vessel of volume V = 6.0 l contains water together with its saturated

vapour under a pressure of 40 atm and at a temperature of 250°C. The
specific volume of the vapour is equal to Vv ′ = 50 l/ kg under these
conditions. The total mass of the system water-vapour equals
m = 5.0 kg. Find the mass and the volume of the vapour.

187. The saturated water vapour is enclosed in a cylinder under a piston
and occupies a volumeV0 = 5.0 lat the temperature t = °100 C.Find the
mass of the liquid phase formed after the volume under the piston
decreased isothermally to V = 1.6 l. The saturated vapour is assumed
to be ideal.

188. A volume occupied by a saturated vapour is reduced isothermally n-fold.
Find what fraction η of the final volume is occupied by the liquid phase if
the specific volumes of the saturated vapour and the liquid phase differ
by N times ( ).N n> Solve the same problem under the condition that the
final volume of the substance corresponds to the midpoint of a horizontal
portion of the isothermal line in the diagram p, V.

189. An amount of water of mass m = 1.00 kg, boiling at standard

atmospheric pressure, turns completely into saturated vapour.
Assuming the saturated vapour to be an ideal gas find the increment of
entropy and internal energy of the system.

190. Water of mass m = 20 g is enclosed in a thermally insulated cylinder at

the temperature of 0°C under a weightless piston whose area is
S = 410 2cm . The outside pressure is equal to standard atmospheric

pressure. To what height will the piston rise when the water absorbs
Q = 20.0 kJ of heat?

191. One gram of saturated water vapour is enclosed in a thermally
insulated cylinder under a weightless piston. The outside pressure
being standard, m = 1.0 g of water is introduced into the cylinder at a
temperature t 0 22= °C.Neglecting the heat capacity of the cylinder and
the friction of the piston against the cylinder’s walls, find the work
performed by the force of the atmospheric pressure during the
lowering of the piston.

192. If an additional pressure ∆p of a saturated vapour over a convex

spherical surface of a liquid is considerably less than the vapour
pressure over a plane surface, then ∆p rv l( / ) / ,ρ ρ α2 where ρV and ρl are
the densities of the vapour and the liquid,α is the surface tension, and
r is the radius of curvature of the surface. Using this formula, find the
diameter of water droplets at which the saturates vapour pressure
exceeds the vapour pressure over the plane surface by η = 1.0% at a
temperature t = °27 C. The vapour is assumed to be an ideal gas.

193. Find the mass of all molecules leaving one square centimetre of water
surface per second into a saturated water vapour above it at a
temperature t = °100 C. It is assumed that η = 3.6% of all water vapour
molecules falling on the water surface are retained in the liquid phase.
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194. Find the pressure of saturated tungsten vapour at a temperature
T = 2000 K if a tungsten filament is known to lose a mass
µ = × ⋅−1.2 g /(s cm )210 13 from a unit area per unit time when

evaporating into high vacuum at this temperature.

195. By what magnitude would the pressure exerted by water on the walls
of the vessel have increased if the intermolecular attraction forces has
vanished?

196. Find the internal pressure pi of a liquid if its density ρ and specific

latent heat of vaporization q are known. The heat q is assumed to be
equal to the work performed against the forces of the internal pressure,
and the liquid obeys the Van der Waals equation. Calculate pi in water.

197. Demonstrate that Eqs. (2.6a) and (2.6b) are valid for a substance,
obeying the Van der Waals equation, in critical state.

Instruction. Make use of the fact that the critical state corresponds to
the point of inflection in the isothermal curve p V( ).

198. Calculate the Van der Waals constants for carbon dioxide if its critical
temperature Tcr = 304 K and critical pressure pcr = 73 atm.

199. Find the specific volume of benzene (C H )6 6 in critical state if its critical

temperature Tcr = 562 K and critical pressure pcr = 47 atm.

200. Write the Van der Waals equation via the reduced parameters π, ν, and

τ, having taken the corresponding critical values for the units of
pressure, volume, and temperature. Using the equation obtained, find
how many times the gas temperature exceeds its critical temperature if
gas pressure is 12 times as high as critical pressure, and the volume of
gas is equal to half the critical volume.

201. Knowing the Van der Waals constants, find:
(a) the maximum volume which water of mass m = 1.00 kg can

occupy in liquid state;
(b) the maximum pressure of the saturated water vapour.

202. Calculate the temperature and density of carbon dioxide in critical
state, assuming the gas to be a Van der Waals one.

203. What fraction of the volume of a vessel must liquid ether occupy at
room temperature in order to pass into critical state when critical
temperature is reached? Ether has Tcr = 467 K, pcr = 35.5 atm,
M = 74g/ mol.

204. Demonstrate that the straight line 1-5
corresponding to the isothermal-isobaric
phase transition cuts the Van der Waals
isotherm so that areas I and II are equal
(Fig. 2.5).

205. What fraction of water suppercoolded down
to the temperature t = − °20 C under standard
pressure turns into ice when the system
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passes into the equilibrium state? At what temperature of the
supercooled water does it turn into ice completely?

206. Find the increment of the ice melting temperature in the vicinity of 0°C
when the pressure is increased by ∆p = 1.00 atm. The specific volume
of ice exceeds that of water by ∆V ′ = 0.091 cm /g.2

207. Find the specific volume of saturated water vapour under standard
pressure if a decrease of pressure by ∆p = 3.2 kPa is known to decrease
the water boiling temperature by ∆T = 0.9 K.

208. Assuming the saturated water vapour to the ideal, find its pressure at
the temperature 101.1°C.

209. A small amount of water and its saturated vapour are enclosed in a
vessel at a temperature t = °100 C. How much (in per cent) will the
mass of the saturated vapour increase if the temperature of the system
goes up by ∆T = 1.5 K? Assume that the vapour is an ideal gas and the
specific volume of water is negligible as compared to that of vapour.

210. Find the pressure of saturated vapour as a function of temperature p T( )

if at a temperature T0 its pressure equals p0. Assume that : the specific
latent heat of vaporization q is independent of T, the specific volume of
liquid is negligible as compared to that of vapour, saturated vapour
obeys the equation of state for an ideal gas. Investigate under what
conditions these assumptions are permissible.

211. An ice which was initially under standard conditions was compressed
up to the pressure p = 640 atm. Assuming the lowering of the ice
melting temperature to be linear function of pressure under the given
conditions, find what fraction of the ice melted. The specific volume of
water is less than that of ice by ∆V ′ = 0.09 cm /g.3

212. In the vicinity of the triple point the saturated vapour pressure p of
carbon dioxide depends on temperature T as log / ,p a b T= − where a
and b are constants. If p is expressed in atmospheres, then for the
sublimation process a = 9.05 and b = 1.80 kK, and for the vaporization
process a = 6.78 and b = 1.31 kK. Find:
(a) temperature and pressure at the triple point;
(b) the values of the specific latent heat of sublimation, vaporization,

and melting in the vicinity of the triple point;

213. Water of mass m = 1.00 kg is heated from the temperature t1 = °10 C up

to t2 100= °C at which it evaporates completely. Find the entropy
increment of the system.

224. The ice with the initial temperature t1 0= °C was first melted, then

heated to the temperature t2 100= °C and evaporated. Find the
increment of the system’s specific entropy.

215. A piece of copper of mass m = 90 g at a temperature t1 90= °C was

placed in a calorimeter in which ice of mass 50 g was at a temperature
– 3°C. Find the entropy increment of the piece of a copper by the
moment the thermal equilibrium is reached.
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216. A chunk of ice of mass m1 100= g at a temperature t1 0= °C was placed

in a calorimeter in which water of mass m2 100= g was at a
temperature t2. Assuming othe heat capacity of the calorimeter to be
negligible, find the entropye increment of the system by the moment
the thermal equilibrium is reached. Consider two cases: (a) t2 60= °C;
(b) t2 94= °C.

217. Molten lead of mass m = 5.0 g at a temperature t2 327= °C (the melting

temperature of lead) was poured into a calorimeter packed with a large
amount of ice at a temperature t1 0= °C.Find the entropy increment of
the system lead-ice by the moment the thermal equilibrium is reached.
The specific latent heat of melting of lead is equal to q = 22.5 J /g and
its specific heat capacity is equal to c = ⋅0.125 J /(g K).

218. A water vapour filling the space under the piston of a cylinder is
compressed (or expanded) so that it remains saturated all the time,
being just on the verge of condensation. Find the molar heat capacity C
of the vapour in this process as a function of temperature T, assuming
the vapour to be an ideal gas and neglecting the specific volume of
water in comparison with that of vapour. Calculate C at a temperature
t = °100 C.

219. One mole of water being in equilibrium with a negligible amount of its
saturated vapour at a temperature T1 was completely converted into
saturated vapour at a temperatureT2.Find the entropy increment of the
system. The vapour is assumed to be an ideal gas, the specific volume
of the liquid is negligible in comparison with that of the vapour.

2.7 Transport Phenomena
● Relative number of gas molecules traversing the distance s without

collisions:

N N e s/ /
0 = − λ …(2.7a)

where λ is the mean free path.

● Mean free path of a gas molecule:

λ
π

= 1

2 2d n
, …(2.7b)

where d is the effective diameter of a molecule, and n is the number of
molecules per unit volume.

● Coefficients of diffusion D, viscosity η, and heat conductivity x of gases:

D v= 1

3
( ) ,λ η λρ= 1

3
( ) ,v x v c V= 1

3
( ) ,λρ …(2.7c)

where ρ is the gas density, and c V is its specific heat capacity at constant
volume.

● Friction force acting on a unit area of plates during their motion parallel to
each other in a highly rarefied gas:

F v u u= −1

6
1 2ρ| |, …(2.7d)

where u1 and u2 are the velocities of the plates.
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● Density of a thermal flux transferred between two walls by highly rarefied
gas:

q v c T TV= −1

6
1 2ρ | |, …(2.7e)

where T1 and T2 are the temperatures of the walls.

220. Calculate what fraction of gas molecules
(a) traverses without collisions the distances exceeding the mean free

path λ;
(b) has the free path values lying within the interval from λ to 2 λ.

221. A narrow molecular beam makes its way into a vessel filled with gas
under low pressure. Find the mean free path of molecules if the beam
intensity decreases η-fold over the distance ∆l.

222. Let α dt be the probability of a gas molecule experiencing a collision

during the time interval dt; α is a constant. Find:
(a) the probability of a molecule experiencing no collisions during the

time interval t;

(b) the mean time interval between successive collisions.

223. Find the mean free path and the mean time interval between
successive collisions of gaseous nitrogen molecules
(a) under standard conditions;
(b) at temperature t = °0 C and pressure p = 1.0 nPa (such a pressure

can be reached by means of contemporary vacuum pumps).

224. How many times does the mean free path of nitrogen molecules
exceed the mean distance betweeen the molecules under standard
conditions?

225. Find the mean free path of gas molecules under standard conditions if
the Van der Waals constant of this gas is equal to b = 40 ml / mol.

226. An acoustic wave propagates through nitrogen under standard
conditions. At what frequency will the wavelength be equal to the
mean free path of the gas molecules?

227. Oxygen is enclosed at the temperature 0°C in a vessel with the
characteristic dimension l = 10 mm (this is the linear dimension
determining the character of a physical process is question). Find :
(a) the gas pressure below which the mean free path of the molecules

λ > l;
(b) the corresponding molecular concentration and the mean distance

between the molecules

228. For the case of nitrogen under standard conditions find:
(a) the mean number of collisions experienced by each molecule per

second;
(b) the total number of collisions occurring between the molecules

within 1 2cm of nitrogen per second.
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229. How does the mean free path λ and the number of collisions of each
molecule per unit time ν depends on the absolute temperature of an
ideal gas undergoing
(a) an isochoric process;
(b) an isobaric process;

230. As a result of some process the pressure of an ideal gas increases
n-fold. How many times have the mean free path λ and the number of
collisions of each molecule per unit time ν changed and how, if the
process is
(a) isochoric; (b) isothermal?

231. An ideal gas consisting of rigid diatomic molecules goes through an
adiabatic process. How do the mean free path λ and the number of
collisions of each molecule per second ν depend in this process on
(a) the volume V; (b) the pressure p; (c) the temperature T?

232. An ideal gas goes through a polytropic process with exponent n. Find
the mean free path λ and the number of collisions of each molecule per
second ν as a function of
(a) the volume V; (b) the pressure p; (c) the temperature T.

233. Determine the molar heat capacity of a polytropic process through
which an ideal gas consisting of rigid diatomic molecules goes and in
which the number of collisions between the molecules remains
constant
(a) in a unit volume; (b) in the total volume of the gas.

234. An ideal gas of molar mass M is enclosed in a vessel of volume V whose
thin walls are kept at a constant temperature T. At a moment t = 0 a
small hole of area S is opened, and the gas starts escaping into vacuum.
Find the gas concentration n as a function of time t if at the initial
moment n n( ) .0 0=

235. A vessel filled with gas is divided into two equal parts 1 and 2 by a thin
heat-insulating partition with two holes. One hole has a small
diameter, and the other has a very large diameter (in comparison with
the mean free path of molecules). In part 2 the gas is kept at a
temperature η times higher than that of part 1. How will the
concentration of molecules in part 2 change and how many times after
the large hole is closed?

236. As a result of a certain process the viscosity coefficient of an ideal gas
increases α = 2.0 times and its diffusion coefficient β = 4.0 times. How
does the gas pressure change and how many times?

237. How will a diffusion coefficient D and the viscosity coefficient η of an

ideal gas change if its volume increases n times:
(a) isothermally; (b) isobarically?

238. An ideal gas consists of rigid diatomic molecules. How will a diffusion
coefficient D and viscosity coefficient η change and how many times if
the gas volume is decreased adiabatically n = 10 times?
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239. An ideal gas goes through a polytropic process. Find the polytropic
exponent n if in this process the coefficient.

(a) of diffusion; (b) of viscosity; (c) of heat conductivity remains
constant.

240. Knowing the viscosity coefficient of helium under standard
conditions, calculate the effective diameter of the helium atom.

241. The heat conductivity of helium is 8.7 times that of argon (under
standard conditions). Find the ratio of effective diameters of argon and
helium atoms.

242. Under standard conditions helium fills up the space between two long
coaxial cylinders. The mean radius of the cylinders is equal to R, the
gap between them is equal to ∆R, with ∆R R<< . The outer cylinder
rotates with a fairly low angular velocity ω about the stationary inner
cylinder. Find the moment of friction forces acting on a unit length of
the inner cylinder. Down to what magnitude should the helium
pressure be lowered (keeping the temperature constant) to decrease
the sought moment of friction forces n = 10 times if ∆R = 6 mm?

243. A gas fills up the space between two long coaxial cylinders of radii R1

and R2,with R R1 2< .The outer cylinder rotates with a fairly low angular
velocity ωabout the stationary inner cylinder. The moment of friction
forces acting on a unit length of the inner cylinder is equal to N1. Find
the viscosity coefficient η of the gas taking into account that the
friction force acting on a unit area of the cylindrical surface of radius r
is determined by the formula σ η ω= ∂ ∂r r( / ).

244. Two identical parallel discs have a common axis and are located at a
distance h from each other. The radius of each disc is equal to a, with
a h>> . One disc is rotated with a low angular velocity ω relative to the
other, stationary, disc. Find the moment of friction forces acting on the
stationary disc if the viscosity coefficient of the gas between the discs
is equal to η.

245. Solve the foregoing problem, assuming that the discs are located in an
ultra-rarefied gas of molar mass M, at temperature T and under
pressure p.

246. Making use of Poiseuille’s equation (1.7d), find the mass µ of gas

flowing per unit time through the pipe of length l and radius a if
constant pressures p1 and p2 are maintained at its ends.

247. One end of a rod, enclosed in a thermally insulating sheath, is kept at a
temperature T1 while the other, at T2. The rod is composed of two
sections whose lengths are l1 and l2 and heat conductivity coefficients
x1 and x2. Find the temperature of the interface.

248. Two rods whose lengths are l1 and l2 and heat conductivity coefficients

x1 and x2 are placed end to end. Find the heat conductivity coefficient
of a uniform rod of length l l1 2+ whose conductivity is the same as that
of the system of these two rods. The lateral surfaces of the rods are
assumed to be thermally insulated.
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249. A rod of length l with thermally insulated lateral surface consists of
material whose heat conductivity coefficient varies with temperature
as x T= α / , where α is a constant. The ends of the rod are kept at
temperatures T1 and T2. Find the function T x( ), where x is the distance
from the end whose temperature is T1, and the heat flow density.

250. Two chunks of metal with heat capacitiesC1 andC2 are interconnected

by a rod of length l and cross-sectional area S and fairly low heat
conductivity x. The whole system is thermally insulated from the
environment. At a moment t = 0 the temperature difference between
the two chunks of metal equals ( ) .∆T 0 Assuming the heat capacity of
the rod to be negligible, find the temperature difference between the
chunks as a function of time.

251. Find the temperature distribution in a substance placed between two
parallel plates kept at temperatures T1 and T2. The plate separation is
equal to l, the heat conductivity coefficient of the substance x T∝ .

252. The space between two large horizontal plates is filled with helium.
The plate separation equals l = 50 mm. The lower plate is kept at a
temperature T1 290= K, the upper, at T2 330= K. Find the heat flow
density if the gas pressure is close to standard.

253. The space between two large parallel plates separated by a distance
l = 5.0 mmis filled with helium under a pressure p = 1.0 Pa.One plate
is kept at a temperature t1 17= °C and the other, at a temperature
t2 37= °C. Find the mean free path of helium atoms and the heat flow
density.

254. Find the temperature distribution in the space between two coaxial
cylinders of radii R1 and R2 filled with a uniform heat conducting
substance if the temperatures of the cylinders are constant and are
equal to T1 and T2 respectively.

255. Solve the foregoing problem for the case of two concentric spheres of
radii R1 and R2 and temperature T1 and T2.

256. A constant electric current flows along a uniform wire with
cross-sectional radius R and heat conductivity coefficient x. A unit
volume of the wire generates a thermal power w. Find the temperature
distribution across the wire provided the steady-state temperature at
the wire surface is equal to T0.

257. The thermal power of density w is generated uniformly inside a
uniform sphere of radius R and heat conductivity coefficient x. Find
the temperature distribution in the sphere provided the steady-state
temperature at its surface is equal to T0.
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3.1 Constant Electric Field in Vacuum
● Strength and potential of the field of a point charge q :

E =
ε

1

4 0
3π

q

r
r, φ =

ε
1

4 0π
q

r
. …(3.1a)

● Relation between field strength and potential:

E = − ∇φ , …(3.1b)

i.e., field strength is equal to the antigradient of the potential.
● Gauss’s theorem and circulation of the vector E :

E dS q= ε∫ / ,0 E rd =∫ 0. …(3.1c)

● Potential and strength of the field of a point dipole with electric moment p :

φ =
ε

1

4 0
3π

pr

r
, E

p

r
=

ε
+1

4
1 3

0
3

2

π
θcos , …(3.1d)

where θ is the angle between the vectors r and p.
● Energy W of the dipole p in an external electric field, and the moment N of

forces acting on the dipole:

W = − pE, N pE= [ ]. …(3.1e)

● Force F acting on a dipole, and its projection Fx :

F
E= ∂

∂
p

l
, F Ex x= ⋅ ∇p , …(3.1f)

where ∂ ∂E/ l is the derivative of the vector E with respect to the dipole

direction, ∇ Ex is the gradient of the function Ex .

1. Calculate the ratio of the electrostatic to gravitational interaction
forces between two electrons, between two protons. At what value of
the specific charge q/m of a particle would these forces become equal
(in their absolute values) in the case of interaction of identical
particles?

2. What would be the interaction force between two copper spheres,
each of mass 1 g, separated by the distance 1 m, if the total electronic
charge in them differed from the total charge of the nuclei by one per
cent?

3. Two small equally charged spheres, each of mass m, are suspended
from the same point by silk threads of length l. The distance between
the spheres x l<< . Find the rate dq dt/ with which the charge leaks off

Electrodynamics
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each sphere if their approach velocity varies as v a x= / , where a is a

constant.

4. Two positive charges q1 and q2 are located at the points with radius

vector r1 and r2. Find a negative charge q3 and a radius vector r3 of the
point at which it has to be placed for the force acting on each of the
three charges to  be equal to zero.

5. A thin wire ring of radius r has an electric charge q. What will be the
increment of the force stretching the wire if a point charge q0 is placed
at the ring’s centre?

6. A positive point charge 50 µC is located in the plane xy at the point

with radius vector r i j0 2 3= + ,where i and j are the unit vector of the x

and y axis. Find the vector of the electric field strength E and its
magnitude at the point with radius vector r i j= −8 5 . Here r0 and r are

expressed in metres.

7. Point charges q and −q are located at the

vertices of a square with diagonals2 l as shown
in Fig. 3.1. Find the magnitude of the electric
field strength at a point located symmetrically
with respect to the vertices of the square at a
distance x from its centre.

8. A thin half-ring of radius R = 20 cm is

uniformly charged with a total charge q = 0.70 nC.Find the magnitude
of the electric field strength at the curvature centre of this half-ring.

9. A thin wire ring of radius r carries a charge q. Find the magnitude of
the electric field strength on the axis of the ring as a function of
distance l from its centre. Investigate the obtained function at l r>> .
Find the maximum strength magnitude and the corresponding
distance l. Draw the approximate plot of the function E l( ).

10. A point charge q is located at the centre of a thin ring of radius R with
uniformly distributed charge −q. Find the magnitude of the electric
field strength vector at the point lying on the axis of the ring at a
distance x from its centre, if x R>> .

11. A system consists of a thin charged wire ring of radius R and a very
long uniformly charged thread oriented along the axis of the ring, with
one of its ends coinciding with the centre of the ring. The total charge
of the ring is equal to q. The charge of the thread (per unit length) is
equal to λ.Find the interaction force between the ring and the thread.

12. A thin nonconducting ring of radius R has a linear charge density
λ λ= φ0 cos , where λ 0 is a constant, φ is the azimuthal angle. Find the
magnitude of the electric field strength
(a) at the centre of the ring;
(b) on the axis of the ring as a function of the distance x from its centre.

Investigate the obtained function at x R>> .
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13. A thin straight rod of length2 acarrying a uniformly distributed charge

q is located in vacuum. Find the magnitude of the electric field
strength as a function of the distance r from the rod’s centre along the
straight line.
(a) perpendicular to the rod and passing through its centre;
(b) coinciding with the rod’s direction (at the points lying outside the

rod).
Investigate the obtained expression at r a>> .

14. A very long straight uniformly charged thread carries a charge λ per
unit length. Find the magnitude and direction of the electric field
strength at a point which is at a distance y from the thread and lies on
the perpendicular passing through one of the thread’s ends.

15. A thread carrying a uniform charge λ per unit length has the
configurations shown in Fig. 3.2a and b. Assuming a curvature radius
R to be considerably less than the length of the thread, find the
magnitude of the electric field strength at the point O.

16. A sphere of radius r carries a surface charge of density σ = ar, where a

is a constant vector, and r is the radius vector of a point of the sphere
relative to its centre. Find the electric field strength vector at the centre
of the sphere.

17. Suppose the surface charge density over a sphere of radius R depends
on a polar angleθ as σ σ θ= 0 cos ,where σ0 is a positive constant. Show
that such a charge distribution can be represented as a result of a small
relative shift of two uniformly charged balls of radius R whose charges
are equal in magnitude and opposite in sign. Resorting to this
representation, find the electric field strength vector inside the given
sphere.

18. Find the electric field strength vector at the centre of a ball of radius R

with volume charge density ρ = ar, where a is a constant vector, and r

is a radius vector drawn from the ball’s centre.

19. A very long uniformly charged thread oriented along the axis of a
circle of radius R rests on its centre with one of the ends. The charge of

the thread per unit length is equal to λ. Find the flux of the vector E

across the circle area.
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20. Two point charges q and −q are separated by the distance 2 l (Fig. 3.3).

Find the flux of the electric field strength vector across a circle of
radius R.

21. A ball of radius R is uniformly charged with the volume densityρ.Find

the flux of the electric field strength vector across the ball’s section
formed by the plane located at a distance r R0 < from the centre of the
ball.

22. Each of the two long parallel threads carries a uniform charge λ per
unit length. The threads are separated by a distance l. Find the
maximum magnitude of the electric field strength in the symmetry
plane of this system located between the threads.

23. An infinitely long cylindrical surface of circular cross-section is
uniformly charged lengthwise with the surface density σ σ= φ0 cos ,
where φ is the polar angle of the cylindrical coordinate system whose
z axis coincides with the axis of the given surface. Find the magnitude
and direction of the electric field strength vector on the z axis.

24. The electric field strength depends only on the x and y coordinates

according to the law E i j= + +a x y x y( )/( ),2 2 where a is a constant,

i and j are the unit vectors of the x and y axis. Find the flux of the vector

E through a sphere of radius R with its centre at the origin of
coordinates.

25. A ball of radius R carries a positive charge whose volume density
depends only on a separation r from the ball’s centre as ρ ρ= −0 1( / ),r R

where ρ0 is a constant. Assuming the permittivities of the ball and the
environment to be equal to unity, find:
(a) the magnitude of the electric field strength as a function of the

distance r both inside the outside the ball;
(b) the maximum intensity Emax and the corresponding distance rm.

26. A system consists of a ball of radius R carrying a spherically symmetric
charge and the surrounding space filled with a charge of volume
density ρ α= / ,r where α is a constant, r is the distance from the centre
of the ball. Find the ball’s charge at which the magnitude of the electric
field strength vector is independent of r outside the ball. How high is
this strength? The permittivities of the ball and the surrounding space
are assumed to be equal to unity.

27. A space is filled up with a charge with volume density ρ ρ α= −
0

3

e r ,

where ρ0 and α are positive constants, r is the distance from the centre
of this system. Find the magnitude of the electric field strength vector
as a function of r. Investigate the obtained expression for the small and

large values of r, ie, at αr3 1<< and αr3 1>> .

28. Inside a ball charged uniformly with volume density ρ there is a

spherical cavity. The centre of the cavity is displaced with respect to
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the centre of the ball by a distance a. Find the field strength E inside
the cavity, assuming the permittivity equal to unity.

29. Inside an infinitely long circular cylinder charged uniformly with
volume density ρ there is a circular cylindrical cavity. The distance
between the axes of the cylinder and the cavity is equal to a. Find the

electric field strength E inside the cavity. The permittivity is assumed
to be equal to unity.

30. There are two thin wire rings, each of radius R, whose axes coincide.
The charges of the rings are q and −q. Find the potential difference
between the centres of the rings separated by a distance a.

31. There is an infinitely long straight thread carrying a charge with linear
density λ µ= 0.40 C/ m. Calculate the potential difference between
points 1 and 2 if point 2 is removed η = 2.0 times farther from the
thread than point 1.

32. Find the electric field potential and strength at the centre of a
hemisphere of radius R charged uniformly with the surface density σ.

33. A very thin round plate of radius R carrying a uniform surface charge
density σ is located in vacuum. Find the electric field potential and
strength along the plate’s axis as a function of a distance l from its
centre. Investigate the obtained expression at l → 0 and l R>> .

34. Find the potential φ at the edge of a thin disc of radius R carrying the

uniformly distributed charge with surface density σ :

35. Find the electric field strength vector if the potential of this field has

the form φ =ar, where a is a constant vector, and r is the radius vector

of a point of the field.

36. Determine the electric field strength vector if the potential of this field
depends on x, y coordinates as

(a) φ = −a x y( );2 2 (b) φ =axy,

where a is a constant. Draw the approximate shape of these fields
using lines of force (in the x, y plane).

37. The potential of a certain electrostatic field has the form

φ = + +a x y bz( ) ,2 2 2 where a and b are constants. Find the magnitude

and direction of the electric field strength vector. What shape have the
equipotential surfaces in the following cases:
(a) a > 0,b > 0; (b) a > 0,b < 0?

38. A charge q is uniformly distributed over the volume of a sphere of
radius R. Assuming the permittivity to be equal to unity throughout,
find the potential
(a) at the centre of the sphere;
(b) inside the sphere as a function of the distance r from its centre.
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39. Demonstrate that the potential of the field
generated by a dipole with the electric
moment p (Fig. 3.4) may be represented as
φ = εpr /4 0

3π r , where r is the radius vector.

Using this expression, find the magnitude
of the electric field strength vector as a
function of r and θ.

40. A point dipole with an electric moment p
oriented in the positive direction of the
z axis is located at the origin of coordinates. Find the projections Ez

and E ⊥ of the electric field strength vector (on the plane perpendicular
to the z axis at the point S (see Fig. 3.4)) . At which points is E
perpendicular to p?

41. A point electric dipole with a moment p is placed in the external
uniform electric field whose strength equals E0, with p E↑ ↑ 0. In this
case one of the equipotential surfaces enclosing the dipole forms a
sphere. Find the radius of this sphere.

42. Two thin parallel threads carry a uniform charge with linear densities
λ and −λ. The distance between the threads is equal to l. Find the
potential of the electric field and the magnitude of its strength vector
at  the distance r l>> at the angle θ to the vector l (Fig. 3.5).

43. Two coaxial rings, each of radius R, made of thin wire are separated by
a small distance l l R( )<< and carry the charges q and −q. Find the
electric field potential and strength at the axis of the system as a
function of the x coordinate (Fig. 3.6). Show in the same drawing the
approximate plots of the functions obtained. Investigate these
functions at| | .x R>>

44. Two infinite planes separated by a distance l carry a uniform surface
charge of densities σ and −σ (Fig. 3.7). The planes have round coaxial
holes of radius R, with l R<< .Taking the origin O and x coordinate axis
as shown in the figure, find the potential of the electric field and the
projection of its strength vector Ex on the axes of the system as
functions of the x coordinate. Draw the approximate plot φ( ).x
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45. An electric capacitor consists of thin round parallel plates, each of
radius R, separated by a distance l l R( )<< and uniformly charged with
surface densities σ and − σ. Find the potential of the electric field and
the magnitude of its strength vector at the axes of the capacitor as
functions of a distance x from the plates if x l>> . Investigate the
obtained expression at x R>> .

46. A dipole with an electric moment p is located at a distance r from a
long thread charged uniformly with a linear density λ.Find the force F
acting on the dipole if the vector p is oriented
(a) along the thread;
(b) along the radius vector r;
(c) at right angles to the thread and the radius vector r.

47. Find the interaction force between two water molecules separated by a
distance l = 10 nm if their electric moments are oriented along the
same straight line. The moment of each molecule equals
p = × ⋅−0.62 C m.10 29

48. Find the potential φ ( , )x y of an electrostatic field E i j= +a y x( ), where

a is a constant, i and j are the unit vectors of the x and y axes.

49. Find the potential φ( , )x y of an electrostatic field

E i j= + −2 2 2axy a x y( ) , where a is a constant, i and j are the unit

vectors of the x and y axes.

50. Determine the potential φ( , , )x y z of an electrostatic field

E i j k= + + +ay ax bz by( ) , where a and b are constants, i, j, k are the

unit vectors of the axes x, y, z.

51. The field potential in a certain region of space depends only on the
x coordinate as φ = − +ax b3 , where a and b are constants. Find the

distribution of the space charge ρ( ).x

52. A uniformly distributed space charge fills up the space between two
large parallel plates separated by a distance d. The potential difference
between the plates is equal to ∆φ. At what value of charge density ρ is
the field strength in the vicinity of one of the plates equal to zero?
What will then be the field strength near the other plate?

53. The field potential inside a charged ball depends only on the distance
from its centre as φ = +ar b2 , where a and b are constants. Find the

space charge distribution ρ( )r inside the ball.

3.2 Conductors and Dielectrics in an Electric Field
● Electric field strength near the surface of a conductor in vacuum:

En = εσ / .0 …(3.2a)

● Flux of polarization P across a closed surface:

P dS q= − ′∫ , …(3.2b)

where q ′ is the algebraic sum of bound charges enclosed by this surface.
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● Vector D and Gauss’s theorem for it:

D E P= ε +0 , D Sd q=∫ , …(3.2c)

where q is the algebraic sum of extraneous charges inside a closed surface.
● Relations at the boundary between two dielectrics:

P Pn n2 1− = − ′σ , D Dn n2 1= − = σ, E E2 1τ τ= , …(3.2d)

where σ′ and σ are the surface densities of bound and extraneous charges,
and the unit vector n of the normal is directed from medium 1 to medium 2.

● In isotropic dielectrics:

P E= εx 0 , D E,= εε0 ε = +1 x. …(3.2e)

● In the case of an isotropic uniform dielectric filling up all the space between
the equipotential surfaces:

E E= ε0 / . …(3.2f)

54. A small ball is suspended over an infinite horizontal conducting plane
by means of an insulating elastic thread of stiffness k. As soon as the
ball was charged, it descended by x cm and its separation from the
plane became equal to l. Find the charge of the ball.

55. A point charge q is located at a distance l from the infinite conducting
plane. What amount of work has to be performed in order to slowly
remove this charge very far from the plane.

56. Two point charges, q and −q, are separated by a distance l, both being

located at a distance l /2 from the infinite conducting plane. Find:
(a) the modulus of the vector of the electric force acting on each

charge;
(b) the magnitude of the electric field strength vector at the midpoint

between these charges.

57. A point charge q is located between two mutually perpendicular
conducting half-planes. Its distance from each half-plane is equal to l.
Find the modulus of the vector of the force acting on the charge.

58. A point dipole with an electric moment p is located at a distance l from
an infinite conducting plane. Find the modulus of the vector of the
force acting on the dipole if the vector p is perpendicular to the plane.

59. A point charge q is located at a distance l from an infinite conducting
plane. Determine the surface density of charges induced on the plane
as a function of separation r from the base of the perpendicular drawn
to the plane from the charge.

60. A thin infinitely long thread carrying a charge λ per unit length is
oriented parallel to the infinite conducting plane. The distance
between the thread and the plane is equal to l. Find:
(a) the modulus of the vector of the force acting on a unit length of the

thread;
(b) the distribution of surface charge density σ ( )x over the plane,

where x is the distance from the plane perpendicular to the
conducting surface and passing through the thread.
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61. A very long straight thread is oriented at right angles to an infinite
conducting plane; its end is separated from the plane by a distance l.

The thread carries a uniform charge of linear density λ. Suppose the

with respect to the ring;
(b) the strength and the potential of the electric field at the centre of

the ring.

63. Find the potential φ of an uncharged conducting sphere outside of

which a point charge q is located at a distance l from the sphere’s
centre.

64. A point charge q is located at a distance r from the centre O of an
uncharged conducting spherical layer whose inside and outside radii
are equal to R1 and R2 respectively. Find the potential at the point O if
r R< 1.

65. A system consists of two concentric conducting spheres, with the
inside sphere of radius a carrying a positive charge q1. What charge q2

has to be deposited on the outside sphere of radius b to reduce the
potential of the inside sphere to zero? How does the potential φdepend
in this case on a distance r from the centre of the system? Draw the
approximate plot of this dependence.

66. Four large metal plates are located at
a small distance d from one another
as shown in Fig. 3.8. The extreme
plates are interconnected by means
of a conductor while a potential
difference ∆φ is applied to internal plates. Find:

(a) the values of the electric field strength between neighbouring

plates;

(b) the total charge per unit area of each plate.

67. Two infinite conducting plates 1 and 2 are separated by a distance l. A

point charge q is located between the plates at a distance l. A point

charge q is located between the plates at a distance x from plate 1. Find

the charges induced on each plate.

68. Find the electric force experienced by a charge reduced to a unit area

of an arbitrary conductor if the surface density of the charge equals σ.
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69. A metal ball of radius R = 1.5 cm has a charge q = 10 µC. Find the

modulus of the vector of the resultant force acting on a charge located
on one half of the ball.

70. When an uncharged conducting ball of radius R is placed in an
external uniform electric field, a surface charge density σ σ θ= 0 cos is
induced on the ball’s surface (here σ0 is a constant, θ is a polar angle).
Find the magnitude of the resultant electric force acting on an induced
charge of the same sign.

71. An electric field of strength E = 1.0 kV/cm produces polarization in

water equivalent to the correct orientation of only one out of N

molecules. Find N. The electric moment of a water molecule equals

p = × ⋅−0.62 C m.10 29

72. A non-polar molecule with polarizabilityβ is located at a great distance

l from a polar molecule with electric moment p. Find the magnitude of

the interaction force between the molecules if the vector p is oriented
along a straight line passing through both molecules.

73. A non-polar molecule is located at the axis of a thin uniformly charged
ring of radius R. At what distance x from the ring’s centre is the
magnitude of the force F acting on the given molecule
(a) equal to zero; (b) maximum?
Draw the approximate plot F xx ( ).

74. A point charge q is located at the centre of a ball made of uniform

isotropic dielectric with permittivity ε . Find the polarization P as a

function of the radius vector r relative to the centre of the system, as
well as the charge q′ inside a sphere whose radius is less than the
radius of the ball.

75. Demonstrate that at a dielectric-conductor interface the surface
density of the dielectric’s bound charge σ σ′ = − ε − ε( )/ ,1 where ε is the
permittivity, σ is the surface density of the charge on the conductor.

76. A conductor of arbitrary shape, carrying a charge
q, is surrounded with uniform dielectric of
permittivity ε (Fig. 3.9).

Find the total bound charges at the inner and
outer surfaces of the dielectric.

77. A uniform isotropic dielectric is shaped as a
spherical layer with radii a and b. Draw the
approximate plots of the electric field strength E and the potential φvs

the distance r from the centre of the layer if the dielectric has a certain
positive extraneous charge distributed uniformly:
(a) over the internal surface of the layer;
(b) over the volume of the layer.
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78. Near the point A (Fig. 3.10) lying on the boundary
between glass and vacuum the electric field
strength in vacuum is equal to E0 = 10.0 V/ m, the
angle between the vector E0 and the normal n of

the boundary line being equal to α 0 30= °. Find
the field strength E in glass near the point A, the
angle α between the vector E and n, as well as the
surface density of the bound charges at the point
A.

79. Near the plane surface of a uniform
isotropic dielectric with permittivity
ε the electric field strength in vacuum
is equal to E0, the vector E0 forming
an angle θ with the normal of the
dielectric’s surface (Fig. 3.11).
Assuming the field to be uniform
both inside and outside the dielectric, find:
(a) the flux of the vector E through a sphere of radius R with centre

located at the surface of the dielectric;
(b) the circulation of the vector D around the closed path P of length l

(See Fig. 3.11) whose plane is perpendicular to the surface of the
dielectric and parallel to the vector E0.

80. An infinite plane of uniform dielectric with permittivity ε is uniformly
charged with extraneous charge of space density ρ. The thickness of
the plate is equal to 2d. Find :
(a) the magnitude of the electric field strength and the potential as

functions of distance l from the middle point of the plane (where
the potential is assumed to be equal to zero); having chosen the
x coordinate axis perpendicular to the plate, draw the approximate
plots of the projection E xx ( ) of the vector E and the potential φ( );x

(b) the surface and space densities of the bound charge.

81. Extraneous charges are uniformly distributed with space density ρ > 0

over a ball of radius R made of uniform isotropic dielectric with
permittivity ε. Find:
(a) the magnitude of the electric field strength as a function of distance

r from the centre of the ball; draw the approximate plots E r( ) and
φ( );r

(b) the space and surface densities of the bound charges.

82. A round dielectric disc of radius R and thickness d is statically
polarized so that it gains the uniform polarization P, with the vector P
lying in the plane of the disc. Find the strength E of the electric field at
the centre of the disc if d R<< .

83. Under certain conditions the polarization of an infinite uncharged
dielectric plate takes the form P P= −0

2 21( / ),x d where P0 is a vector

perpendicular to the plate, x is the distance from the middle of the
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plate, d is its half-thickness. Find the strength E of the electric field
inside the plate and the potential difference between its surfaces.

84. Initially the space between the plates of the
capacitor is filled with air, and the field
strength in the gap is equal to E0. Then half
the gap is filled with uniform isotropic
dielectric with permittivity ε as shown in
Fig. 3.12. Find the moduli of the vectors E
and D in both parts of the gas (1 and 2) if the introduction of the
dielectric
(a) does not change the voltage across the plates;
(b) leaves the charges at the plates constant.

85. Solve the foregoing problem for the case when half the gap is filled
with the dielectric in the way shown in Fig. 3.13.

86. Half the space between two concentric electrodes of a spherical
capacitor is filled, as shown in Fig. 3.14, with uniform isotropic
dielectric with permittivity ε .The charge of the capacitor is q.Find the
magnitude of the electric field strength between the electrodes as a
function of distance r from the curvature centre of the electrodes.

87. Two small identical balls carrying the charges of the same sign are
suspended from the same point by insulating threads of equal length.
When the surrounding space was filled with kerosene the divergence
angle between the threads remained constant. What is the density of
the material of which the balls are made?

88. A uniform electric field of strength E = 100 V/ m is generated inside a

ball made of uniform isotropic dielectric with permittivity ε = 5.00.
The radius of the ball is R = 3.0 cm.Find the maximum surface density
of the bound charges and the total bound charge of one sign.

89. A point charge q is located in vacuum at a distance l from the plane
surface of a uniform isotropic dielectric filling up all the half-space.
The permittivity of the dielectric equals ε . Find :
(a) the surface density of the bound charges as a function of distance r

from the point charge q; analyse the obtained result at l → 0;
(b) the total bound charge on the surface of the dielectric.

90. Making use of the formulation and the solution of the foregoing
problem, find the magnitude of the force exerted by the charges bound
on the surface of the dielectric on the point charge q.
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91. A point charge q is located on the plane dividing vacuum and infinite
uniform isotropic dielectric with permittivity ε .Find the moduli of the
vectors D and E as well as the potential φ as functions of distance r

from the charge q.

92. A small conducting ball carrying a charge q is located in a uniform
isotropic dielectric with permittivity ε at a distance l from an infinite
boundary plane between the dielectric and vacuum. Find the surface
density of the bound charges on the boundary plane as a function of
distance r from the ball. Analyse the obtained result for l → 0.

93. A half-space filled with uniform isotropic dielectric with permittivity ε
has the conducting boundary plane. Inside the dielectric, at a distance
l from this plane, there is a small metal ball possessing charge q. Find
the surface density of the bound charges at the boundary plane as a
function of distance r from the all.

94. A plate of thickness h made a uniform
statically polarized dielectric is placed
inside a capacitor whose parallel plates
are interconnected by a conductor. The
polarization of the dielectric is equal to
P (Fig. 3.15). The separation between
the capacitor plates is d. Find the strength and induction vectors for
the electric field both inside and outside the plates.

95. A long round dielectric cylinder is polarized so that the vector P r= α ,

where α is a positive constant and r is the distance from the axis. Find
the space density ρ′ of bound charges as a function of distance r from
the axis.

96. A dielectric ball is polarized uniformly and statically. Its polarization
equals P. Taking into account that a ball polarized in this way may be
represented as a result of a small shift of all positive charges of the
dielectric relative to all negative charges,
(a) find the electric field strength E inside the ball;
(b) demonstrate that the field outside the ball is that of a dipole
located at the centre of the ball, the potential of that field being equal
to φ = εp r /0 04π , where p0 is the electric moment of the ball, and r is

the  distance from its centre.

97. Utilizing the solution of the foregoing problem, find the electric field
strength E0 in a spherical cavity in an infinite statically polarized
uniform dielectric if the dielectric’s polarization is P, and far from the
cavity the field strength is E.

98. A uniform dielectric ball is placed in a uniform electric field of
strength E0. Under these conditions the dielectric becomes polarized
uniformly. Find the electric field strength E inside the ball and the
polarization P of the dielectric whose permittivity equals ε. Make use
of the result obtained in Problem 96.
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99. An infinitely long round dielectric cylinder is polarized uniformly and
statically, the polarization P being perpendicular to the axis of the
cylinder. Find the electric field strength E inside the dielectric.

100. A long round cylinder made of uniform dielectric is placed in a
uniform electric field of strength E0. The axis of the cylinder is
perpendicular to vector E0. Under these conditions the dielectric
becomes polarized uniformly. Making use of the result obtained in the
foregoing problem, find the electric field strength E in the cylinder and
the polarization P of the dielectric whose permittivity is equal to ε.

3.3 Electric Capacitance. Energy of an Electric Field
● Capacitance of a parallel-plate capacitor:

C S d= εε0 / . …(3.3a)

● Interaction energy of a system of point charges:

W qi i= φ1

2
Σ . …(3.3b)

● Total electric energy of a system with continuous charge distribution:

W dV= φ∫
1

2
ρ . …(3.3c)

● Total electric energy of two charged bodies 1 and 2;

W W W W= + +1 2 12, …(3.3d)

whereW1 andW2 are the self-energies of the bodies, andW12 is the interaction
energy.

● Energy of a charged capacitor:

W
qV q

C

CV= = =
2 2 2

2 2

…(3.3e)

● Volume density of electric field energy:

w
E= = εεED

2 2
0

2

…(3.3f)

101. Find the capacitance of an isolated ball-shaped conductor of radius R1

surrounded by an adjacent concentric layer of dielectric with
permittivity ε and outside radius R2.

102. Two parallel-plate air capacitors, each of capacitance C, were
connected in series to a battery with emf õ . Then one of the capacitors
was filled up with uniform dielectric with permittivity ε. How many
times did the electric field strength in that capacitor decrease? What
amount of charge flows through the battery?

103. The space between the plates of a parallel-plate capacitor is filled
consecutively with two dielectric layers 1 and 2 having the
thicknesses d1 and d2 and the permittivities ε1 and ε2 respectively. The
area of each plate is equal to S. Find:
(a) the capacitance of the capacitor;
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(b) the density σ′ of the bound charges on the boundary plane if the
voltage across the capacitor equals V and the electric field is
directed from layer 1 to layer 2.

104. The gap between the plates of a parallel-plate capacitor is filled with
isotropic dielectric whose permittivity ε varies linearly from ε1 to
ε ε > ε2 2 1( ) in the direction perpendicular to the plates. The area of each
plate equals S, the separation between the plates is equal to d. Find :
(a) the capacitance of the capacitor;
(b) the space density of the bound charges as a function of ε if the

charge of the capacitor is q and the field E in it is directed toward
the growing ε values.

105. Find the capacitance of a spherical capacitor whose electrodes have
radii R1 and R R2 1> and which is filled with isotropic dielectric whose
permittivity varies as ε = a r/ , where a is a constant, and r is the
distance from the centre of the capacitor.

106. A cylindrical capacitor is filled with two cylindrical layers of dielectric
with permittivities ε1 and ε2. The inside radii of the layers are equal to
R1 and R R2 1> . The maximum permissible values of electric field
strength are equal to E m1 and E m2 for these dielectrics. At what
relationship between ε,R, and Em will the voltage increase result in the
field strength reaching the breakdown value for both dielectrics
simultaneously?

107. There is a double-layer cylindrical capacitor
whose parameters are shown in Fig. 3.16. The
breakdown field strength values for these
dielectrics are equal to E1 and E2 respectively.
What is the breakdown voltage of this
capacitor if ε < ε1 1 1 2 2 2R E R E ?

108. Two long straight wires with equal
cross-sectional radii a are located parallel to
each other in air. The distance between their
axes equals b. Find the mutual capacitance of the wires per unit length
under the condition b a>> .

109. A long straight wire is located parallel to an infinite conducting plate.
The wire cross-sectional radius is equal to a, the distance between the
axis of the wire and the plane equals b. Find the mutual capacitance of
this system per unit length of the wire under the condition a b<< .

110. Find the capacitance of a system of two identical metal balls of radius a
if the distance between their centres is equal to b, with b a>> . The
system is located in a uniform dielectric with permittivity ε .

111. Determine the capacitance of a system consisting of a metal ball of
radius a and an infinite conducting plane separated from the centre of
the ball by the distance l if l a>> .

112. Find the capacitance of a system of identical capacitors between
points A and B shown in
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(a) Fig. 3.17a; (b) 3.17b.

113. Four identical metal plates are located in air at equal distances d from
one another. The area of each plate is equal to S. Find the capacitance
of the system between points A and B if the plates are interconnected
as shown.
(a) in Fig. 3.18a; (b) in Fig. 3.18b.

114. A capacitor of capacitance C1 = 1.0 Fµ withstands the maximum

voltage V1 = 6.0 kV while a capacitor of capacitance C2 = 2.0 F,µ the
maximum voltage V2 = 4.0 kV. What voltage will the system of these
two capacitors withstand if they are connected in series?

115. Find the potential difference
between points A and B of the
system shown in Fig. 3.19 if the
emf is equal to õ = 110 V and the
capacitance ratio C C2 1/ = =η 2.0.

116. Find the capacitance of an infinite
circuit formed by the repetition of
the same link consisting of two identical capacitors, each with
capacitance C (Fig. 3.20).

117. A circuit has a section AB shown in Fig. 3.21. The emf of the source
equals õ = 10 V,the capacitor capacitances are equal toC1 = 1.0 Fµ and
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C2 = 2.0 F,µ and the potential difference φ − φ =A B 5.0 V. Find the
voltage across each capacitor.

118. In a circuit shown in Fig. 3.22 find the potential difference between
the left and right plates of each capacitor.

119. Find the charge of each capacitor in the circuit shown in Fig. 3.22.

120. Determine the potential difference φ − φA B between points A and B of

the circuit shown in Fig. 3.23. Under what condition is it equal to zero?

121. A capacitor of capacitance C1 = 1.0 Fµ charged up to a voltage

V = 110 V is connected in parallel to the terminals of a circuit
consisting of two uncharged capacitors connected in series and
possessing the capacitances C2 = 2.0 Fµ and C3 = 3.0 F.µ What charge
will flow through the connecting wires?

122. What charges will flow after the shorting of the switchSw in the circuit
illustrated in Fig. 3.24 through sections 1 and 2 in the directions
indicated by the arrows?

123. In the circuit shown in Fig. 3.25 the emf of each battery is equal to
õ = 60 V, and the capacitor capacitances are equal to C1 = 2.0 Fµ and
C2 = 3.0 F.µ Find the charges which will flow after the shorting of the
switch Sw through sections 1, 2 and 3 in the directions indicated by
the arrows.

124. Find the potential difference φ − φA B between points A and B of the

circuit shown in Fig. 3.26.
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125. Determine the potential at point 1 of the circuit shown in Fig. 3.27,
assuming the potential at the point O to be equal to zero.

Using the symmetry of the formula obtained,write the expressions for
the potentials, at points 2 and 3.

126. Find the capacitance of the circuit shown in Fig. 3.28 between points A
and B.

127. Determine the interaction energy of the point charges located at the
corners of a square with the side a in the circuits shown in Fig. 3.29.

128. There is an infinite straight chain of alternating charges q and −q. The

distance between the neighbouring charges is equal to a. Find the
interaction energy of each charge with all the others.

Instruction. Make use of the expansion of ln ( )1 + α in a power series

in α .

129. A point charge q is located at a distance l from an infinite conducting
plane. Find the interaction energy of that charge with chose induced
on the plane.
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130. Calculate the interaction energy of two balls whose charges q1 and q2

are spherically symmetrical. The distance between the centres of the
balls is equal to l.

131. Calculate the interaction energy of two balls whose charges q1 and q2

are spherically symmetrical. The distance between the centres of the
balls is equal to l.

Instruction. Starts with finding the interaction energy of a ball and a
thin spherical layer.

131. A capacitor of capacitance C1 = 1.0 Fµ carrying initially a voltage

V = 300 V is connected in parallel with an uncharged capacitor of
capacitance C2 = 2.0 F.µ Find the increment of the electric energy of
this system by the moment equilibrium is reached. Explain the result
obtained.

132. What amount of heat will be generated in the circuit shown in Fig. 3.30
after the switch Sw is shifted from position 1 to position 2?

133. What amount of heat will be generated in the circuit shown in Fig. 3.31
after the switch Sw is shifted from position 1 to position 2?

134. A system consists of two thin concentric metal shells of radii R1 and R2

with corresponding charges q1 and q2. Find the self-energy values W1

and W2 of each shell, the interaction energy of the shells W12, and the
total electric energy of the system.

135. A charge q is distributed uniformly over the volume of a ball of radius
R. Assuming the permittivity to be equal to unity, find:
(a) the electrostatic self-energy of the ball;
(b) the ratio of the energy W1 stored in the ball to the energy W2

pervading the surrounding space.

136. A point charge q = 3.0 Cµ is located at the centre of a spherical layer of

uniform isotropic dielectric with permittivity ε = 3.0. The inside
radius of the layer is equal to a = 250 mm, the outside radius is
b = 500 mm. Find the electrostatic energy inside the dielectric layer.

137. A spherical shell of radius R1 with uniform charge q is expanded to a

radius R2. Find the work performed by the electric forces in this
process.
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138. A spherical shell of radius R1 with a uniform charge q has a point

charge q0 at its centre. Find the work performed by the electric forces
during the shell expansion from radius R1 to radius R2.

139. A spherical shell is uniformly charged with the surface density σ.

Using the energy conservation law, find the magnitude of the electric
force acting on a unit area of the shell.

140. A point charge q is located at the centre O of a
spherical uncharged conducting layer provided
with a small orifice (Fig. 3.32). The inside and
outside radii of the layer are equal to a and b
respectively. What amount of work has to be
performed to slowly transfer the charge q from
the point O through the orifice and into infinity?

141. Each plate of a parallel-plate air capacitor has an
area S. What amount of work has to be performed to slowly increase
the distance between the plates from x1 to x2 if
(a) the capacitance of the capacitor, which is equal to q, or
(b) the voltage across the capacitor, which is equal to V, is kept

constant in the process?

142. Inside a parallel-plate capacitor there is a plate parallel to the outer
plates, whose thickness is equal to η = 0.60 of the gap width. When the
plate is absent the capacitor capacitance equals c = 20 nF. First, the
capacitor was connected in parallel to a constant voltage source
producingV = 200 V,then it was disconnected from it, after which the
plate was slowly removed from the gap. Find the work performed
during the removal, if the plate is
(a) made of metal; (b) made of glass.

143. A parallel-plate capacitor was lowered into water in a horizontal
position, with water filling up the gap between the plates d = 1.0 mm
wide. Then a constant voltage V = 500 V was applied to the capacitor.
Find the water pressure increment in the gap.

144. A parallel-plate capacitor is located horizontally
so that one of its plates is submerged into liquid
while the other is over its surface (Fig. 3.33). The
permittivity of the liquid is equal to ε, its density is
equal to ρ. To what height will the level of the
liquid in the capacitor rise after its plates get a
charge of surface density σ ?

145. A cylindrical layer of dielectric with permittivity ε is inserted into a
cylindrical capacitor to fill up all the space between the electrodes.
The mean radius of the electrodes equals R, the gap between them is
equal to d, with d R<< . Then constant voltage V is applied across the
electrodes of the capacitor. Find the magnitude of the electric force
pulling the dielectric into the capacitor.
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146. A capacitor consists of two stationary plates shaped as
a semi-circle of radius R and a movable plate made of
dielectric with permittivity ε and capable of rotating
about an axis O between the stationary plates
(Fig. 3.34). The thickness of the movable plate is equal
to d which is practically the separation between the
stationary plates. A potential difference V is applied to the capacitor.
Find the magnitude of the moment of forces relative to the axis O
acting on the movable plate in the position shown in the figure.

3.4 Electric Current
● Ohm’s law for an inhomogeneous segment of a circuit:

f
V

R R
= = φ − φ +12 1 2 12õ

, …(3.4a)

where V12 is the voltage drop across the segment.
● Differential form of Ohm’s law:

j E E= +σ( *), …(3.4b)

where E* is the strength of a field produced by extraneous forces.
● Kirchhoff’s laws (for an electric circuit);

ΣIK = 0, Σ ΣI RK K K= õ . …(3.4c)

● Power P of current and thermal power Q;

P VI I= = φ − φ +( ) ,1 2 12õ Q RI= 2. …(3.4d)

● Specific power Pspof current and specific thermal power Qsp :

Ps = +j E E( *), Qsp = ρj2 …(3.4e)

● Current density in a metal;

j = enu, …(3.4f)

where u is the average velocity of carriers.
● Number of ions recombining per unit volume of gas per unit time:

n rnr = 2. …(3.4g)

where r is the recombination coefficient.

147. A long cylinder with uniformly charged surface and cross-sectional
radius a = 1.0 cm moves with a constant velocity v = 10 m/s along its
axis. An electric field strength at the surface of the cylinder is equal to
E = 0.9 kV/cm. Find the resulting convection current, that is the
current caused by mechanical transfer of a charge.

148. An air cylindrical capacitor with a dc voltage V = 200 V applied across

it is being submerged vertically into a vessel filled with water at a
velocity v = 5.0 m/s. The electrodes of the capacitor are separated by a
distance d = 2.0 mm, the mean curvature radius of the electrodes is
equal to r = 50 mm. Find the current flowing in the case along lead
wires, if d r<< .

149. At the temperature 0°C the electric resistance of conductor 2 in η times

that of conductor 1. Their temperature coefficients of resistance are
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equal to α2 and α1 respectively. Find the temperature coefficient of
resistance of a circuit segment consisting of these two conductors
when they are connected
(a) in series; (b) in parallel.

150. Find the resistance of a wire frame shaped as a
cube (Fig. 3.35) when measured between
points
(a) 1-7;
(b) 1-2;
(c) 1-3.
The resistance of each edge of the frame is R.

151. At what value of the resistance Rx in the

circuit shown in Fig. 3.36 will the total
resistance between points A and B be
independent of the number of cells?

152. Fig. 3.37 shows an infinite circuit formed by the repetition of the same
link, consisting of resistance R1 = 4.0 Ω and R2 = 3.0 Ω. Find the
resistance of this circuit between points A and B.

153. There is an infinite wire grid with
square cells (Fig. 3.38). The resistance
of each wire between neighbouring
joint connections is equal to R0. Find
the resistance R of the whole grid
between points A and B.

Instruction. Make use of principles of
symmetry and superposition.

154. A homogeneous poorly conducting
medium of resistivity ρ fills up the
space between two thin coaxial ideally
conducting cylinders. The radii of the
cylinders are equal to a and b, with
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a b< , the length of each cylinder is l. Neglecting the edge effects, find
the resistance of the medium between the cylinders.

155. A metal ball of radius a is surrounded by a thin concentric metal shell
of radius b. The space between these electrodes is filled up with a
poorly conducting homogeneous medium of resistivity ρ. Find the
resistance of the inter electrode gap. Analyse the obtained solution at
b → ∞.

156. The space between two conducting concentric spheres of radii a and b
( )a b< is filled up with homogeneous poorly conducting medium. The
capacitance of such a system equals C. Find the resistivity of the
medium if the potential difference between the spheres, when they are
disconnected from an external voltage, decreases η-fold during the
time interval ∆t .

157. Two metal balls of the same radius a are located in a homogeneous
poorly conducting medium with resistivityρ.Find the resistance of the
medium between the balls provided that the separation between them
in much greater than the radius of the ball.

158. A metal ball of radius a is located at a distance l from an infinite ideally
conducting plane. The space around the ball is filled with a
homogeneous poorly conducting medium with resistivityρ. In the case
of a l<< find:
(a) the current density at the conducting plane as a function of

distance r from the ball if the potential difference between the ball
and the plane is equal to V;

(b) the electric resistance of the medium between the ball and the
plane.

159. Two long parallel wires are located in a poorly conduction medium
with resistivityρ.The distance between the axes of the wires is equal to
l, the cross-section radius of each wire equals a. In the case a l<< find:
(a) the current density at the point equally removed from the axes of

the wires by a distance r if the potential difference between the
wires is equal to V;

(b) the electric resistance of the medium per unit length of the wires.

160. The gap between the plates of a parallel-plate capacitor is filled with
glass of resistivity ρ = ⋅100 G m.Ω The capacitance of the capacitor
equals C = 4.0 nF. Find the leakage current of the capacitor when a
voltage V = 2.0 kV is applied to it.

161. Two conductors of arbitrary shape are embedded into an infinite
homogeneous poorly conducting medium with resistivity ρ and
permittivity ε. Find the value of a product RG for this system, where R
is the resistance of the medium between the conductors, and C is the
mutual capacitance of the wires in the presence of the medium.

162. A conductor with resistivity ρ bounds on a dielectric with permittivity

ε. At a certain point A at the conductor’s surface the electric
displacement equals D, the vector D being directed away from the
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conductor and forming an angleα with the nromal of the surface. Find
the surface density of charges on the conductor at the point A and the
current density in the conductor in the vicinity of the same point.

163. The gap between the plates of a parallel-plate capacitor is filled up
with an inhomogeneous poorly conducting medium whose
conductivity varies linearly in the direction perpendicular to the
paltes from σ1 = 1.0 pS/ m to σ2 = 2.0 pS/ m. Each plate has an area
S = 230 cm2, and the separation between the plates isd = 2.0 mm.Find

the current flowing through the capacitor due to a voltage V = 300 V.

164. Demonstrate that the law of refraction of direct current lines at the
boundary between two conducting media has the form
tan / tan ,α α σ /σ2 1 2 1= where σ1 and σ2 are the conductivities of the
media, α2 and α1 are the angles between the current lines and the
normal of the boundary surface.

165. Two cylindrical conductors with equal cross-sections and different
resistivities ρ1 and ρ2 are put end to end. Find the charge at the
boundary of the conductors if a current I flows from conductor 1 to
conductor 2.

166. The gap between the plates of a parallel-plate capacitor is filled up
with two dielectric layers 1 and 2 with thicknesses d1 and d2,
permittivities ε1 and ε2, and resistivities ρ1 and ρ2. A dc voltage V is
applied to the capacitor, with electric field directed from layer 1 to
layer 2. Find σ, the surface density of extraneous charges at the
boundary between the dielectric layers, and the condition under
which σ = 0.

167. An inhomogeneous poorly conducting medium fills up the space
between plates 1 and 2 of a parallel-plate capacitor. Its permittivity
and resistivity vary from values ε1,ρ1 at plate 1 to values ε2,ρ2 at plate 2.
A dc voltage is applied to the capacitor through which a steady current
I flows from plate 1 to plate 2. Find the total extraneous charge in the
given medium.

168. The space between the plates of a parallel-plate capacitor is filled up
with inhomogeneous poorly conducting medium whose resistivity
varies linearly in the direction perpendicular to the plates. The ratio of
the maximum value of resistivity to the minimum one is equal to η.
The gap width equals d. Find the volume density of the charge in the
gap if a voltage V is applied to the capacitor. ε is assumed to be
everywhere.

169. A long round conductor of cross-sectional area S is made of material
whose resistivity depends only on a distance r from the axis of the
conductor as ρ α= / ,r2 where α is a constant. Find:

(a) the resitance per unit length of such a conductor;
(b) the electric field strength in the conductor due to which a current I

flows through it.
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170. A capacitor with capacitance C = 400 pF is connected via a resistance
R = 650 Ω to a source of constant voltage V0.How soon will the voltage
developed across the capacitor reach a value V V= 0.90 0 ?

171. A capacitor filled with dielectric of permittivity ε = 2.1 loses half the

charge acquired during a time interval τ = 3.0 min. Assuming the
charge to leak only through the dielectric filler, calculate its resistivity.

172. A circuit consists of a source of a constant emf õ and a resistance R and
a capacitor with capacitance C connected in series. The internal
resistance of the source is negligible. At a moment t = 0 the
capacitance of the capacitor is abruptly decreased η-fold. Find the
current flowing through the circuit as a function of time t .

173. An ammeter and a voltmeter are connected in series to a battery with
an emf õ = 6.0 V. When a certain resistance is connected in parallel
with the voltmeter, the readings of the latter decrease η = 2.0 times,
whereas the readings of the ammeter increase the same number of
times. Find the voltmeter readings after the connection of the
resistance.

174. Find a potential difference φ − φ1 2

between points 1 and 2 of the circuit
shown in Fig. 3.39 if R1 10= Ω, R2 20= Ω,
õ1 = 5.0 V, and õ2 = 2.0 V. The internal
resistances of the current sources are
negligible.

175. Two sources of current of equal emf are
connected in series and have different internal resistance R1 and R2

( ).R R2 1> Find the external resistance R at which the potential
difference across the terminals of one of the sources (which one in
particular?) becomes equal to zero.

176. N sources of current with different emf’s are connected as shown in
Fig. 3.40. The emf’s of the sources are proportional to their internal
resistances, ie, õ = αR, where α is an assigned constant. The lead wire
resistance is negligible. Find:
(a) the current in the circuit;
(b) the potential difference between points A and B dividing the circuit

in n and N n− links.
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177. In the circuit shown in Fig. 3.41 the sources have emf’s õ1 = 1.0 V and

õ2 = 2.5 V and the resistances have the values R1 10= Ω and R2 20= Ω.
The internal resistances of the sources are negligible. Find a potential
difference φ − φA B between the plates A and B of the capacitor C.

178. In the circuit shown in Fig. 3.42 the emf of the source is equal to
õ = 5.0 V and the resistances are equal to R1 = 4.0 Ω and R2 = 6.0 .Ω
The internal resistance of the source equals R = 0.10 .Ω Find the
currents flowing through the resistances R1 and R2.

179. Fig. 3.43 illustrates a potentiometric circuit by means of which we can
vary a voltage V applied to a certain device possessing a resistance R.
The potentiometer has a length l and a resistance R0, and voltage V0 is
applied to its terminals. Find the voltage V fed to the device as a
function of distance x. Analyse separately the case R R>> 0.

180. Find the emf and the internal resistance of a source which is
equivalent to two batteries connected in parallel whose emf’s are equal
to õ1 and õ2 and internal resistances to R1 and R2.

181. Find the magnitude and direction of the current flowing through the
resistance R in the circuit shown in Fig. 3.44, if the emf’s of the sources
are equal to õ1 = 1.5 V and õ2 = 3.7 V and the resistances are equal to
R1 10= Ω, R2 20= Ω, R = 5.0 .Ω The internal resistances of the sources
are negligible.

182. In the circuit shown in Fig. 3.45 the source have emf’s õ1 = 1.5 V,

õ2 = 2.0 V, õ3 = 2.5 V, and the resistances are equal to R1 10= Ω,
R2 20= Ω, R3 30= Ω. The internal resistanes of the sources are
negligible. Find:
(a) the current flowing through the resistance R1;
(b) a potential difference φ − φA B between the points A and B.
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183. Find the current flowing through the resistance R in the circuit shown
in Fig. 3.46. The internal resistances of the batteries are negligible.

184. Find a potential difference φ − φA B between the plates of a capacitor C

in the circuit shown in Fig. 3.47, if the sources have emf’s õ1 = 4.0 V
and õ2 = 1.0 V and the resistances are equal to R1 10= Ω,R2 20= Ω and
R3 30= Ω . The internal resistances of the sources are negligible.

185. Find the current flowing through the resistance R1 of the circuit shown

in Fig. 3.48 if the resistances are equal to R1 10= Ω, R2 20= Ω, and
R3 30= Ω,and the potentials of points 1, 2, and 3 are equal to φ =1 10 V,
φ =2 6 V, and φ =3 5 V

186. A constant voltage V = 25 V is maintained between points A and B of

the circuit (Fig. 3.49). Find the magnitude and direction of the current
flowing through the segment CD if the resistances are equal to
R1 = 1.0 ,Ω R2 = 2.0 Ω, R3 = 3.0 ,Ω and R4 = 4.0 .Ω

187. Find the resistance between points A and B of the circuit shown in
Fig. 3.50.
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188. Find how the voltage across the capacitor C varies with time t
(Fig. 3.51) after the shorting of the switch Sw at the moment t = 0.

189. What amount of heat will be generated in a coil of resistance R due to a
charge q passing through it if the current in the coil
(a) decreases down to zero uniformly during a time interval ∆t ;
(b) decreases down to zero halving its value every ∆t seconds?

190. A dc source with internal resistance R0 is loaded with three identical

resistances R interconnected as shown in Fig. 3.52. At what value of R
will the thermal power generated in this circuit be the highest?

191. Make sure that the current distribution over two resistances R1 and R2

connected in parallel corresponds to the minimum thermal power
generated in this circuit.

192. A storage battery with emf õ = 2.6 V loaded with an external

resistance produces a current I = 1.0 A. In this case the potential
difference between the terminals of the storage battery equals
V = 2.0 V. Find the thermal power generated in the battery and the
power developed in it by electric forces.

193. A voltage V is applied to a dc electric motor. The armature winding
resistance is equal to R. At what value of current flowing through the
winding will the useful power of the motor be the highest? What is it
equal to? What is the motor efficiency in this case?

194. How much (in per cent) has a filament diameter decreased due to
evaporation if the maintenance of the previous temperature required
an increase of the voltage by η = 1.0%? The amount of heat transferred
from the filament into surrounding space is assumed to be
proportional to the filament surface area.

195. A conductor has a temperature-independent resistance R and a total
heat capacity C. At the moment t = 0 it is connected to a dc voltage V.
Find the time dependence of a conductor’s temperature T assuming
the thermal power dissipated into surrounding space to vary as
q k T T= −( ),0 where k is a constant, T0 is the environmental
temperature (equal to the conductor’s temperature at the initial
moment).

196. A circuit shown in Fig. 3.53 has resistances R1 20= Ω and R2 30= Ω.At

what value of the resistance Rx will the thermal power generated in it
be practically independent of small variations of that resistance? The
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voltage between the points A and B is supposed to be constant in this
case.

197. In a circuit shown in Fig. 3.54 resistances R1 and R2 are known, as well

as emf’s õ1 and õ2. The internal resistances of the sources are
negligible. At what value of the resistance R will the thermal power
generated in it be the highest? What is it equal to?

198. A series-parallel combination battery consisting of a large number
N = 300 of identical cells, each with an internal resistance r = 0.3 ,Ω is
loaded with an external resistance R = 10 Ω. Find the number n of
parallel groups consisting of an equal number of cells connected in
series, at which the external resistance generates the highest thermal
power.

199. A capacitor of capacitance C = 5.00 Fµ is connected to a source of

constant emf õ = 200 V (Fig. 3.55). Then the switch Sw was thrown
over from contact 1 to contact 2. Find the amount of heat generated in a
resistance R1 500= Ω if R2 330= Ω.

200. Between the plates of a parallel-plate capacitor there is a metallic plate
whose thickness takes up η = 0.60 of the capacitor gap. When that
plate is absent the capacitor has a capacity C = 20 nF. The capacitor is
connected to a dc voltage source V = 100 V. The metallic plate is
slowly extracted from the gap. Find:
(a) the energy increment of the capacitor;
(b) the mechanical work performed in the process of plate extraction.

201. A glass plate totally fills up the gas between the electrodes of a
parallel-plate capacitor whose capacitance in the absence of that glass
plate is equal to C = 20 nF. The capacitor is connected to a dc voltage
source V = 100 V. The plate is slowly, and without friction, extracted
from the gap. Find the capacitor energy increment and the mechanical
work performed in the process of plate extraction.
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202. A cylindrical capacitor connected to a dc voltage source V touches the
surface of water with its end (Fig. 3.56). The separation d between the
capacitor electrodes is substantially less than their mean radius. Find a
height h to which the water level in the gap will rise. The capillary
effects are to be neglected.

203. The radii of spherical capacitor electrodes are equal to a and b, with
a b< . The interelectrode space is filled with homogeneous substance
of permittivity ε and resistivity ρ. Initially the capacitor is not charged.
At the moment t = 0 the internal electrode gets a charge q0. Find:
(a) the time variation of the charge on the internal electrode;
(b) the amount of heat generated during the spreading the charge.

204. The electrode of a capacitor of capacitance C = 2.00 Fµ carry opposite

charges q0 = 1.00 mC.Then the electrodes are interconnected through
a resistance R = 5.0 M .Ω Find:
(a) the charge flowing through that resistance during a time interval

τ = 2.00 s;
(b) the amount of heat generated in the resistance during the same

interval.

205. In a circuit shown in Fig. 3.57 the capacitance
of each capacitor is equal to C and the
resistance, to R. One of the capacitors was
connected to a voltage V0 and then at the
moment t = 0 was shorted by means of the
switch Sw. Find:
(a) a current I in the circuit as a function of

time t ;
(b) the amount of generated heat provided a dependence I t( ) is known.

206. A coil of radius r = 25 cm wound of a thin copper wire of length

l = 500 m rotates with an angular velocity ω =300 rad/s about its axis.
The coil is connected to a ballistic galvanometer by means of sliding
contacts. The total resistance of the circuit is equal to R = 21 Ω. Find
the specific charge of current carriers in copper if a sudden stoppage
of the coil makes a charge q = 10 nC flow through the galvanometer.

207. Find the total momentum of electrons in a straight wire of length
l = 1000 m carrying a current I = 70 A.

208. A copper wire carries a current of density j = 1.0 A/ mm2. Assuming

that one free electron corresponds to each copper atom, evaluate the
distance which will be covered by an electron during its displacement
l = 10 mm along the wire.

209. A straight copper wire of length l = 1000 m and cross-sectional area

S = 1.0 mm2 carries a current I = 4.5 A. Assuming that one free

electron corresponds to each copper atom, find:
(a) the time it takes an electron to displace from one end of the wire to

the other;
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(b) the sum of electric forces acting on all free electrons in the given
wire.

210. A homogeneous proton beam accelerated by a potential difference
V = 600 kV has a round cross-section of radius r = 5.0 mm. Find the
electric field strength on the surface of the beam and the potential
difference between the surface and the axis of the beam if the beam
current is equal to I = 50 mA.

211. Two large parallel plates are located in vacuum. One of them serves as
a cathode, a source of electrons whose initial velocity is negligible. An
electron flow directed toward the opposite plate produces a space
charge causing the potential in the gap between the plates to vary as
φ =ax4 3/ , where a is a positive constant, and x is the distance from the

cathode. Find:
(a) the volume density of the space charge as a function of x;
(b) the current density.

212. The air between two parallel plates separated by a distance d = 20 mm

is ionized by X-ray radiation. Each plate has an area S = 550 2cm . Find

the concentration of positive ions if at a voltage V = 100 V a current
I = 3.0 Aµ flows between the plates, which is well below the saturation
current. The air ion mobilities are u0

2+ = ⋅1.37 cm /(V s) and

u0
2− = ⋅1.91 cm /(V s).

213. A gas is ionized in the immediate vicinity of the
surface of plane electrode 1 (Fig. 3.58) separated
from electrode 2 by a distance l. An alternating
voltage varying with time t as V V t= 0 sin ω is
applied to the electrodes. On decreasing the
frequency ω it was observed that the galvanometer
G indicates a current only at ω ω< 0, where ω0 is a
certain cut-off frequency. Find the mobility of ions reaching electrode
2 under these conditions.

214. The air between two closely located plates is uniformly ionized by
ultraviolet radiation. The air volume between the plates is equal to
V = 500 3cm , the observed saturation current is equal to Isat 0.48 A= µ .

Find:
(a) the number of ion pairs produced in a unit volume per unit time;
(b) the equilibrium concentration of ion pairs if the recombination

coefficient for air ions is equal to r = × −1.67 cm /s.10 6 3

215. Having been operated long enough, the ionizer producing
&ni = × ⋅− −3.5 cm s109 3 1 of ion pairs per unit volume of air per unit time

was switched off. Assuming that the only process tending to reduce
the number of ions in air is their recombination with coefficient
r = × −1.67 cm /s,10 6 3 find how soon after the ionizer’s switching off

the ion concentration decreases η = 2.0 times.
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216. A parallel-plate air capacitor whose plates are separated by a distance
d = 5.0 mm is first charged to a potential difference V = 90 V and then
disconnected from a dc voltage source. Find the time interval during
which the voltage across the capacitor decreases by η = 1.0%, taking
into account that the average number of ion pairs formed in air under
standard conditions per unit volume per unit time is equal to
ni = ⋅− −5.0 cm s3 1 and that the given voltage corresponds to the

saturation current.

217. The gap between two plane plates of a capacitor equal to d is filled with
a gas. One of the plates emits ν0 electrons per second which, moving in
an electric field, ionize gas molecules; this way which, moving in an
electric field, ionize gas molecules; this way each electron produces α
new electrons (and ions) along a unit length of its path. Find the
electronic current at the opposite plate, neglecting the ionization of gas
molecules by formed ions.

218. The gas between the capacitor plates separated by a distance d is
uniformly ionized by ultraviolet radiation so that ni, electrons per unit
volume per second are formed. These electrons moving in the electric
field of the capacitor ionize gas molecules, each electron producing α
new electrons (and ions) per unit length of its path. Neglecting the
ionization by ions, find the electronic current density at the plate
possessing a higher potential.

3.5 Constant Magnetic Field. Magnetics
● Magnetic field of a point charge q moving with non-relativistic velocity v:

B
vr]= µ

π
0

34

q

r

[
. …(3.5a)

● Biot-Savart law:

d
r

dVB
jr= µ

π
0

34

[ ]
, d

I d

r
B

l, r= µ
π
0

34

[ ]
. …(3.5b)

● Circulation of a vector B and Gauss’s theorem for it:

B rd I=∫ µ 0 , B Sd =∫ 0. …(3.5c)

● Lorentz force:

F E B= +q q[ ].v …(3.5d)
● Ampere force:

d dVF jB]= [ , d I dF l, B= [ ]. …(3.5e)
● Force and moment of forces acting on a magnetic dipole p nm IS= :

F
B= ∂

∂
p

n
m , N p B= [ ],m …(3.5f)

where ∂ ∂B/ n is the derivative of a vector B with respect to the dipole

direction.
● Circulation of magnetization J :

J rd I= ′∫ , …(3.5g)
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where I ′ is the total molecular current.
● Vector H and its circulation:

H
B

J,= −
µ 0

H rd I=∫ , …(3.5h)

where, I is the algebraic sum of macroscopic currents.
● Relations at the boundary between two magnetics:

E En n1 2= , H H1 2τ τ= . …(3.5i)

● For the case of magnetics in which J H= χ :

B H,= µµ0 µ χ= +1 . …(3.5j)

219. A current I = 1.00 A circulates in a round thin-wire loop of radius

R = 100 mm. Find the magnetic induction
(a) at the centre of the loop;
(b) at the point lying on the axis of the loop at a distance x = 100 mm

from its centre.

220. A current I flows along a thin wire shaped as a regular polygon with
n sides which can be inscribed into a circle of radius R. Find the
magnetic induction at the centre of the polygon. Analyse the obtained
expression at n → ∞.

221. Find the magnetic induction at the centre of a rectangular wire frame
whose diagonal is equal to d = 16 cm and the angle between the
diagonals is equal to φ = °30 ; the current flowing in the frame equals
I = 5.0 A.

222. A current I = 5.0 A flows along a thin wire shaped as shown in

Fig. 3.59. The radius of a curved part of the wire is equal to
R = 120 mm, the angle 2 90φ = °. Find the magnetic induction of the
field at the point O.

223. Find the magnetic induction of the field at the point O of a loop with
current I, whose shape is illustrated.
(a) In Fig. 3.60a, the radii a and b, as well as the angle φare known;
(b) in Fig. 3.60b, the radius a and the side b are known.
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224. A current I flows along a lengthy thin-walled tube of radius R with
longitudinal slit of width h. Find the induction of the magnetic field
inside the tube under the condition h R<< .

225. A current I flows in a long straight wire with cross-section having the
form of a thin half-ring of radius R (Fig. 3.61). Find the induction of the
magnetic field at the point O.

226. Find the magnetic induction of the field at the point O if a
current-carrying wire has the shape shown in Fig. 3.62a, b, c. The
radius of the curved part of the wire is R, the linear parts are assumed
to be very long.

227. A very long wire carrying a current I = 5.0 A is bent at right angles.

Find the magnetic induction at a point lying on a perpendicular to the
wire, drawn through the point of bending, at a distance l = 35 cmfrom
it.

228. Find the magnetic induction at the point O if the wire carrying a
current I = 8.0 A has the shape shown in Fig. 3.63a, b, c.

The radius of the curved part of the wire is R = 100 mm,the linear parts
of the wire are very long

229. Find the magnitude and direction of the magnetic induction vector B
(a) of an infinite plane carrying a current of linear density i; the vector

i is the same at all points of plane;
(b) of two parallel infinite planes carrying currents of linear densities i

and –i; the vectors i and –i are constant at all points of the
corresponding planes.

230. A uniform current of density j flows inside an infinite plate of
thickness 2d parallel to its surface. Find the magnetic induction
induced by this current as a function of the distance x from the median
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plane of the plate. The magnetic permeability is assumed to be equal to
unity both inside and outside the plate.

231. A direct current I flows along a lengthy straight
wire. From the point O (Fig. 3.64) the current
spreads radially all over an infinite conducting
plane perpendicular to the wire. Find the magnetic
induction at all points of space.

232. A current I flows along a round loop. Find the

integral B r∫ d along the axis of the loop within the

range from −∞ to + ∞. Explain the result obtained.

233. A direct current of density j flows along a round uniform straight wire
with cross-section radius R. Find the magnetic induction vector of this
current at the point whose position relative to the axis of the wire is

defined by a radius vector r. The magnetic permeability is assumed to
be equal to unity throughout all the space.

234. Inside a long straight uniform wire of round cross-section there is a
long round cylindrical cavity whose axis is parallel to the axis of the
wire and displaced from the latter by a distance l. A direct current of

density j flows along the wire. Find the magnetic induction inside the
cavity. Consider, in particular, the case l = 0.

235. Find the current density as a function of distance r from the axis of a
radially symmetrical parallel stream of electrons if the magnetic

induction inside the stream varies as B br= α , where b and α are

positive constants.

236. A single-layer coil (solenoid) has length l and cross-section radius R. A
number of turns per unit length is equal to n. Find the magnetic
induction at the centre of the coil when a current I flows through it.

237. A very long straight solenoid has a cross-section radius R and n turns
per unit length. A direct current I flows through the solenoid. Suppose
that x is the distance from the end of the solenoid, measured along its
axis. Find:
(a) the magnetic induction B on the axis as a function of x; draw an

approximate plot of B vs the ratio x R/ ;
(b) the distance x0 to the point on the axis at which the value of B

differs by η = 1% from that in the middle section of the solenoid.

238. A thin conducting strip of width h = 2.0 cm is tightly wound in the

shape of a very long coil with cross-section radius R = 2.5 cmto make a
single-layer straight solenoid. A direct current I = 5.0 A flows through
the strip. Find the magnetic induction inside and outside the solenoid
as a function of the distance r from its axis.

239. N = ×2.5 103 wire turns are uniformly wound on a wooden toroidal

core of very small cross-section. A current I flows through the wire.

126 | Electrodynamics

O

Fig. 3.64

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


Find the ratio η of the magnetic induction inside the core to that at the
centre of the toroid.

240. A direct current I = 10 A flows in a long straight round conductor.

Find the magnetic flux through a half of wire’s cross-section per one
metre of its length.

241. A very long straight solenoid carrier a current I. The cross-sectional
area of the solenoid is equal to S, the number of turns per unit length is
equal to n. Find the flux of the vector B through the end plane of the
solenoid.

242. Fig. 3.65 shows a toroidal solenoid
whose cross-section is rectangular.
Find the magnetic flux through this
cross-section if the current through
the winding equals I = 1.7 A, the total
number of turns is N = 1000, the ratio
of the outside diameter to the inside
one is η = 1.6, and the height is equal
to h = 5.0 cm.

243. Find the magnetic moment of a thin round loop with current if the
radius of the loop is equal to R = 100 mm and the magnetic induction
at its centre is equal to B = 6.0 T.µ

244. Calculate the magnetic moment of a thin wire with a current I = 0.8 A,

would tightly on half a torque (Fig. 3.66). The diameter of the
cross-section of the tore is equal to d = 5.0 cm, the number of turns is
N = 500,

245. A thin insulated wire forms a plane spiral of N = 100 tight turns

carrying a current I = 8 mA. The radii of inside and outside turns
(Fig. 3.67) are equal to a = 50 mm and 5 100= mm. Find:
(a) the magnetic induction at the centre of the spiral;
(b) the magnetic moment of the spiral with a given current.

246. A non-conducting thin disc of radius R charged uniformly over one
side with surface density σ rotates about its axis with an angular
velocity ω. Find:
(a) the magnetic induction at the centre of the disc;
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(b) the magnetic moment of the disc.

247. A non-conducting sphere of radius R = 50 mmcharged uniformly with

surface density σ µ= 10.0 C/ m2 rotates with an angular velocity

ω =70 rad/s about the axis passing through its centre. Find the
magnetic induction at the centre of the sphere.

248. A charge q is uniformly distributed over the volume of a uniform ball
of mass m and radius R which rotates with an angular velocityωabout
the axis passing through its centre. Find the respective magnetic
moment and its ratio to the mechanical moment.

249. A long dielectric cylinder of radius R is statically polarized so that at all
its points the polarization is equal to P r,= α where α is a positive

constant, and r is the distance from the axis. The cylinder is set into
rotation about its axis with an angular velocity ω. Find the magnetic

induction B at the centre of the cylinder.

250. Two protons move parallel to each other with an equal velocity
v = 300 km/s. Find the ratio of forces of magnetic and electrical
interaction of the protons.

251. Find the magnitude and
direction of a force vector
acting on a unit length of a
thin wire, carrying a current
I = 8.0 A, at a point O, if the
wire is bent as shown in
(a) Fig. 3.68a, with curvature radius R = 10 cm;
(b) Fig. 3.68b, the distance between the long parallel segments of the

wire being equal to l = 20 cm.

252. A coil carrying a current I = 10 mA is placed in a uniform magnetic

field so that its axis coincides with the field direction. The single-layer
winding of the coil is made of copper wire with diameter d = 0.10 mm,
radius of turns is equal to R = 30 mm. At what value of the induction of
the external magnetic field can the coil winding be ruptured?

253. A copper wire with cross-sectional area

S = 2.5 mm2 bent to make three sides a square

can turn about a horizontal axis OO′ (Fig. 3.69).
The wire is located in uniform vertical magnetic
field. Find the magnetic induction if on passing
a current I = 16 A through the wire the latter
deflects by an angle θ = °20 .

254. A small coil C with N = 200 turns is mounted on

one end of a balance beam and introduced
between the poles of an electromagnet as shown
in Fig. 3.70. The cross-sectional area of the coil
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is S = 1.0 cm2, the length of the arm OA of the

balance beam is l = 30 cm. When there is no
current in the coil the balance is in equilibrium.
On passing a current I = 22 mA through the coil
the equilibrium is restored by putting the
additional counterweight of mass ∆m = 60 mg
on the balance pan. Find the magnetic induction at the spot where the
coil is located.

255. A square frame carrying a current I = 0.90 A is located in the same

plane as a long straight wire carrying a current I0 = 5.0 A. The frame
side has a length a = 8.0 cm. The axis of the frame passing through the
midpoints of opposite sides is parallel to the wire and is separated
from it by the distance which is η = 1.5 times greater than the side of
the frame. Find :
(a) Ampere force acting on the frame;
(b) the mechanical work to be performed in order to turn the frame

through 180° about its axis, with the currents maintained constant.

256. Two long parallel wires of negligible resistance are connected at one
end to the resistance R and at the other end to a dc voltage. source. The
distance between the axes of the wires is η = 20 times greater than the
cross-sectional radius of each wire. At what value of resistance R does
the resultant force of interaction between the wires turn into zero?

257. A direct current I flows in a long straight conductor whose
cross-section has the form of a thin half-ring of radius R. The same
current flows in the opposite direction along a thin conductor located
on the “axis” of the first conductor (point O in Fig. 3.61). Find the
magnetic interaction force between the given conductor reduced to a
unit of their length.

258. Two long thin parallel conductors of the shape
shown in Fig. 3.71 carry direct currents I1 and I2.
The separation between the conductors is a, the
width of the right-hand conductor is equal to b.
With both conductors lying in one plane, find
the magnetic interaction force between them
reduced to a unit of their length.

259. A system consists of two parallel planes
carrying currents producing a uniform
magnetic field of induction B between the planes. Outside this space
there is no magnetic field. Find the magnetic force acting per unit area
of each plane.

260. A conducting current-carrying plane is placed in an external uniform
magnetic field. As a result, the magnetic induction becomes equal to B1

on one side of the plane and to B2,on the other. Find the magnetic force
acting per unit area of the plane in the cases illustrated in Fig. 3.72.
Determine the direction of the current in the plane in each case.
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261. In an electromagnetic pump designed for
transferring molten metals a pipe section
with metal is located in a uniform
magnetic field of induction B (Fig. 3.73).
A current I is made to flow across this
pipe section in the direction
perpendicular both to the vector B and to
the axis of the pipe. Find the gauge
pressure produced by the pump if
B = 0.10 T, I = 100 A, and a = 2.0 cm.

262. A current I flows in a long thin walled
cylinder of radius R. What pressure do the
walls of the cylinder experience?

263. What pressure does the lateral surface of a long straight solenoid with
n turns per unit length experience when a current I flows through it?

264. A current I flows in a long single-layer solenoid with cross-sectional
radius R. The number of turns per unit length of the solenoid equals n.
Find the limiting current at which the winding may rupture if the
tensile strength of the wire is equal to Flim.

265. A parallel-plate capacitor with area of each plate equal to S and the
separation between them to d is put into a stream of conducting liquid
with resistivity ρ. The liquid moves parallel to the plates with a
constant velocity v. The whole system is located in a uniform magnetic
field of induction B, vector B being parallel to the plates and
perpendicular to the stream direction. The capacitor plates are
interconnected by means of an external resistance R. What amount of
power is generated in that resistance? At what value of R is the
generated  power the highest? What is this highest power equal to?

266. A straight round copper conductor of radius R = 5.0 mm carries a

current I = 50 A. Find the potential difference between the axis of the
conductor and its surface. The concentration of the conduction
electrons in copper is equal to n = × −0.9 cm1023 3.

267. In Hall effect measurements in a sodium conductor the strength of a
transverse field was found to be equal to E = 5.0 V/ cmµ with a current
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density j = 200 2A/cm and magnetic induction B = 1.00 T. Find the

concentration of the conduction electrons and its ratio to the total
number of atoms in the given conductor.

268. Find the mobility of the conduction electrons in a copper conductor if
in Hall effect measurements performed in the magnetic field of
induction B = 100 mTthe transverse electric field strength of the given
conductor turned out to be η = ×3.1 103 times less than that of the

longitudinal electric field.

269. A small current-carrying loop is located at a distance r from a long
straight conductor with current I. The magnetic moment of the loop is
equal to pm. Find the magnitude and direction of the force vector
applied to the loop if the vector pm

(a) is parallel to the straight conductor;
(b) is oriented along the radius vector r;
(c) coincides in direction with the magnetic field produced by the

current I at the point where the loop is located.

270. A small current-carrying coil having a magnetic moment pm is located

at the axis of round loop of radius R with current I flowing through it.
Find the magnitude of the vector force applied to the coil if its distance
from the centre of the loop is equal to x and the vector pm coincides in
direction with the axis of the loop.

271. Find the interaction force of two coils with magnetic moments
p m1

2= ⋅4.0 mA m and p m2
2= ⋅6.0 mA m and collinear axes if the

separation between the coils is equal to l = 20 cm which exceeds
considerably their linear dimensions.

272. A permanent magnet has the shape of a sufficiently thin disc
magnetized along its axis. The radius of the disc is R = 1.0 cm.Evaluate
the magnitude of a molecular current I ′ flowing along the rim of the
disc if the magnetic induction at the point on the axis of the disc, lying
at a distance x = 10 cm from its  centre, is equal to B = 30 µT.

273. The magnetic induction in vacuum at a plane surface of a uniform
isotropic magnetic is equal to B, the vector B forming an angle α with
the normal of the surface. The permeability of the magnetic is equal to
µ. Find the magnitude of the magnetic induction B′ in the magnetic in
the vicinity of its surface.

274. The magnetic induction in vacuum at
a plane surface of a magnetic is equal
to B and the vector B forms an angle θ
with the normal n of the surface (Fig.
3.74). The permeability of the
magnetic is equal to µ. Find:
(a) the flux of the vector H through

the spherical surface S of radius R, whose centre lies on the surface
of the magnetic;
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(b) the circulation of the vector B around the square path Γ with side l
located as shown in the figure.

275. A direct current I flows in a long round uniform cylindrical wire made
of paramagnetic with susceptibility χ. Find :
(a) the surface molecular current Is ′ ;
(b) the volume molecular current IV ′ .
How are these currents directed toward each other?

276. Half of an infinitely long
straight current-carrying
solenoid is filled with
magnetic substance as shown
in Fig. 3.75. Draw the
approximate plots of magnetic induction B, strength H, and
magnetization J on the axis as functions of x.

277. An infinitely long wire with a current I flowing in it is located in the
boundary plane between two non-conducting media with
permeabilities µ1 and µ2. Find the modulus of the magnetic induction
vector throughout the space as a function of the distance r from the
wire. It should be borne in mind that the lines of the vector B are
circles whose centres lie on the axis of the wire.

278. A round current-carrying loop lies in the plane boundary between
magnetic and vacuum. The permeability of the magnetic is equal to µ.
Find the magnetic induction B at an arbitrary point on the axis of the
loop if in the absence of the magnetic the magnetic induction at the
same point becomes equal to B0. Generalize the obtained result to all
points of the field.

279. When a ball made of uniform magnetic is introduced into an external
uniform magnetic field with induction B0, it gets uniformly
magnetized. Find the magnetic induction B inside the ball with
permeability µ; recall that the magnetic field inside a uniformly
magnetized ball is uniform and its strength is equal to H J /′ = − 3.where
J is the magnetization.

280. N = 300 turns of thin wire are uniformly would on a permanent

magnet shaped as a cylinder whose length is equal to l = 15 cm.When a
current. I = 3.0 A was passed through the wiring the field outside the
magnet disappeared. Find the coercive force Hc of the material from
which the magnet was manufactured.

281. A permanent magnet is shaped as a ring with a narrow gap between the
poles. The mean diameter of the ring equals d = 20 cm. The width of
the gap is equal to b = 2.0 mmand the magnetic induction in the gap is
equal to B = 40 mT. Assuming that the scattering of the magnetic flux
at the gap edges is negligible, find the modulus of the magnetic field
strength vector inside the magnet.

282. An iron core shaped as a tore with mean radius R = 250 mmsupports a

winding with the total number of turns N = 1000. The core has a
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cross-cut of width b = 1.00 mm. With a current I = 0.85 A flowing
through the winding, the magnetic induction in the gap is equal to
B = 0.75 T. Assuming the scattering of the magnetic flux at the gap
edges to be negligible, find the permeability of iron under these
conditions.

283. Fig. 3.76 illustrates a basic magnetization curve of iron (commercial
purity grade). Using this plot, draw the permeability µ as a function of
the magnetic field strength H. At what value of H is the permeability
the greatest? What is µmax equal to?

284. A thin iron ring with mean diameter d = 50 cm supports a winding

consisting of N = 800 turns carrying current I = 3.0 A. The ring has a
cross-cut of width b = 2.0 mm. Neglecting the scattering of the
magnetic flux at the gap edges, and using the plot shown in Fig. 3.76,
find the permeability of iron under these conditions.

285. A long thin cylindrical rod made of paramagnetic with magnetic
susceptibility χ and having a cross-sectional area S is located along the
axis of a current-carrying coil. One end of the rod is located at the coil
centre where the magnetic induction is equal to B
whereas the other end is located in the region where
the magnetic field is practically absent. What is the
force that the coil exerts on the rod?

286. In the arrangement shown in Fig. 3.77 it is possible to
measure (by means of a balance) the force with which a
paramagnetic ball of volume V = 41 3mm is attrabted to

a pole of the electromagnet M. The magnetic induction
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at the axis of the poleshoe depends on the height x as B B ax= −0
2exp ( ),

where B0 = 1.50 T, a = −100 2m . Find:

(a) at what height xm the ball experiences the maximum attraction;
(b) the magnetic susceptibility of the paramagnetic if the maximum

attraction force equals Fmax = 160 µN.

287. A small ball of volume V made of paramagnetic with susceptibility χ
was slowly displaced along the axis of a current-carrying coil from the
point where the magnetic induction equals B out to the region where
the magnetic field is practically absent. What amount of work was
performed during this process?

3.6 Electromagnetic Induction. Maxwell’s Equations
● Faraday’s law of electromagnetic induction:

õi

d

dt
= − φ

…(3.6a)

● In the case of a solenoid and doughtnut coil:

Φ = ΦN 1, …(3.6b)

where N is the number of turns, Φ1 is the magnetic flux through each turn.
● Inductance of a solenoid:

L n V= µµ0
2 . …(3.6c)

● Intrinsic energy of a current and interaction energy of two currents:

W
LI=

2

2
, W L I I12 12 1 2= . …(3.6d)

● Volume density of magnetic field energy;

w
B= =

2

02 2µµ
BH

. …(3.6e)

● Displacement current density:

j
B

dis
t

= ∂
∂

. …(3.6f)

● Maxwell‘s equations in differential form:

∇ × = − ∂
∂

E
B

t
, ∇ ⋅ =B 0, …(3.6g)

∇ × = + ∂
∂

H j
D

t
, ∇ ⋅ =D ρ,

where ∇ × ≡ rot (the rotor) and ∇⋅ ≡ div (the divergence).
● Field transformation formulas for transition from a reference frame K to a

reference frame K ′ moving with the velocity v0 relative to it.

In the case v c0 <<
E E v B]′ = + [ ,0 B B v E′ = − [ ]/0

3c …(3.6h)

In the general case

E E′ =|| ||, B B|| ||,′ =
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E
E v B]

⊥
⊥′ = ×

−

[

( / )
,0

0
21 v c

B
c

v c
⊥

⊥′ = −

−

B v E[ ]/

( / )
,0

2

0
21

where the symbols || and ⊥ denote the field components, respectively
parallel and perpendicular to the vector v0.

288. A wire bent as a parabola y ax= 2 is located in a uniform magnetic field

of induction B, the vector B being perpendicular to the plane x, y. At
the moment t = 0 a connector starts sliding translationwise from the
parabola apex with a constant acceleration w (Fig. 3.78). Find the emf
of electromagnetic induction in the loop thus formed as a function of y.

289. A rectangular loop with a sliding connector of length l is located in a
uniform magnetic field perpendicular to the loop plane (Fig. 3.79). The
magnetic induction is equal to B. The connector has an electric
resistance R, the sides AB and CD have resistances R1 and R2

respectively. Neglecting the self-inductance of the loop, find the
current flowing in the connector during its motion with a constant
velocity v.

290. A metal disc of radius a = 25 cm rotates with a constant angular

velocity ω =130 rad/s about its axis. Find the potential difference
between the centre and the rim of the disc if
(a) the external magnetic field is absent;
(b) the external uniform magnetic field of induction B = 5.0 mT is
directed perpendicular to the disc.

291. A thin wire AC shaped as a semi-circle of diameter d = 20 cm rotates

with a constant angular velocity ω =100 rad/s in a uniform magnetic
field of induction B = 5.0 mT, with ω ↑↑ B. The rotation axis passes
through the end A of the wire and is perpendicular to the diameter AC.

Find the value of a line integral E r∫ d along the wire from point A to

point C. Generalize the obtained result.

292. A wire loop enclosing a semi-circle of radius a is located on the
boundary of a uniform magnetic field of induction B (Fig. 3.80). At the
moment t = 0 the loop is set into rotation with a constant angular
acceleration β about an axis O coinciding with a line of vector B on the

boundary. Find the emf induced in the loop as a function of time t.
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Draw the approximate plot of this function. The arrow in the figure
shows the emf direction taken to be positive.

293. A long straight wire carrying a current I and a II-shaped conductor
with sliding connector are located in the same plane as shown in
Fig. 3.81. The connector of length l and resistance R slides to the right
with a constant velocity v. Find the current induced in the loop as a
function of separation r between the connector and the straight wire.
The resistance of the II shaped conductor and the self-inductance of
the loop are assumed to be negligible.

294. A square frame with side a and a long straight wire carrying a current I
are located in the same plane as shown in Fig. 3.82. The frame
translates to the right with a constant velocity v. Find the emf induced
in the frame as a function of distance x.

295. A metal rod of mass m can rotate about a horizontal axis O, sliding
along a circular conductor of radius a (Fig. 3.83). The arrangement is
located in a uniform magnetic field of induction B directed
perpendicular to the ring plane. The axis and the ring are connected to
an emf source to form a circuit of resistance R. Neglecting the friction,
circuit inductance, and ring resistance, find the law according to
which the source emf must very to make the rod rotate with a constant
angular velocity ω.

296. A copper connector of mass m slides down two smooth copper bars,
set at an angle α to the horizontal, due to gravity (Fig. 3.84). At the top
the bars are interconnected through a resistance R. The separation
between the bars is equal to l. The system is located in a uniform
magnetic field of induction B, perpendicular to the plane in which the
connector slides. The resistances of the bars, the connector and the
sliding contacts, as well as the self-inductance of the loop, are
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assumed to be negligible. Find the steady-state velocity of the
connector.

297. The system differs from the one examined in the foregoing problem
(Fig. 3.84) by a capacitor of capacitance C replacing the resistance R.
Find the acceleration of the connector.

298. A wire shaped as a semi-circle of radius a rotates about an axis OO′
with an angular velocity ω in a uniform magnetic field of induction B
(Fig. 3.85). The rotation axis is perpendicular to the field direction.
The total resistance of the circuit is equal to R. Neglecting the magnetic
field of the induced current, find the mean amount of thermal power
being generated in the loop during a rotation period.

299. A small coil is introduced between the poles of an electromagnet so
that its axis coincides with the magnetic field direction. The
cross-sectional area of the coil is equal to S = 3.0 mm2, the number of

turns is N = 60.When the coil turns through 180° about its diameter, a
ballistic galvanometer connected to the coil indicates a charge
q = 4.5 Cµ flowing through it. Find the magnetic induction magnitude
between the poles provided the total resistance of the electric circuit
equals R = 40 Ω.

300. A square wire frame with side a and a straight conductor carrying a
constant current I are located in the same plane (Fig. 3.86).

The inductance and the resistance of the frame are equal to L and R
respectively. The frame was turned through 180° about the axis OO′
separated from the current-carrying conductor by a distance b. Find
the electric charge having flown through the frame.
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301. A long straight wire carries a current I0. At distances a and b from it

there are two other wires, parallel to the former one, which are
interconnected by a resistance R (Fig. 3.87). A connector slides
without friction along the wires with a constant velocity v. Assuming
the resistances of the wires, the connector, the sliding contacts, and
the self-inductance of the frame to be negligible, find:
(a) the magnitude and the direction of the current induced in the

connector;
(b) the force required to maintain the connector’s velocity constant.

302. A conducting rod AB of mass m slides without friction over two long
conducting rails separated by a distance l (Fig. 3.88). At the left end the
rails are interconnected by a resistance R. The system is located in a
uniform magnetic field perpendicular to the plane of the loop. At the
moment t = 0 the rod AB starts moving to the right with an initial
velocity v0. Neglecting the resistances of the rails and the rod AB, as
well as the self-inductance, find:
(a) the distance covered by the rod until it comes to a standstill;
(b) the amount of heat generated in the resistance R during this

process.

303. A connector AB can slide without friction along a II-shaped conductor
located in a horizontal plane (Fig. 3.89). The connector has a length l,
mass m, and resistance R. The whole system is located in a uniform
magnetic field of induction B directed vertically. At the moment t = 0 a
constant horizontal force F starts acting on the connector shifting it
translationwise to the right. Find how the velocity of the connector
varies with time t. The inductance of the loop and the resistance of the
II-shaped conductor are assumed to be negligible.

304. Fig. 3.90 illustrates plane figures made of thin conductors which are
located in a uniform magnetic field directed away from a reader
beyond the plane of the drawing. The magnetic induction starts
diminishing. Find how the currents induced in these loops are directed.
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305. A plane loop shown in Fig. 3.91 is shaped
as two squares with sides a = 20 cm and
b = 10 cmand is introduced into a uniform
magnetic field at right angles to the loop’s
plane. The magnetic induction varies with
time as B B t= 0 sin ,ω where B0 10= mT
and ω = −100 1s . Find the amplitude of the

current induced in the loop if its resistance
per unit length is equal to ρ = 50 m m.Ω / The inductance of the loop is
to be neglected.

306. A plane spiral with a great number N of turns wound tightly to one
another is located in a uniform magnetic field perpendicular to the
spiral’s plane. The outside radius of the spiral’s turns is equal to a. The
magnetic induction varies with time as B B t= 0 sin ,ω where B0 and ω
are constants. Find the amplitude of emf induced in the spiral.

307. A II-shaped conductor is located in a uniform magnetic field
perpendicular to the plane of the conductor and varying with time at
the rate &B = 0.10 T/s. A conducting connector starts moving with an
acceleration w = 10 2cm/s along the parallel bars of the conductor. The

length of the connector is equal to l = 20 cm. Find the emf induced in
the loop t = 2.0 s after the beginning of the motion, if at the moment
t = 0 the loop area and the magnetic induction are equal to zero. The
inductance of the loop is to be neglected.

308. In a long straight solenoid with cross-sectional radius a and number of
turns per unit length n a current varies with a constant velocity &I A/s.
Find the magnitude of the eddy current field strength as a function of
the distance r from the solenoid axis. Draw the approximate plot of this
function.

309. A long straight solenoid of cross-sectional diameter d = 5 cm and with

n = 20 turns per one cm of its length has a round turn of copper wire of
cross-sectional area S = 1.0 mm2 tightly put on its winding. Find the

current flowing in the turn if the current in the solenoid winding is
increased with a constant velocity &I = 100 A/s. The inductance of the
turn is to be neglected.

310. A long solenoid of cross-sectional radius a has a thin insulated wire
ring tightly put on its winding; one half of the ring has the resistance η
times that of the other half. The magnetic induction produced by the
solenoid varies with time as B bt= , where b is a constant. Find the
magnitude of the electric field strength in the ring.

311. A thin non-conducting ring of mass m carrying a charge q can freely
rotate about its axis. At the initial moment the ring was at rest and no
magnetic field was present. Then a practically uniform magnetic field
was switched on, which was perpendicular to the plane of the ring and
increased with time according to a certain law B( ).t Find the angular
velocity ω of the ring as a function of the induction B( ).t
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312. A thin wire ring of radius a and resistance r is located inside a long
solenoid so that their axes coincide. The length of the solenoid is equal
to l, its cross-sectional radius, to b. At a certain moment the solenoid
was connected to a source of a constant voltage V. The total resistance
of the circuit is equal to R. Assuming the inductance of the ring to be
negligible, find the maximum value of the radial force acting per unit
length of the ring.

313. A magnetic flux through a stationary loop with a resistance R varies
during the time interval τ as Φ = −at t( ).τ Find the amount of heat
generated in the loop during that time. The inductance of the loop is to
be neglected.

314. In the middle of a long solenoid there is a coaxial ring of square
cross-section, made of conducting material with resistivity ρ. The
thickness of the ring is equal to h, its inside and outside radii are equal
to a and b respectively. Find the current induced in the ring if the
magnetic induction produced by the solenoid varies with time as
B t= β , where β is a constant. The inductance of the ring is to be
neglected.

315. How many metres of a thin wire are required to manufacture a
solenoid of length l0 100= cm and inductance L = 1.0 mH if the
solenoid’s cross-sectional diameter is considerably less than its
length?

316. Find the inductance of a solenoid of length l whose winding is made of
copper wire of mass m. The winding resistance is equal to R. The
solenoid diameter is considerably less than its length.

317. A coil of inductance ν = 300 mH and resistance R = 140 mΩ is

connected to a constant voltage source. How soon will the coil current
reach η = 50% of the steady-state value?

318. Calculate the time constant τ of a straight solenoid of length l = 1.0 m

having a single-layer winding of copper wire whose total mass is equal
to m = 1.0 kg. The cross-sectional diameter of the solenoid is assumed
to be considerably less than its length.

Note. The time constant τ is the ratio L R/ ,where L is inductance and

R is active resistance.

319. Find the inductance of a unit length of a cable consisting of two
thin-walled coaxial metallic cylinders if the radius of the outside
cylinder is η = 3.6 times that of the inside one. The permeability of a
medium between the cylinders is assumed to be equal to unity.

320. Calculate the inductance of a doughnut solenoid whose inside radius
is equal to b and cross-section has the form of a square with side a. The
solenoid winding consists of N turns. The space inside the solenoid is
filled up with uniform paramagnetic having permeability µ.
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321. Calculate the inductance of a unit length of a
double tape line (Fig. 3.92) if the tapes are
separated by a distance h which is
considerably less than their width b,
namely, b h/ .= 50

322. Find the inductance of a unit length of a
double line if the radius of each wire is η
times less than the distance between the
axes of the wires. The field inside the wires
is to be neglected, the permeability is
assumed to be equal to unity throughout,
and η >> 1.

323. A superconducting round ring of radius a and inductance L was
located in a uniform magnetic field of induction B. The ring plane was
parallel to the vector B, and the current in the ring was equal to zero.
Then the ring was turned through 90° so that its plane became
perpendicular to the field. Find:
(a) the current induced in the ring after the turn;
(b) the work performed during the turn.

324. A current I0 = 1.9 A flows in a long closed solenoid. The wire it is

wound of is in a superconducting state. Find the current flowing in the
solenoid when the length of the solenoid is increased by η = 5%.

325. A ring of radius a = 50 mmmade of thin wire of radius b = 1.0 mmwas

located in a uniform magnetic field with induction B = 0.50 mT so that
the ring plane was perpendicular to the vector B. Then the ring was
cooled down to a superconducting state, and the magnetic field was
switched off. Find the ring current after that. Note that the inductance
of a thin ring along which the surface current flows is equal to

L a
a

b
= −



µ0

8
2ln .

326. A closed circuit consists of a source of constant emf õ and a choke coil
of inductance L connected in series. The active resistance of the whole
circuit is equal to R. At the moment t = 0 the choke coil inductance was
decreased abruptly η times. Find the current in the circuit as a function
of time t.

Instruction. During a stepwise change of inductance the total
magnetic flux (flux linkage) remains constant.

327. Find the time dependence of the current flowing
through the inductance L of the circuit shown in
Fig. 3.93 after the switch Sw is shortest at the
moment t = 0.
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328. In the circuit shown in Fig. 3.94 an emf õ , a
resistance R, and coil inductances L1 and L2 are
known. The internal resistance of the source
and the coil resistances are negligible. Find the
steady state currents in the coils after the switch
Sw was shorted.

329. Calculate the mutual inductance of a long
straight wire and a rectangular frame with sides
a and b. The frame and the wire lie in the same
plane, with the side b being losest to the wire, separated by a distance l
from it and oriented parallel to it.

330. Determine the mutual inductance of a doughnut coil and an infinite
straight wire passing along its axis. The coil has a rectangular
cross-section, its inside radius is equal to a and the outside one, to b.
The length of the doughnut’s cross-sectional side parallel to the wire is
equal to h. The coil has N turns. The system is located in a uniform
magnetic with permeability µ.

331. Two thin concentric wires shaped as circles with radii a and b lie in
the same plane. Allowing for a b<< , find:
(a) their mutual inductance;
(b) the magnetic flux through the surface enclosed by the outside wire,

when the inside wire carries a current I.

332. A small cylindrical magnet. M
(Fig. 3.95) is placed in the centre of a
thin coil of radius a consisting of N
turns. The coil is connected to a ballistic
galvanometer. The active resistance of
the whole circuit is equal to R. Find the
magnetic moment of the magnet if its removal from the coil results in a
charge q flowing through the galvanometer.

333. Find the approximate formula expressing the mutual inductance of
two thin coaxial loops of the same radius a if their centres are
separated by a distance l, with l a>> .

334. There are two stationary loops with mutual inductance L12. The

current in one of the loops starts to be varied as I t1 = α , where α is a
constant, t is time. Find the time dependence I t2 ( ) of the current in the
other loop  whose inductance is L2 and resistance R.

335. A coil of inductance L = 2.0 Hµ and resistance

R = 1.0 Ω is connected to a source of constant emf
õ = 3.0 V (Fig. 3.96). A resistance R0 = 2.0 Ω is
connected in parallel with the coil. Find the amount
of heat generated in the coil after the switch Sw is
disconnected. The internal resistance of the source
is negligible.

142 | Electrodynamics

M

Fig. 3.95

Sw

õ

R

L1

L2

Fig. 3.94

Sw õ

R0

L, R

Fig. 3.96

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


336. An iron tore supports N = 500 turns. Find the magnetic field energy if a

current I = 2.0 A produces a magnetic flux across the tore’s
cross-section equal to Φ =1.0 mWb.

337. An iron core shaped as a doughnut with round cross-section of radius
a = 3.0 cmcarries a winding of N = 1000 turns through which a current
I = 1.0 A flows. The mean radius of the doughnut is b = 32 cm. Using
the plot in Fig. 3.76, find the magnetic energy stored up in the core. A
field strength H is supposed to be the same throughout the
cross-section and equal to its magnitude in the centre of the
cross-section.

338. A thin ring made of a magnetic has a mean diameter d = 30 cm and

supports a winding of N = 800 turns. The cross-sectional area of the
ring is equal to S = 5.0 cm2. The ring has a cross-cut of width

b = 2.0 mm.When the winding carries a certain current, the
permeability of the magnetic equals µ = 1400. Neglecting the
dissipation of magnetic flux at the gap edges, find:
(a) the ratio of magnetic energies in the gap and in the magnetic;
(b) the inductance of the system; do it in the ways: using the flux and

using the energy of the field.

339. A long cylinder of radius a carrying a uniform surface charge rotates
about its axis with an angular velocity ω. Find the magnetic field
energy per unit length of the cylinder if the linear charge density
equals λ and µ = 1.

340. At what magnitude of the electric field strength in vacuum the volume
energy density of this field is the sam as that of the magnetic field with
induction B = 1.0 T (also in vacuum).

341. A thin uniformly charged ring of radius a = 10 cm rotates about its axis

with an angular velocity ω =100 rad/s. Find the ratio of volume energy
densities of magnetic and electric fields on the axis of the ring at a
point removed from its centre by a distance l a= .

342. Using the expression for volume density of magnetic energy,
demonstrate that the amount of work contributed to magnetization of
a unit volume of para- or diamagnetic, is equal to A = − JB /2.

343. Two identical coils, each of inductance L, are interconnected (a) in
series, (b) in parallel. Assuming the mutual inductance of the coils to
be negligible, find the inductance of the system in both cases.

344. Two solenoids of equal length and almost equal cross-sectional area
are fully inserted into one another. Find their mutual inductance if
their inductances are equal to L1 and L2.

345. Demonstrate that the magnetic energy of interaction of two
current-carrying loops located in vacuum can be represented as

W dVia = ∫( / )1 0 1 2µ B B , where B1 and B2 are the magnetic inductions

within a volume element dV, produced individually by the currents of
the first and the second loop respectively.
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346. Find the interaction energy of two loops carrying currents I1 and I2 if

both loops are shaped as circles of radii a and b, with a b<< .The loops
centres are located at the same point and their planes form an angle θ
between them.

347. The space between two concentric metallic spheres is filled up with a
uniform poorly conducting medium of resistivity ρ and permittivity ε.
At the moment t = 0 the inside sphere obtains a certain charge. Find:
(a) the relation between the vectors of displacement current density

and conduction current density at an arbitrary point of the
medium at the same moment of time;

(b) the displacement current across an arbitrary closed surface wholly
located in the medium and enclosing the internal sphere, if at the
given moment of time the charge of that sphere is equal to q.

348. A parallel-plate capacitor is formed by two discs with a uniform poorly
conducting medium between them. The capacitor was initially
charged and then disconnected from a voltage source. Neglecting the
edge effects, show that there is no magnetic field between capacitor
plates.

349. A parallel-plate air condenser whose each plate has an area
S = 100 2cm is connected in series to an ac circuit. Find the electric

field strength amplitude in the capacitor if the sinusoidal current
amplitude in lead wires is equal to Im = 1.0 mA and the current
frequency equals ω = × −1.6 s107 1.

350. The space between the electrodes of a parallel-plate capacitor is filled
with a uniform poorly conducting medium of conductivity σ and
permittivity ε. The capacitor plates shaped as round discs are
separated by a distance d. Neglecting the edge effects, find the
magnetic field strength between the plates at a distance r from their
axis if an ac voltage V V tm= cos ω is applied to the capacitor.

351. A long straight solenoid has n turns per unit length. An alternating
current I I tm= sin ω flows through it. Find the displacement current
density as a function of the distance r from the solenoid axis. The
cross-sectional radius of the solenoid equals R.

352. A point charge q moves with a non-relativistic velocity v = const. Find

the displacement current density jd at a point located at a distance r
from the charge on a straight line
(a) coinciding with the charge path;
(b) perpendicular to the path and passing through the charge.

353. A thin wire ring of radius a carrying a charge q approaches the
observation point P so that its centre moves rectilinearly with a
constant velocity v. The plane of the ring remains perpendicular to the
motion direction. At what distance xm from the point P will the ring be
located at the moment when the displacement current density at the
point P becomes maximum? What is the magnitude of this maximum
density?
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354. A point charge q moves with a non-relativistic
velocity v = const. Applying the theorem for
the circulation of the vector H around the
dotted circle shown in Fig. 3.97, find H at the
point A as a function of a radius vector r and
velocity v of the charge.

355. Using Maxwell’s equations, show that
(a) a time-dependent magnetic field cannot

exist without an electric field;
(b) a uniform electric field cannot exist in the presence of a

time-dependent magnetic field;
(c) inside an empty cavity a uniform electric (or magnetic) field can be

time-dependent.

356. Demonstrate that the law of electric charge conservation, ie,
∇ ⋅ = − ∂ ∂j ρ/ ,t follows from Maxwell’s equations.

357. Demonstrate the Maxwell’s equation ∇ × = − ∂ ∂E B / t and ∇ ⋅ =B 0 are

compatible, ie, the first one does not contradict the second one.

358. In a certain region of the inertial reference frame there is magnetic
field with induction B rotating with angular velocity ω. Find ∇ × E in
this region as a function of vectors ω and B.

359. In the inertial reference frame K there is a uniform magnetic field with
induction B. Find the electric field strength in the frame K ′ which
moves relative to the frame K with a non-relativistic velocity v, with
v B.⊥ To solve this problem, consider the forces acting on an
imaginary charge in both reference frames at the moment when the
velocity of the charge in the frame K ′ is equal to zero.

360. A large plate of non-ferromagnetic material
moves with a constant velocity v = 90 cm/s in a
uniform magnetic field with induction B = 50 mT
as shown in Fig. 3.98. Find the surface density of
electric charges appearing on the plate as a result
of its motion.

361. A long solid aluminium cylinder of radius
a = 5.0 cm rotates about its axis in a uniform
magnetic field with induction B = 10 mT. The
angular velocity of rotation equals ω = 45 rad/s,
with ω ↑↑ B. Neglecting the magnetic field of appearing charges, find
their space and surface densities.

362. A non-relativistic point charge q moves with a constant velocity v.
Using the field transformation formulas, find the magnetic induction B
produced by this charge at the point whose position relative to the
charge is determined by the radius vector r.

363. Using Eqs. (3.6h), demonstrate that if in the inertial reference frame K
there is only electric or only magnetic field, in any other inertial frame
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K ′ both electric and magnetic fields with coexist simultaneously, with
E B′ ⊥ ′ .

364. In an inertial reference frame K there is only magnetic field with

induction B i j= − +b y x x y( )/( ),2 2 where b is a constant, i and j are the

unit vectors of the x and y axes. Find the electric field strength E′ in the
frame K ′ moving relative to the frame K with a constant non-relativistic

velocity v k= v ;k is the unit vector of the z axis. The z′ axis is assumed

to coincide with the z axis. What is the shape of field E′?
365. In an inertial reference frame K there is only electric field of strength

E i j= + +a x y x y( )/( ),2 2 where a is a constant, i and j are the unit

vectors of the x and y axes. Find the magnetic indution B′ in the frame
K ′ moving relative to the frame K with a constant non-relativistic

velocity v k= v ;k is the unit vector of the z axis. The z′ axis is assumed

to coincide with the z axis. What is the shape of the magnetic
induction B′ ?

366. Demonstrate that the transformation formulas (3.6h) follow from the
formulas (3.6i) at v c0 << .

367. In an inertial reference frame K there is only a uniform electric field
E = 8 kV/ m in strength. Find the modulus and direction
(a) of the vector E′ ,
(b) of the vector B′ in the inertial reference frame K ′ moving with a

constant velocity v relative to the frame K at an angle α = °45 to the

vector E. The velocity of the frame K ′ is equal to a β = 0.60 fraction

of the velocity of light.

368. Solve a problem differing from the foregoing one by a magnetic field
with induction B = 0.8 T replacing the electric field.

369. Electromagnetic field has two invariant quantities. Using the
transformation formulas (3.6i), demonstrate that these quantities are

(a) EB; (b) E c B2 2 2− .

370. In an inertial reference frame K there are two uniform mutually
perpendicular fields : an electric field of strength E = 40 kV/ m and a
magnetic field induction B = 0.20 mT. Find the electric strength E ′ (or
the magnetic induction B′) in the reference frame K ′ where only one
field, electric or magnetic, is observed.

Instruction. Make use of the field invariants cited in the foregoing
problem.

371. A point charge q moves uniformly and rectilinearly with a relativistic
velocity equal to a β fraction of the velocity of light ( / ).β = v c Find the

electric field strength E produced by the charge at the point whose

radius vector relative to the charge is equal to r and forms an angle θ
with its velocity vector.
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3.7 Motion of Charged Particles in Electric and
Magnetic Fields

● Lorentz force;

F E vB= +q q [ ]. …(3.7a)

● Motion equation of a relativistic particle:

d

dt

m

v c

0

21

v
F.

−
=

( / )
…(3.7b)

● Period of revolution of a charged particle in a uniform magnetic field:

T
m

qB
= 2π

, …(3.7c)

where m is the relativistic mass of the particle, m m v c= −0
21/ ( / ) .

● Betatron condition, that is the condition for an electron to move along a
circular orbit in a betatron:

B B0
1

2
= , …(3.7d)

where B0 is the magnetic induction at an orbit’s point, B is the means value
of the  induction inside the orbit.

372. At the moment t = 0 an electron leaves one plate of a parallel-plate

capacitor with a negligible velocity. An accelerating voltage, varying as
V at= , where a = 100 V/s, is applied between the plates. The
separation between the plates is l = 5.0 cm. What is the velocity of the
electron at the moment it reaches the opposite plate?

373. A proton accelerated by a potential difference V gets into the uniform
electric field of a parallel-plate capacitor whose plates extend over a
length l in the motion direction. The field strength varies with time as
E at= , where a is a constant. Assuming the proton to be
non-relativistic, find the angle between the motion directions of the
proton before and after its flight through the capacitor; the proton gets
in the field at the moment t = 0. The edge effects are to be neglected.

374. A particle with specific charge q m/ moves rectilinearly due to an

electric field E E ax= −0 , where a is a positive constant, x is the
distance from the point where the particle was initially at rest. Find:
(a) the distance covered by the particle till the moment it came to a

standstill;
(b) the acceleration of the particle at that moment.

375. An electron starts moving in a uniform electric field of strength
E = 10 kV/cm. How soon after the start will the kinetic energy of the
electron become equal to its rest energy?

376. Determine the acceleration of a relativistic electron moving along a
uniform electric field of strength E at the moment when its kinetic
energy becomes equal to T.
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377. At the moment t = 0 a relativistic proton flies with a velocity v0 into the

region where there is a uniform transverse electric field of strength E,
with v E.0 ⊥ Find the time dependence of
(a) the angle θ between the proton’s velocity vector v and the initial

direction of its motion;
(b) the projection vx of the vector v on the initial direction of motion.

378. A proton accelerated by a potential difference
V ′ = 500 kV flies through a uniform transverse
magnetic field with induction B = 0.51 T.The field
occupies a region of space d = 10 cm in thickness
(Fig. 3.99). Find the angle α through which the
proton deviates from the initial direction of its
motion.

379. A charged particle moves along a circle of radius r = 100 mm in a

uniform magnetic field with induction B = 10.0 mT. Find its velocity
and period of revolution if that particle is
(a) a non-relativistic proton;
(b) a relativistic electron.

380. A relativistic particle with charge q and rest mass m0 moves along a

circle of radius r in a uniform magnetic field of induction B. Find;
(a) the modulus of the particle’s momentum vector;
(b) the kinetic energy of the particle;
(c) the acceleration of the particle.

381. Up to what values of kinetic energy does the period of revolution of an
electron and a proton in a uniform magnetic field exceed that at
non-relativistic velocities by η = 1.0%?

382. An electron accelerated by a potential differenceV = 1.0 kV moves in a

uniform magnetic field at an angle α = °30 to the vector B whose

modulus is B = 29 mT. Find the pitch of the helical trajectory of the
electron.

383. A slightly divergent beam of non-relativistic charged particles
accelerated by a potential difference V propagates from a point A along
the axis of a straight solenoid. The beam is brought into focus at a
distance l from the point A at two successive values of magnetic
induction B1 and B2. Find the specific charge q m/ of the particles.

384. A non-relativistic electron originates at a point A lying on the axis of a
straight solenoid and moves with velocity v at an angle α to the axis.
The magnetic induction of the field is equal to B. Find the distance r
from the axis to the point on the screen into which the electron strikes.
The screen is oriented at right angles to the axis and is located at a
distance l from the point A.

385. From the surface of a round wire of radius a carrying a direct current I
an electron escapes with a velocity v0 perpendicular to the surface.
Find what will be the maximum distance of the electron from the axis
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of the wire before it turns back due to the action of the magnetic field
generated by the current.

386. A non-relativistic charged particle flies through the electric field of a
cylindrical capacitor and gets into a uniform transverse magnetic field
with induction B (Fig. 3.100). In the capacitor the particle moves along
the arc of a circle, in the magnetic field, along a semi-circle of radius r.
The potential difference applied to the capacitor is equal to V, the radii
of the electrodes are equal to a and b, with a b< . Find the velocity of
the particle and its specific charge q m/ .

387. Uniform electric and magnetic fields with strength E and induction B
respectively are directed along the y axis (Fig. 3.101). A particle with
specific charge q m/ leaves the origin O in the direction of the x axis
with an initial non-relativistic velocity v0. Find :
(a) the coordinate yn of the particle when it crosses the y axis for the

nth time;
(b) the angle α between the particle’s velocity vector and the y axis at

that moment.

388. A narrow beam of identical ions with specific charge q/m, possessing
different velocities, enters the region of space, where there are uniform
parallel electric and magnetic fields with strength E and induction B,
at the point O (see Fig. 3.101). The beam direction coincides with the x
axis at the point O. A plane screen oriented at right angles to the x axis
is located at a distance l from the point O. Find the equation of the
trace that the ions leave on the screen. Demonstrate that at z l<< it is
the equation of a parabola.

389. A non-relativistic proton beam passes without deviation through the
region of space where there are uniform transverse mutually
perpendicular electric and magnetic fields with E = 120 kV/ m and
B = 50 mT. Then the beam strikes a grounded target. Find the force
with which the beam acts on the target if the beam current is equal to
I = 0.80 mA.

390. Non-relativistic protons move rectilinearly in the region of space
where there are uniform mutually perpendicular electric and magnetic
fields with E = 4.0 kV/ m and B = 50 mT. The trajectory of the protons
lies in the plane xz (Fig. 3.102) and forms an angle φ = °30 with the
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x axis. Find the pitch of the helical trajectory along which the protons
will move after the electric field is switched off.

391. A beam of non-relativistic charged particles moves without deviation
through the region of space A (Fig. 3.103) where there are transverse
mutually perpendicular electric and magnetic fields with strength E
and induction B. When the magnetic field is switched off, the trace of
the beam on the screen S shifts by ∆x. Knowing the distances a and b,
find the specific charge q m/ of the particles.

392. A particle with specific charge q m/ moves in the

region of space where there are uniform mutually
perpendicular electric and magnetic fields with
strength E and induction B (Fig. 104). At the
moment t = 0 the particle was located at the point
O and had zero velocity. For the non-relativistic
case find:
(a) the law of motion x t( ) and y t( ) of the particle;

the shape of the trajectory;
(b) the length of the segment of the trajectory between two nearest

points at which the velocity of the particle turns into zero;
(c) the mean value of the particle’s velocity vector projection on the x

axis (the drift velocity).

393. A system consists of a long cylindrical anode of radius a and a coaxial
cylindrical cathode of radius b b a( ).< A filament located along the
axis of the system carries a heating current I producing a magnetic
field in the surrounding space. Find the least potential difference
between the cathode and anode at which the thermal electrons leaving
the cathode without initial velocity start reaching the anode.

394. Magnetron is a device consisting of a filament of radius a and a coaxial
cylindrical anode of radius b which are located in a uniform magnetic
field parallel to the filament. An accelerating potential difference V is
applied between the filament and the anode. Find the value of
magnetic induction at which the electrons leaving the filament with
zero velocity reach the anode.

395. A charged particle with specific chargeq m/ starts moving in the region

of space where there are uniform mutually perpendicular electric and
magnetic fields. The magnetic field is constant and has an induction B
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while the strength of the electric field varies with time as
E E tm= cos ,ω where ω =qB m/ . For the non-relativistic case find the
law of motion x t( ) and y t( ) of the particle if at the moment t = 0 it was
located at the point O (see Fig. 3.104). What is the approximate shape,
of the trajectory of the particle?

396. The cyclotron’s oscillator frequency is equal to ν = 10 MHz. Find the

effective accelerating voltage applied across the dees of that cyclotron
if the distance between the neighbouring trajectories of protons is not
less than ∆r = 1.0 cm, with the trajectory radius being equal to
r = 0.5 m.

397. Protons are accelerated in a cyclotron so that the maximum curvature
radius of their trajectory is equal to r = 50 cm. Find:
(a) the kinetic energy of the protons when the acceleration is

completed if the magnetic induction in the cyclotron is B = 1.0 T;
(b) the minimum frequency of the cyclotron’s oscillator at which the

kinetic energy of the protons amounts to T = 20 MeV by the end of
acceleration.

398. Singly charged ions He+ are accelerated in a cyclotron so that their
maximum orbital radius is r = 60 cm. The frequency of a cyclotron’s
oscillator is equal to ν = 10.0 MHz, the effective accelerating voltage
across the dees isV = 50 kV.Neglecting the gap between the dees, find:
(a) the total time of acceleration of the ion;
(b) the approximate distance covered by the ion in the process of its

acceleration.

399. Since the period of revolution of electrons in a uniform magnetic field
rapidly increases with the growth of energy, a cyclotron is unsuitable
for their acceleration. This drawback is rectified in a microtron
(Fig. 3.105) in which a change ∆T in the period of revolution of an
electron is made multiple with the period of accelerating field T0.How
many times has an electron to cross the accelerating gap of a microtron
to acquire an energy W = 4.6 MeV if ∆T T= 0, the magnetic induction is
equal to B = 1̀07 mT, and the frequency of accelerating field to
ν = 3000 MHz?

400. The ill effects associated with the variation of the period of revolution
of the particle in a cyclotron due to the increase of its energy are
eliminated by slow monitoring (modulating) the frequency of
accelerating field. According to what lawω( )t should this frequency be
monitored if the magnetic induction is equal to B and the particle
acquires an energy ∆W per revolution? The charge of the particle is q
and its mass is m.

401. A particle with specific charge q m/ is located inside a round solenoid

at a distance r from its axis. With the current switched into the
winding, the magnetic induction of the field generated by the solenoid
amounts to B. Find the velocity of the particle and the curvature radius
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of its trajectory, assuming that during the increase of current flowing
in the solenoid the particle shifts by a negligible distance.

402. In a betatron the magnetic flux across an equilibrium orbit of radius
r = 25 cm grows during the acceleration time at practically constant
rate Φ =5.0 Wb/s. In the process, the electrons acquire an energy
W = 25 MeV. Find the number of revolutions made by the electron
during the acceleration time and the corresponding distance covered
by it.

403. Demonstrate that electrons move in a betatron along a round orbit of
constant radius provided the magnetic induction on the orbit is equal
to half the mean value of that inside the orbit (the betatron condition).

404. Using the betatron condition, find the radius of a round orbit of an
electron if the magnetic induction is known as a function of distance r
from the axis of the field. Examine this problem for the specific case
B B ar= −0

2, where B0 and a are positive constants.

405. Using the betatron condition, demonstrate that the strength of the
eddy-current field has the extremum magnitude on an equilibrium
orbit.

406. In a betatron the magnetic induction on an equilibrium orbit with
radius r = 20 cm varies during a time interval ∆t = 1.0 ms at practically
constant rate from zero to B = 0.40 T. Find the energy acquired by the
electron per revolution.

407. The magnetic induction in a betatron on an equilibrium orbit of radius
r varies during the acceleration time at practically constant rate from
zero to B. Assuming the initial velocity of the electron to be equal to
zero, find:
(a) the energy acquired by the electron during the acceleration time;
(b) the corresponding distance covered by the electron if the

acceleration time is equal to ∆t .
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4.1 Mechanical Oscillations
● Harmonic motion equation and its solution:

&& ,x x+ =ω0
2 0 x a t= +cos ( ),ω α0 …(4.1a)

where ω0 is the natural oscillation frequency.
● Damped oscillation equation and its solution:

&& & ,x x x+ + =2 00
2β ω x a e tt= +−

0
β ω αcos ( ), …(4.1b)

whereβ is the damping coefficient,ωis the frequency of damped oscillations:

ω ω β= −0
2 2 …(4.1c)

● Logarithmic damping decrement λ and quality factor Q:

λ β= T , Q = π λ/ , …(4.1d)

where T = 2π/ω.
● Forced oscillation equation and its steady-state solution:

&& & cos ,x x x f t+ + =2 0
2

0β ω ω x a t= − φcos ( ),ω …(4.1e)

where

a
f=

− +
0

0
2 2 2 2 24( )

,
ω ω β ω

tan .φ =
−

2

0
2 2

βω
ω ω

…(4.1f)

● Maximum shift amplitude occurs at

w res = −ω β0
2 22 . (4.1g)

1. A point oscillates along the x axis according to the law
x a t= −cos ( / ).ω π 4 Draw the approximate plots
(a) of displacement x, velocity projection vx , and acceleration

projection w x as functions of time t;

(b) velocity projection vx and acceleration projection w x as functions
of the coordinate x.

2. A point moves along the x axis according to the law

x a t= −sin ( / ).2 4ω π Find :

(a) the amplitude and period of oscillations; draw the plot x t( );
(b) the velocity projection vx as a function of the coordinate x; draw

the plot v xx ( ).
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3. A particle performs harmonic oscillations along the x axis about the
equilibrium position x = 0.The oscillation frequency isω = −4.00 s 1.At

a certain moment of time the particle has a coordinate x0 = 25.0 cm
and its velocity is equal to vx 0 100= cm/s. Find the coordinate x and
the velocity vx of the particle t = 2 40. s after that moment.

4. Find the angular frequency and the amplitude of harmonic
oscillations of a particle if at distances x1 and x2 from the equilibrium
position its velocity equals v1 and v2 respectively.

5. A point performs harmonic oscillations along a straight line with a
periodT = 0.60 s and an amplitude a = 10.0 cm. Find the mean velocity
of the point averaged over the time interval during which it travels a
distance a / 2, starting from
(a) the extreme position;
(b) the equilibrium position.

6. At the moment t = 0 a point starts oscillating along the x axis according

to the law x a t= sin ω . Find:
(a) the mean value of its velocity vector projection vx ;
(b) the modulus of the mean velocity vector| |V ;
(c) the mean value of the velocity modulus v averaged over 3/8 of the

period after the start.

7. A particle moves along the x axis according to the law x a t= cos ω .

Find the distance that the particle covers during the time interval from
t = 0 to t .

8. At the moment t = 0 a particle starts moving along the x axis so that its

velocity projection varies as v tx = 35cos π cm/s, where t is expressed
in seconds. Find the distance that this particle covers during t = 280. s
after the start.

9. A particle performs harmonic oscillations along the x axis according to
the law x a t= cos ω . Assuming the probability P of the particle to fall
within an interval from −a to +a to be equal to unity, find how the
probability density dP dx/ depends on x. Here dP denotes the
probability of the particle falling within an interval from x to x dx+ .
Plot dP dx/ as a function of x.

10. Using graphical means, find an amplitude a of oscillations resulting
from the superposition of the following oscillations of the same
direction:
(a) x t1 3= +3.0 cos ( / ),ω π x t2 6= +8.0 sin ( / );ω π
(b) x t1 = 3.0 cos ,ω x t2 4= +5.0 cos ( / ),ω π x t3 = 6.0 sin .ω

11. A point participates simultaneously in two harmonic oscillations of
the same direction: x a t1 = cos ω and x a t2 2= cos ω . Find the
maximum velocity of the point.

12. The superposition of two harmonic oscillations of the same direction
results in the oscillation of a point according to the law
x a t t= cos cos2.1 50.0 , where t is expressed in seconds. Find the
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angular frequencies of the constituent oscillations and the period with
which they beat.

13. A point A oscillates according to a certain harmonic law in the
reference frame K ′ which in its turn performs harmonic oscillations
relative to the reference frame K . Both oscillations occur along the
same direction. When the K ′ frame oscillates at the frequency 20 or
24 Hz, the beat frequency of the point A in the K frame turns cut to be
equal to ν. At what frequency of oscillation of the frame K ′ will the beat
frequency of the point A become equal to 2ν ?

14. A point moves in the plane xy, according to the law x a t= sin ω ,

y b t= cos ω , where a, b, and ω are positive constants.
Find :
(a) the trajectory equation y x( ) of the point and the direction of its

motion along this trajectory;
(b) the acceleration w of the point as a function of its radius vector r

relative to the origin of coordinates.

15. Find the trajectory equation y x( ) of a point if it moves according to the

following laws:
(a) x a t= sin ω , y a t= sin 2ω ;
(b) x a t= sin ω , y a t= cos 2ω .
Plot these trajectories.

16. A particle of mass m is located in a unidimensional potential field
where the potential energy of the particle depends on the coordinate x
as U x U ax( ) ( cos )= −0 1 ; U0 and a are constants. Find the period of
small oscillations that the particle performs about the equilibrium
position.

17. Solve the foregoing problem if the potential energy has the form
U x a x b x( ) / /= −2 , where a and b are positive constants.

18. Find the period of small oscillations in a vertical plane performed by a
ball of mass m = 40 g fixed at the middle of a horizontally stretched
string l = 1.0 min length. The tension of the string is assumed to be
constant and equal to F = 10 N.

19. Determine the period of small oscillations of a mathematical
pendulum, that is a ball suspended by a thread l = 20 cm in length, if it
is located in a liquid whose density is η = 30. times less than that of the
ball. The resistance of the liquid is to be neglected.

20. A ball is suspended by a thread of length l at the
point O on the wall, forming a small angle α with
the vertical (Fig. 4.1). Then the thread with the
ball was deviated through a small angle β β α( )>
and set free. Assuming the collision of the ball
against the wall to be perfectly elastic, find the
oscillation period of such a pendulum.
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21. A pendulum clock is mounted in an elevator car which starts going up
with a constant acceleration w, with w g< . At a height h the
acceleration of the car reverses, its magnitude remaining constant.
How soon after the start of the motion will the clock show the right
time again?

22. Calculate the period of small oscillations of a
hydrometer (Fig. 4.2) which was slightly pushed
down in the vertical direction. The mass of the
hydrometer is m = 50 g, the radius of its tube is
r = 32. mm, the density of the liquid is
ρ = 1.00 g / cm3. The resistance of the liquid is

assumed to be negligible.

23. A non-deformed spring whose ends are fixed has
a stiffness x = 3.2 N/ m. A small body of mass
m = 25 g is attached at the point removed from
one of the ends by η = 1 3/ of the spring‘s length.
Neglecting the mass of the spring, find the period of small longitudinal
oscillations of the body. The force of gravity is assumed to be absent.

24. Determine the period of small longitudinal
oscillations of a body with mass m in the
system shown in Fig. 4.3. The stiffness values
of the springs are x1 and x2. The friction and
the masses of the springs are negligible.

25. Find the period of small vertical oscillations of a body with

mass m in the system illustrated in Fig. 4.4. The stiffness

values of the springs are x1 and x2, their masses are

negligible.

26. A small body of mass m is fixed to the middle of a
stretched string of length 2l. In the equilibrium position
the string tension is equal to T0. Find the angular
frequency of small oscillations of the body in the
transverse direction. The mass of the string is negligible,
the gravitational field is absent,

27. Determine the period of oscillations of mercury of mass

m = 200 g poured into a bent tube (Fig. 4.5) whose right

arm forms an angle θ = °30 with the vertical. The

cross-sectional area of the tube is S = 0.50 cm2. The

viscosity of mercury is to be neglected.

28. A uniform rod is placed on two spinning
wheels as shown in Fig. 4.6. The axes of
the wheels are separated by a distance
l = 20 cm, the coefficient of friction
between the rod and the wheels is
k = 018. . Demonstrate that in this case the
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rod performs harmonic oscillations. Find the period of these
oscillations.

29. Imagine a shaft going all the way through the Earth from pole to pole
along its rotation axis. Assuming the Earth to be a homogeneous ball
and neglecting the air drag, find:
(a) the equation of motion of a body falling down into the shaft;
(b) how long does it take the body to reach the other end of the shaft;
(c) the velocity of the body at the Earth's centre.

30. Find the period of small oscillations of a mathematical pendulum of
length l if its point of suspension O moves relative to the Earth’s

surface in an arbitrary direction with a constant acceleration w

(Fig. 4.7). Calculate that period if l = 21 cm, w g= /2, and the angle

between the  vectors w and g equals β = °120 .

31. In the arrangement shown in Fig. 4.8 the sleeve M of mass m = 0.20 kg

is fixed between two identical springs whose combined stiffness is
equal to x = 20 N/ m. The sleeve can slide without friction over a
horizontal bar AB. The arrangement rotates with a constant angular
velocity ω = 4.4 rad/s about a vertical axis passing through the middle
of the bar. Find the period of small oscillations of the sleeve. At what
values of ω will there be no oscillations of the sleeve?

32. A plank with a bar placed on it performs horizontal harmonic
oscillations with amplitude a = 10 cm. Find the coefficient of friction
between the bar and the plank if the former starts sliding along the
plank when the amplitude of oscillation of the plank becomes less
than T = 1.0 s.

33. Find the time dependence of the angle of deviation of a mathematical
pendulum 80 cm in length if at the initial moment the pendulum
(a) was deviated through the angle 3.0° and then set free without push;
(b) was in the equilibrium position and its lower end was imparted the

horizontal velocity 0.22 m/s.
(c) was deviated through the angle 30° and its lower end was imparted

the velocity 0.22 m/s directed toward the equilibrium position.
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34. A body A of mass m1 = 1.00 kg and a body B of mass

m2 = 4.10 kg are interconnected by a spring as
shown in Fig. 4.9. The body A performs free vertical
harmonic oscillations with amplitude a = 1.6 cm

and frequencyω = −25 1s .Neglecting the mass of the

spring, find the maximum and minimum values of
force that this system exerts on the bearing surface.

35. A plank with a body of mass m placed on it starts
moving straight up according to the law y a t= −( cos ),1 ω where y is

the displacement from the initial position, ω = −11 1s . Find:

(a) the time dependence of the force that the body exerts on the plank
if a = 4.0 cm; plot this dependence;

(b) the minimum amplitude of oscillation of the plank at which the
body starts falling behind the plank;

(c) the amplitude of oscillation of the plank at which the body springs
up to a height h = 50 cm relative to the initial position (at the
moment t = 0).

36. A body of mass m was suspended by a non-stretched spring, and then
set free without push. The stiffness of the spring is x. Neglecting the
mass of the spring, find;
(a) the law of motion y t( ),where y is the displacement of the body from

the equilibrium position;
(b) the maximum and minimum tensions of the spring in the process

of motion.

37. A particle of mass m moves due to the force F r,= − αm where α is a

positive constant, r is the radius vector of the particle relative to the
origin of coordinates. Find the trajectory of its motion if at the initial

moment r i= π2 and the velocity, v j= v0 , where i and j are the unit

vectors of the x and y axes.

38. A body of mass m is suspended from a spring fixed to the ceiling of an
elevator car. The stiffness of the spring is x. At the moment t = 0 the car
starts going up with an acceleration w. Neglecting the mass of the
spring, find the law of motion y t( ) of the body relative to the elevator
car if y( )0 0= and y( ) .0 0= Consider the following two cases:
(a) w = const;
(b) w t= α , where α is a constant.

39. A body of mass m = 0.50 kg is suspended from a rubber cord with

elasticity coefficient k = 50 N/ m. Find the maximum distance over
which the body can be pulled down for the body’s oscillations to
remain harmonic. What is the energy of oscillation in this case?

40. A body of mass m fell from a height h onto the pan of a spring balance
(Fig. 4.10). The masses of the pan and the spring are negligible, the
stiffness of the latter is x. Having stuck to the pan, the body starts
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performing harmonic oscillations in the vertical direction. Find the
amplitude and the energy of these oscillations.

41. Solve the foregoing problem for the case of the pan having a mass M.
Find the oscillation amplitude in this case.

42. A particle of mass m moves in the plane xy due to the force varying
with velocity as F i j= +a y x( & & ),where a is a positive constant, i and j are

the unit vectors of the x and y axes. At the initial moment t = 0 the
particle was located at the point x y= =0 and possessed a velocity v0

directed along the unit vector j. Find the law of motion x t( ), y t( ) of the

particle, and also the equation of its trajectory.

43. A pendulum is constructed as a light thin-walled
sphere of radius R filled up with water and
suspended at the point O from a light rigid rod
(Fig. 4.11). The distance between the point O and
the centre of the sphere is equal to l. How many
times will the small oscillations of such a
pendulum change after the water freezes? The
viscosity of water and the change of its volume on
freezing are to be neglected.

44. Find the frequency of small oscillations of a thin
uniform vertical rod of mass m and length l hinged
at the point O (Fig. 4.12). The combined stiffness
of the springs is equal to x. The mass of the springs
is negligible.

45. A uniform rod of mass m = 1.5 kg suspended by

two identical threads l = 90 cm in length
(Fig. 4.13) was turned through a small angle about
the vertical axis passing through its middle point
C. The threads deviated in the process through an angleα = °5.0 . Then
the rod was released to start performing small oscillations. Find:
(a) the oscillation period;
(b) the rod’s oscillation energy.
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46. An arrangement illustrated in Fig. 4.14 consists of a horizontal
uniform disc D of mass m and radius R and a thin rod AO whose
torsional coefficient is equal to k. Find the amplitude and the energy of
small torsional oscillations if at the initial moment the disc was
deviated through an angle φ0 from the equilibrium position and then
imparted an angular velocity φ0.

47. A uniform rod of mass m and length l performs small oscillations about
the horizontal axis passing through its upper end. Find the mean
kinetic energy of the rod averaged over one oscillation period if at the
initial moment it was deflected from the vertical by an angle θ0 and
then imparted an angular velocity & .θ0

48. A physical pendulum is positioned so that its centre of gravity is above
the suspensions point. From that position the pendulum started
moving toward the stable equilibrium and passed it with an angular
velocity ω. Neglecting the friction find the period of small oscillations
of the pendulum.

49. A physical pendulum performs small oscillations about the horizontal
axis with frequency ω1

1= −15.0 s .When a small body of mass m = 50 g
is fixed to the pendulum at a distance l = 20 cm below the axis, the
oscillation frequency becomes equal to ω2

1= −10.0 s .Find the moment
of inertia of the pendulum relative to the oscillation axis.

50. Two physical pendulums performs small oscillations about the same
horizontal axis with frequencies ω1 and ω2. Their moments of inertia
relative to the given axis are equal to I1 and I2 respectively. In a state of
stable equilibrium the pendulums were fastened rigidly together.
What will be frequency of small oscillations of the compound
pendulum?

51. A uniform rod of length l performs small oscillations about the
horizontal axis OO′ perpendicular to the rod and passing through one
of its points. Find the distance between the centre of inertia of the rod
and the axisOO′ at which the oscillation period is the shortest. What is
it equal to?

52. A thin uniform plate shaped as an equilateral triangle with a height h
performs small oscillations about the horizontal axis coinciding with
one of its sides. Find the oscillation period and the reduced length of
the given pendulum.
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53. A smooth horizontal disc rotates about the
vertical axis O (Fig. 4.15) with a constant angular
velocity ω. A thin uniform rod AB of length l
performs small oscillations about the vertical
axis A fixed to the disc at a distance a from the
axis of the disc. Find the frequency ω0 of these
oscillations.

54. Find the frequency of small oscillations of the
arrangement illustrated in Fig. 4.16. The radius of
the pulley is R, its moment of inertia relative to the
rotation axis is I, the mass of the body is m, and the
spring stiffness is x. The mass of the thread and the
spring is negligible, the thread does not slide over
the pulley, there is no friction in the axis of the
pulley.

55. A uniform cylindrical pulley of mass M and radius R
can freely rotate about the horizontal axis O
(Fig. 4.17). The free end of a thread tightly wound on
the pulley carries a deadweight A. At a certain angle
α it counterbalances a point mass m fixed at the rim of the pulley. Find
the frequency of small oscillations of the arrangement.

56. A solid uniform cylinder of radius r rolls without sliding along the
inside surface of a cylinder of radius R, performing small oscillations.
Find their period.

57. A solid uniform cylinder of mass m performs small oscillations due to
the action of two springs whose combined stiffness is equal to x
(Fig. 4.18). Find the period of these oscillations in the absence of
sliding.

58. Two cubes with masses m1 and m2 were interconnected by a

weightless spring of stiffness x and placed on a smooth horizontal
surface. Then the cubes were drawn closer to each other and released
simultaneously. Find the natural oscillation frequency of the system.
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59. Two balls with masses m1 = 1.0 kg and m2 = 2.0 kg are slipped on a

thin smooth horizontal rod (Fig. 4.19). The balls are interconnected by
a light spring of stiffness x = 24 N/ m.The lefthand ball is imparted the
initial velocity v1 12= cm/s. Find :

(a) the oscillation frequency of the system in the process of motion;
(b) the energy and the amplitude of oscillations.

60. Find the period of small torsional oscillations of a system consisting of
two discs slipped on a thin rod with torsional coefficient k. The
moments of inertia of the discs relative to the rod’s axis are equal to I1

and I2.

61. A mock-up of a CO2 molecule consists

of three balls interconnected by
identical light springs and placed along
a straight line in the state of
equilibrium. Such a system can freely
perform oscillations of two types, as
shown by the arrows in Fig. 4.20.
Knowing the masses of the atoms, find the ratio of frequencies of these
oscillations.

62. In a cylinder filled up with ideal
gas and closed from both ends
there is a piston of mass m and
cross-sectional area S (Fig. 4.21). In
equilibrium the piston divides the
cylinder into two equal parts, each
with volume V0.The gas pressure is
p0. The piston was slightly displaced from the equilibrium position
and released. Find its oscillation frequency, assuming the processes in
the gas to be adiabatic and the friction negligible.

63. A small ball of mass m = 21 g suspended by an

insulating thread at a height h = 12 cm from a large
horizontal conducting plane performs small
oscillations (Fig. 4.22). After a charge q had been
imparted to the ball, the oscillation period charged
η = 2.0 times. Find q.

64. A small magnetic needle performs small
oscillations about an axis perpendicular to the
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magnetic induction vector. On changing the magnetic induction the
needle’s oscillation period decreased η = 5.0 times. How much and in
what way was the magnetic induction changed? The oscillation
damping is assumed to be negligible.

65. A loop (Fig. 4.23) is formed by two
parallel conductors connected by a
solenoid with inductance L and a
conducting rod of mass m which can
freely (without friction) slide over the
conductors. The conductors are
located in a horizontal plane in a
uniform vertical magnetic field with
induction B. The distance between the conductors is equal to l. At the
moment t = 0 the rod is imparted an initial velocity v0 directed to the
right. Find the law of its motion x t( ) if the electric resistance of the loop
is negligible.

66. A coil of inductance L connects the upper ends of two vertical copper
bars separated by a distance l. A horizontal conducting connector of
mass m starts falling with zero initial velocity along the bars without
losing contact with them. The whole system is located in a uniform
magnetic field with induction B perpendicular to the plane of the bars.
Find the law of motion x t( ) of the connector.

67. A point performs damped oscillations according to the law
x a e tt= −

0
β ωsin . Find:

(a) the oscillation amplitude and the velocity of the point at the
moment t = 0;

(b) the moments of time at which the point reaches the extreme
positions.

68. A body performs torsional oscillations according to the law
φ = φ −

0e ttβ ωcos . Find :

(a) the angular velocity φand the angular acceleration &&φof the body at
the moment t = 0;

(b) the moments of time at which the angular velocity becomes
maximum.

69. A point performs damped oscillations with frequency ω and damping
coefficient β according to the law (4.1b). Find the initial amplitude a0

and the initial phase α if at the moment t = 0 the displacement of the
point and its velocity projection are equal to
(a) x( )0 0= and v xx ( ) & ;0 0=
(b) x x( )0 0= and vx ( ) .0 0=

70. A point performs damped oscillations with frequency ω = −25 1s . Find

the damping coefficient β if at the initial moment the velocity of the
point is equal to zero and its displacement from the equilibrium
position is η = 1.020 times less than the amplitude at that moment.
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71. A point performs damped oscillations with frequency ω and damping
coefficient β. Find the velocity amplitude of the point as a function of
time t if at the moment t = 0
(a) its displacement amplitude is equal to a0;
(b) the displacement of the point x( )0 0= and its velocity projection

v xx ( ) & .0 0=
72. There are two damped oscillations with the following periods T and

damping coefficients β; T1 = 0.10 ms, β1
1100= −s and T2 10= ms,

β2
110= −s . Which of them decays  faster?

73. A mathematical pendulum oscillates in a medium for which the
logarithmic damping decrement is equal to λ 0 = 1.50.What will be the
logarithmic damping decrement if the resistance of the medium
increases n = 2.00 times? How many times has the resistance of the
medium to be increased for the oscillations to  become impossible?

74. A deadweight suspended from a weightless spring extends it by
∆x = 9.8 cm. What will be the oscillation period of the deadweight
when it is pushed slightly in the vertical direction? The logarithmic
damping decrement is equal to λ = 3.1.

75. Find the quality factor of the oscillator whose displacement amplitude
decreases η = 2.0 times every n = 110 oscillations.

76. A particle was displaced from the equilibrium position by a distance
l = 1.0 cm and then left alone. What is the distance that the particle
covers in the process of oscillations till the complete stop, if the
logarithmic damping decrement is equal to λ = 0.020?

77. Find the quality factor of a mathematical pendulum l = 50 cm long if

during the time interval τ = 5.2 min its total mechanical energy

decreases η = ×4.0 104 times.

78. A uniform disc of radius R = 13 cm can rotate about a horizontal axis

perpendicular to its plane and passing through the edge of the disc.
Find the period of small oscillations of that disc if the logarithmic
damping decrement is equal to λ = 1.00.

79. A thin uniform disc of mass m and radius R suspended by an elastic
thread in the horizontal plane performs torsional oscillations in a
liquid. The moment of elastic forces emerging in the thread is equal to
N = φα , where α is a constant and φ is the angle of rotation from the
equilibrium position. The resistance force acting on a unit area of the
disc is equal to F v1 = η ,where η is a constant and v is the velocity of the
given element of the disc relative to the liquid. Find the frequency of
small oscillation.
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80. A disc A of radius R suspended by an elastic
thread between two stationary planes (Fig. 4.24)
performs torsional oscillations about its axis OO′ .
The moment of inertia of the disc relative to that
axis is equal to I, the clearance between the disc
and each of the planes is equal to h, with h R<< .
Find the viscosity of the gas surrounding the disc
A if the oscillation period of the disc equals T and
the logarithmic damping decrement, λ.

81. A conductor in the shape of a square frame with side a
suspended by an elastic thread is located in a uniform
horizontal magnetic field with induction B. In
equilibrium the plane of the frame is parallel to the
vector B (Fig. 4.25). Having been displaced from the
equilibrium position, the frame performs small
oscillations about a vertical axis passing through its
centre. The moment of inertia of the frame relative to
that axis is equal to I, its electric resistance is R. Neglecting the
inductance of the frame, find the time interval after which the
amplitude of the frame’s deviation angle decreases e-fold.

82. A bar of mass m = 0.50 kg lying on a horizontal plane with a friction

coefficient k = 0.10 is attached to the wall by means of a horizontal
non-deformed spring. The stiffness of the spring is equal to
x = 2.45 N/cm,its mass is negligible. The bar was displaced so that the
spring was stretched by x0 = 3.0 cm, and then released. Find:
(a) the period of oscillation of the bar;
(b) the total number of oscillations that the bar performs until it stops

completely.

83. A ball of mass m can perform undamped harmonic oscillations about
the point x = 0 with natural frequency ω0. At the moment t = 0, when
the ball was in equilibrium, a force F F tx = 0 cos ω coinciding with the x
axis was applied to it. Find the law of forced oscillation x t( ) for that
ball.

84. A particle of mass m can perform undamped harmonic oscillations
due to an electric force with coefficient k. When the particle was in
equilibrium, a permanent force F was applied to it for τ seconds. Find
the oscillation amplitude that the particle acquired after the action of
the force ceased. Draw the approximate plot x t( ) of oscillations.
Investigate possible cases.

85. A ball of mass m when suspended by a spring stretches the latter by ∆l.
Due to external vertical force varying according to a harmonic law
with amplitude F0 the ball performs forced oscillations. The
logarithmic damping decrement is equal to λ . Neglecting the mass of
the spring, find the angular frequency of the external force at which

Oscillations and Waves | 165

B

Fig. 1.25

O′

O

A

Fig. 4.24

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


the displacement amplitude of the ball is maximum. What is the
magnitude of that amplitude?

86. The forced harmonic oscillations have equal displacement amplitudes

at frequencies ω1
1400= −s and ω2

1600= −s . Find the resonance

frequency at which the displacement amplitude is maximum.

87. The velocity amplitude of a particle is equal to half the maximum
value at the frequencies ω1 and ω2 of external harmonic force. Find:
(a) the frequency corresponding to the velocity resonance;
(b) the damping coefficient β and the damped oscillation frequency ω

of the particle.

88. A certain resonance curve describes a mechanical oscillating system
with logarithmic damping decrement λ = 1.60. For this curve find the
ratio of the maximum displacement amplitude to the displacement
amplitude at a very low frequency.

89. Due to the external vertical force F F tx = 0 cos ω a body suspended by a

spring performs forced steady-state oscillations according to the law
x a t= − φcos ( ).ω Find the work performed by the force F during one
oscillation period.

90. A ball of mass m = 50 g is suspended by a weightless spring with

stiffness x = 20.0 N/ m. Due to external vertical harmonic force with

frequency ω = −25.0 s 1 the ball performs steady-state oscillations with

amplitude a = 1.3 cm. In this case the displacement of the ball lags in

phase behind the external force by φ =3

4
π. Find:

(a) the quality factor of the given oscillator;
(b) the work performed by the external force during one oscillation

period.

91. A ball of mass m suspended by a weightless spring can perform
vertical oscillations with damping coefficientβ.The natural oscillation
frequency is equal to ω0. Due to the external vertical force varying as
F F t= 0 cos ω the ball performs steady-state harmonic oscillations.
Find:
(a) the mean power P , developed by the force F, averaged over one

oscillation period;
(b) the frequency ω of the force F at which P is maximum; what is

P
max

equal to?

92. An external harmonic force F whose frequency can be veried, with
amplitude maintained constant, acts in a vertical direction on a ball
suspended by a weightless spring. The damping coefficient is η times
less than the natural oscillation frequencyω0 of the ball. How much, in
per cent, does the mean power P developed by the force F at the
frequency of displacement resonance differ from the maximum mean
power P

max
? Averaging is performed over one oscillation period.
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93. A uniform horizontal disc fixed at its centre to an elastic vertical rod
performs forced torsional oscillations due to the moment of forces
N N tmτ ω= cos . The oscillations obery the law φ = φ −m tcos ( ).ω α
Find:
(a) the work performed by friction forces acting on the disc during one

oscillation period;
(b) the quality factor of the given oscillator if the moment of inertia of

the disc relative to the axis is equal to I.

4.2 Electric Oscillations
● Damped oscillation in a circuit

q q e tm
t= +−β ω αcos ( ),

where

ω ω β= −0
2 2 , ω0

1=
LC

, β = R

L2
. …(4.2a)

● Logarithmic damping decrement λ and quality factor Q of a circuit are
defined by Eqs. (4.1d). When damping is low:

λ π= R
C

L
, Q

R

L

C
= 1

. …(4.2b)

● Steady-state forced oscillation in a circuit with a voltage V V tm= cos ω
connected in series:

I I tm= − φcos ( ),ω …(4.2c)

where

I
V

R L
C

m
m=

+ −





2
2

1ω
ω

, …(4.2d)

tan .φ =
−ω

ω
L

C
R

1

The corresponding vector diagram for voltages
is shown in Fig. 4.26.

● Power generated in an ac circuit:

P VI= φcos , …(4.2e)

where V and I are the effective values of voltage
and current;

V Vm= / ,2 I Im= / 2. …(4.2f)

94. Due to a certain cause the free electrons in a plane copper plate shifted
over a small distance x at right angles to its surface. As a result, a
surface charge and a corresponding restoring force emerged, giving
rise to so-called plasma oscillations. Find the angular frequency of
these oscillations if the free electron concentration in copper is
n = × −0.85 m1029 1.
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95. An oscillating circuit consisting of a capacitor with capacitance C and
a coil of inductance L maintains free undamped oscillations with
voltage amplitude across the capacitor equal to Vm. For an arbitrary
moment of time find the relation between the current I in this circuit
and the voltage V across the capacitor. Solve this problem using Ohm’s
law and then the energy conservation law.

96. An oscillating circuit consists of a capacitor with capacitance C, a coil
of inductance L with negligible resistance, and a switch. With the
switch disconnected, the capacitor was charged to a voltage Vm and
then at the moment t = 0 the switch was closed. Find:
(a) the current I t( ) in the circuit as a function of time;
(b) the emf of self-inductance in the coil at the moments when the

electric energy of the capacitor is equal to that of the current in the
coil.

97. In an oscillating circuit consisting of a parallel-plate capacitor and an
inductance coil with negligible active resistance the oscillations with
energy W are sustained. The capacitor plates were slowly drawn apart
to increase the oscillation frequency η-fold. What work was done in
the process?

98. In an oscillating circuit shown in
Fig. 4.27 the coil inductance is
equal to L = 2.5 mH and the
capacitor have capacitances
C1 = 2.0 Fµ and C2 = 3.0 F.µ The
capacitors were charged to a
voltage V = 180 V, and then the
switch Sw was closed. Find:
(a) the natural oscillation frequency;
(b) the peak value of the current flowing through the coil.

99. An electric circuit shown in Fig. 4.28 has a
negligibly small active resistance. The
left-hand capacitor was charged to a voltage
V0 and then at the moment t = 0 the switch
Sw was closed. Find the time dependence of
the voltages in left and right capacitors.

100. An oscillating circuit consists of an
inductance coil L and a capacitor with
capacitance C. The resistance of the coil and
the lead wires is negligible. The coil is placed in a permanent magnetic
field so that the total flux passing through all the turns of the coil is
equal to φ. At the moment t = 0 the magnetic field was switched off.
Assuming the switching off time to be negligible compared to the
natural oscillation period of the circuit, find the circuit current as a
function of time t.
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101. The free damped oscillations are maintained in a circuit, such that the
voltage across the capacitor varies as V V e tm

t= −β ωcos . Find the

moments of time when the modulus of the voltage across the capacitor
reaches
(a) peak values;
(b) maximum (extremum) values.

102. A certain oscillating circuit consists of a capacitor with capacitance C,
a coil with inductance L and active resistance R, and a switch. When
the switch was disconnected, the capacitor was charged; then the
switch was closed and oscillations set in. Find the ratio of the voltage
across the capacitor to its peak value at the moment immediately after
closing the switch.

103. A circuit with capacitance C and inductance L generates free damped
oscillations with current varying with time as I I e tm

t= −β ωsin . Find

the voltage across the capacitor as a function of time, and in particular,
at the moment t = 0.

104. An oscillating circuit consists of a capacitor with capacitance
C = 4.0 Fµ and a coil with inductance L = 2.0 mH and active resistance
R = 10 Ω.Find the ratio of the energy of the coil’s magnetic field to that
of the capacitor’s electric field at the moment when the current has the
maximum value.

105. An oscillating circuit consists of two coils connected in series whose
inductances are L1 and L2, active resistances are R1 and R2, and mutual
inductance is negligible. These coils are to be replaced by one, keeping
the frequency and the quality factor of the circuit constant. Find the
inductance and the active resistance of such a coil.

106. How soon does the current amplitude is an oscillating circuit with
quality factor Q = 5000 decrease η = 2.0 times if the oscillation
frequency is ν = 2.2 MHz?

107. An oscillating circuit consists of capacitance C = 10 µF, inductance

L = 25 mH, and active resistance R = 1.0 Ω. How many oscillation
periods does it take for the current amplitude to decrease e-fold?

108. How much (in per cent) does the free oscillation frequency ω of a
circuit with quality factor Q = 5.0 differ from the natural oscillation
frequency ω0 of that circuit?

109. In a circuit shown in Fig. 4.29 the battery
emf is equal to õ = 2.0 V, its internal
resistance is r = 9.0 Ω. the capacitance of
the capacitor is C = 10 µF, the coil
inductance is L = 100 mH, and the
resistance is R = 1.0 Ω. At a certain
moment the switch Sw was disconnected.
Find the energy of oscillations in the circuit
(a) immediately after the switch was disconnected;
(b) t = 0.30 s after the switch was disconnected.
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110. Damped oscillations are induced in a circuit whose quality factor is
Q = 50 and natural oscillation frequency is ν0 = 5.5 kHz.How soon will
the energy stored in the circuit decrease η = 2.0 times?

111. An oscillating circuit incorporates a leaking capacitor. Its capacitance
is equal to C and active resistance to R. The coil inductance is L. The
resistance of the coil and the wires is negligible. Find:
(a) the damped oscillation frequency of such a circuit;
(b) its quality factor.

112. Find the quality factor of a circuit with capacitance C = 2.0 Fµ and

inductance L = 5.0 mH if the maintenance of undamped oscillations
in the circuit with the voltage amplitude across the capacitor being
equal to Vm = 1.0 V requires a power P = 0.10 mW. The damping of
oscillations is sufficiently low.

113. What mean power should be fed to an oscillating circuit with active
resistance R = 0.45 Ω to maintain undamped harmonic oscillations
with current amplitude Im = 30 mA?

114. An oscillating circuit consists of a capacitor with capacitance
C = 1.2 nF and a coil with inductance L = 6.0 Hµ and active resistance
R = 0.50 Ω. What mean power should be fed to the circuit to maintain
undamped harmonic oscillations with voltage amplitude across the
capacitor being equal to Vm = 10 V?

115. Find the damped oscillation frequency of
the circuit shown in Fig. 4.30. The
capacitance C, inductance L, and active
resistance R are supposed to be known. Find
how must C, L, and R be interrelated to
make oscillations possible.

116. There are two oscillating circuits (Fig. 4.31) with capacitors of equal
capacitances. How must inductances and active resistances of the
coils be interrelated for the frequencies and damping of free
oscillations in both circuits to be equal? The mutual inductance of
coils in the left circuit is negligible.

117. A circuit consists of a capacitor with capacitance C and a coil of
inductance L connected in series, as well as a switch and a resistance
equal to the critical value for this circuit. With the switch
disconnected, the capacitor was charged to a voltage V0, and at the
moment t = 0 the switch was closed. Find the current I in the circuit as
a function of time t. What is Imax equal to?

170 | Oscillations and Waves

CL R

Fig. 4.30

C
L
R

1

1

L
R

2

2
C

L
R

(a) (b)

Fig. 4.31

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


118. A coil with active resistance R and inductance L was connected at the
moment t = 0 to a source of voltage V V tm= cos .ω Find the current in
the coil as a function of time t.

119. A circuit consisting of a capacitor with capacitance C and a resistance
R connected in series was connected at the moment t = 0 to a source of
ac voltageV V tm= cos .ω Find the current in the circuit as a function of
time t.

120. A long one-layer solenoid tightly wound of wire with resistivityρhas n

turns per unit length. The thickness of the wire insulation is
negligible. The cross-sectional radius of the solenoid is equal to a. Find
the phase difference between current and alternating voltage fed to the
solenoid with frequency ν.

121. A circuit consisting of a capacitor and an active resistance R = 110 Ω
connected in series is fed an alternating voltage with amplitude
Vm = 110 V. In this case the amplitude of steady-state current is equal
to Im = 0.50 A. Find the phase difference between the current and the
voltage fed.

122. Fig. 4.32 illustrates the simplest ripple filter. A
voltage V V t= +0 1( cos )ω is fed to the left input.
Find:
(a) the output voltage V t′ ( );
(b) the magnitude of the product RC at which the

output amplitude of alternating voltage
component is η = 7.0 times less than the direct
voltage component, if ω = −314 1s .

123. Draw the approximate
voltage vector diagrams in
the electric circuits
shown in Fig. 4.33 a, b.
The external voltage V is
assumed to be alternating
harmonically with
frequency ω.

124. A series circuit consisting of a capacitor with capacitance C = 22 µF

and a coil with active resistance R = 20 Ω and inductance L = 0.35 His
connected to a source of alternating voltage with amplitudeVm = 180 V
and frequency ω = −314 1s . Find :

(a) the current amplitude in the circuit;
(b) the phase difference between the current and the external voltage;
(c) the amplitudes of voltage  across the capacitor and the coil.

125. A series circuit consisting of a capacitor with capacitance C, a
resistance R, and a coil with inductance L and negligible active
resistance is connected to an oscillator whose frequency can be varied
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without changing the voltage amplitude. Find the frequency at which
the voltage amplitude is maximum
(a) across the capacitor;
(b) across the coil.

126. An alternating voltage with frequency ω = −314 1s and amplitude

Vm = 180 V is fed to a series circuit consisting of a capacitor and a coil
with active resistance R = 40 Ω and inductance L = 0.36 H. At what
value of the capacitor’s capacitance will the voltage amplitude across
the coil be maximum? What is this amplitude equal to? What is the
corresponding voltage amplitude across the condenser?

127. A capacitor with capacitance C whose interelectrode space is filled up
with poorly conducting medium with active resistance R is connected
to a source of alternating voltage V V tm= cos ω . Find the time
dependence of the steady-state current flowing in lead wires. The
resistance of the wires is to be neglected.

128. An oscillating circuit consists of a capacitor of capacitance C and a
solenoid with inductance L1. The solenoid is inductively connected
with a short-circuited coil having an inductance L2 and a negligible
active resistance. Their mutual inductance coefficient is equal to L12.
Find the natural frequency of the given oscillating circuit.

129. Find the quality factor of an oscillating circuit connected in series to a
source of alternating emf if at resonance the voltage across the
capacitor is n times that of the source.

130. An oscillating circuit consisting of a coil and a capacitor connected in
series is fed an alternating emf, with coil inductance being chosen to
provide the maximum current in the circuit. Find the quality factor of
the system, provided an n-fold increase of inductance results in an
η-fold decrease of the current in the circuit.

131. A series circuit consisting of a capacitor and a coil with active
resistance is connected to a source of harmonic voltage whose
frequency can be varied, keeping the voltage amplitude constant. At
frequencies ω1 and ω2 the current amplitudes are n times less than the
resonance amplitude. Find:
(a) the resonance frequency;
(b) the quality factor of the circuit.

132. Demonstrate that at low damping the quality factor Q of a circuit
maintaining forced oscillations is approximately equal to ω ω0 / ,∆
where ω0 is the natural oscillation frequency, ∆ω is the width of the
resonance curve I ( )ω at the “height” which is 2 times less than the

resonance current amplitude.

133. A circuit consisting of a capacitor and a coil connected in series is fed
two alternating voltages of equal amplitudes but different frequencies.
The frequency of one voltage is equal to the natural oscillation
frequency ( )ω0 of the circuit, the frequency of the other voltage is η
times higher. Find the ratio of the current amplitudes ( / )I I0 generated
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by the two voltages if the quality factor of the system is equal to Q.
Calculate this ratio for Q = 10 and 100, if η = 1.10.

134. It takes t 0 hours for a direct current I0 to charge a storage battery. How

long will it takes to charge such a battery from the mains using a
half-wave rectifier,  if the effective current value is also equal to I0 ?

135. Find the effective value of current if
its mean value is I0 and its time
dependence is
(a) shown in Fig. 4.34;
(b) I t~|sin |.ω

136. A solenoid with inductance L = 7 mH

and active resistance R = 44 Ω is first
connected to a source of direct
voltage V0 and then to a source of sinusoidal voltage with effective
value V V= 0. At what frequency of the oscillator will the power
consumed by the solenoid be η = 5.0 times less than in the former
case?

137. A coil with inductive resistance X L = 30 Ω and impedance Z = 50 Ω is

connected to the mains with effective voltage value V = 100 V. Find
the phase difference between the current and the voltage, as well as
the heat power generated in the coil.

138. A coil with inductance L = 0.70 H and active resistance r = 20 Ω is

connected in series with an inductance-free resistance R. An
alternating voltage with effective value V = 220 V and frequency
ω = −314 1s is applied across the terminals of this circuit. At what value

of the resistance R will the maximum heat power be generated in the
circuit? What is it equal to?

139. A circuit consisting of a capacitor and a coil in series is connected to
the mains. Varying the capacitance of the capacitor, the heat power
generated in the coil was increased n = 1.7 times. How much (in per
cent) was the value of cos φchanged in the process?

140. A source of sinusoidal emf with constant voltage is connected in series
with an oscillating circuit with quality factor Q = 100. At a certain
frequency of the external voltage the heat power generated in the
circuit reaches the maximum value. The much (in per cent) should
this frequency be shifted to decrease the power generated n = 2.0
times?

141. A series circuit consisting of an inductance-free resistance R = 0.16 kΩ
and a coil with active resistance is connected to the mains with
effective voltageV = 220 V.Find the heat power generated in the coil if
the effective voltage values across the resistance R and the coil are
equal to V1 80= V and V2 180= V respectively.

142. A coil and an inductance-free resistance R = 25 Ω are connected in

parallel to the ac mains. Find the heat power generated in the coil
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provided a current I = 0.90 A is drawn from the mains. The coil and
the resistance R carry currents I1 = 0.50 A and I2 = 0.60 A respectively.

143. An alternating current of frequency ω = −314 1s is fed to a circuit

consisting of a capacitor of capacitance C = 73 µF and an active
resistance R = 100 Ω connected in parallel. Find the impedance of the
circuit.

144. Draw the approximate vector diagrams of currents in the circuits
shown in Fig. 4.35. The voltage applied across the points A and B is
assumed to be sinusoidal; the parameters of each circuit are so chosen
that the total current I0 lags in phase behind the external voltage by an
angle φ.

145. A capacitor with capacitance C = 1.0 Fµ and a coil with active

resistance R = 0.10 Ω and inductance L = 1.0 mH are connected in
parallel to a source of sinusoidal voltage V = 31 V. Find:
(a) the frequency ω at which the resonance sets in;
(b) the effective values of the fed current in resonance, as well as the

corresponding currents flowing through the coil and through the
capacitor.

146. A capacitor with capacitance C and a coil with active resistance R and
inductance L are connected in parallel to a source of sinusoidal voltage
of frequency ω. Find the phase difference between the current fed to
the circuit and the source voltage.

147. A circuit consists of a capacitor with capacitance C and a coil with
active resistance R and inductance L connected in parallel. Find the
impedance of the circuit at frequency ω of alternating voltage.

148. A ring of thin wire with active resistance R and inductance L rotates
with constant angular velocityωin the external uniform magnetic field
perpendicular to the rotation axis. In the process, the flux of magnetic
induction of external field across the ring varies with time as
Φ = Φ0 cos .ωt Demonstrate that
(a) the inductive current in the ring varies with time as

I I tm= − φsin ( ),ω where I R Lm = Φ +ω ω0
2 2 2/ with tan / ;φ = ωL R

(b) the mean mechanical power developed by external forces to
maintain rotation is defined by the formula

P R R L= Φ +1

2
2

0
2 2 2 2ω ω/( ).
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149. A wooden core (Fig. 4.36) supports two
coils; coil 1 with inductance L1 and
short-circuited coil 2 with active
resistance R and inductance L2. The
mutual inductance of the coils depends
on the distance x between them
according to the law L x12( ).Find the mean
(averaged over time) value of the
interaction force between the coils when coil 1 carries an alternating
current I I t1 0= cos .ω

4.3 Elastic Waves. Acoustics
● Equations of plane and spherical waves:

ξ ω= −a t kxcos ( ), ξ ω= −a

r
t kr0 cos ( ). …(4.3a)

In the case of a homogeneous absorbing medium the factors e x−γ and e r−γ

respectively appear in the formulas, where γ is the wave damping
coefficient.

● Wave equation:

∂
∂

+ ∂
∂

+ ∂
∂

= ∂
∂

2

2

2

2

2

2 2

2

2

1ξ ξ ξ ξ
x y z v t

. …(4.3b)

● Phase velocity of longitudinal waves in an elastic medium( )||v and transverse
waves in a string ( )v ⊥ :

v E|| / ,= ρ v T⊥ = / ,ρ1 …(4.3c)

where E is Young’s modulus, ρ is the density of the medium, T is the tension
of the string, ρ1 is its linear density.

● Volume density of energy of an elastic wave:

w a t kx= −ρ ω ω2 2 2sin ( ), ( ) .w a= 1

2

2 2ρ ω …(4.3d)

● Energy flow density, or the Umov vector for a travelling wave:

j v= ω , j v.= 1

2

2 2ρ ωa …(4.3e)

● Standing wave equation:

ξ ω= ⋅a kx tcos cos .. …(4.3f)

● Acoustical Doppler effect:

ν ν= +
−0

v v

v v
ob

s

. …(4.3g)

● Loudness level (in bels):

L I I= log ( / ).0 …(4.3h)
● Relation between the intensity I of a sound wave and the pressure oscillation

amplitude ( )∆p m :

I p vm= ( ) / .∆ 2 2ρ …(4.3i)

150. How long will it take sound waves to travel the distance l between the
points A and B if the air temperature between them varies linearly from
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T1 to T2? The velocity of sound propagation in air is equal to v T= α ,

where α is a constant.

151. A plane harmonic wave with frequencyωpropagates at a velocity v in a
direction forming angles α , β, γ with the x, y, z axes. Find the phase
difference between the oscillations at the points of medium with
coordinates x1, y1, z1 and x2, y2, z2.

152. A plane wave of frequency ω propagates so that a certain phase of
oscillation moves along the x, y, z axes with velocities v1, v2, v3

respectively. Find the wave vector k,assuming the unit vectorsex ,e y,ez

of the coordinate axes to be assigned.

153. A plane elastic wave ξ ω= −a t kxcos ( ) propagates in a medium K.

Find the equation of this wave in a reference frame K ′ moving in the
positive direction of the x axis with a constant velocity V relative to the
medium K. Investigate the expression observed.

154. Demonstrate that any differentiable function f t x( ),+ α where α is a

constant, provides a solution of wave equation. What is the physical
meaning of the constant α?

155. The equation of a travelling plane sound wave has the form
ξ = −60 1800cos ( ),t x5.3 where ξ is expressed in micrometres, t in
seconds, and x in metres. Find:
(a) the ratio of the displacement amplitude, with which the particles

of medium oscillate, to the wavelength;
(b) the velocity oscillation amplitude of particles of the medium and

its ratio to the wave propagation velocity.
(c) the oscillation amplitude of relative deformation of the medium

and its relation to the velocity oscillation amplitude of particles of
the medium.

156. A plane wave ξ ω= −a t kxcos ( ) propagates in a homogeneous elastic

medium. For the moment t = 0 draw
(a) the plots of ξ, ∂ ∂ξ / ,t and ∂ ∂ξ / x vs x;
(b) the velocity direction of the particles of the medium at the points

where ξ = 0, for the cases of longitudinal and transverse waves;
(c) the approximate plot of density distribution ρ( )x of the medium for

the case of longitudinal waves.

157. A plane elastic wave ξ ωγ= −−ae t kxx cos ( ), where a γ, ω, and k are

constants, propagates in a homogeneous medium. Find the phase
difference between the oscillations at the points where the particles’
displacement amplitudes differ by η = 1.0%, if γ = −0.42 m 1 and the

wavelength is λ = 50 cm.

158. Find the radius vector defining the position of a point source of
spherical waves if that source is known to be located on the straight
line between the points with radius vectors r1 and r2 at which the
oscillation amplitudes of particles of the medium are equal to a1 and
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a2. The damping of the wave is negligible, the medium is
homogeneous.

159. A point isotropic source generates sound oscillations with frequency
ν = 1.45 kHz.At a distance r0 = 5.0 mfrom the source the displacement
amplitude of particles of the medium is equal to a0 50= µm,and at the
point A located at a distance r = 10.0 m from the source the
displacement amplitude is η = 3.0 times less than a0. Find :
(a) the damping coefficient γ of the wave;
(b) the velocity oscillation amplitude of particles of the medium at the

point A.

160. Two plane waves propagate in a homogeneous elastic medium, one
along the x axis and the other along the y axis; ξ ω1 = −a t kxcos ( ),
ξ ω2 = −a t kycos ( ). Find the wave motion pattern of particles in the
plane xy if both waves
(a) are transverse and their oscillation directions coincide;
(b) are longitudinal.

161. A plane undamped harmonic wave propagates in a medium. Find the
mean space density of the total oscillation energy w , if at any point of
the medium the space density of energy becomes equal tow 0 one-sixth
of an oscillation period after passing the displacement maximum.

162. A point isotropic sound source is located on the perpendicular to the
plane of a ring drawn through the centre O of the ring. The distance
between the point O and the source is l = 1.00 m,the radius of the ring
is R = 0.50 m. Find the mean energy flows across the area enclosed by
the ring if at the point O the intensity of sound is equal to
I0

230= µW/ m . The damping of the waves is negligible.

163. A point isotropic source with sonic power P = 0.10 W is located at the

centre of a round hollow cylinder with radius R = 1.0 m and height
h = 2.0 m.Assuming the sound to be completely absorbed by the walls
of the cylinder, find the mean energy flow reaching the lateral surface
of the cylinder.

164. The equation of a plane standing wave in a homogeneous elastic
medium has the form ξ ω= ⋅a kx tcos cos . Plot :
(a) ξ and ∂ ∂ξ / x as functions of x at the moments t = 0 and t T= /2,

where T is the oscillation period;
(b) the distribution of density ρ( )x of the medium at the moments t = 0

and t T= /2 in the case of longitudinal oscillations;
(c) the velocity distribution of particles of the medium at the moment

t T= / ;4 indicate the directions of velocities at the antinodes, both
for longitudinal and transverse oscillations.

165. A longitudinal standing wave ξ ω= ⋅a kx tcos cos is maintained in a

homogeneous medium of density ρ. Find the expressions for the space
density of
(a) potential energy w x tp( , );
(b) kinetic energy w x tk ( , ).
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Plot the space density distribution of the total energy w in the space
between the displacement nodes at the moments t = 0 and t T= / ,4
where T is the oscillation period.

166. A string 120 cm in length sustains a standing wave, with the points of
the string at which the displacement amplitude is equal to 3.5 mm
being separated by 15.0 cm. Find the maximum displacement
amplitude. To which overtone do these oscillations correspond?

167. Find the ratio of the fundamental tone frequencies of two identical
strings after one of them was stretched by η1 = 2.0% and the other, by
η2 = 4.0%.The tension is assumed to be proportional to the elongation.

168. Determine in what way and how many times will the fundamental
tone frequency of a stretched wire change if its length is shortened by
35% and the tension increased by 70%.

169. To determine the sound propagation velocity in air by acoustic
resonance technique one can use a pipe with a piston and a sonic
membrane closing one of its ends. Find the velocity of sound if the
distance between the adjacent positions of the piston at which
resonance is observed at a frequency ν = 2000 Hzis equal to l = 8.5 cm.

170. Find the number of possible natural oscillations of air column in a pipe
whose frequencies lie below ν0 1250= Hz. The length of the pipe is
l = 85 cm.The velocity of sound is v = 340 m/s. Consider the two cases:
(a) the pipe is closed from one end;
(b) the pipe is opened from both ends.

The open ends of the pipe are assumed to be the antinodes of
displacement.

171. A copper rod of length l = 50 cm is clamped at its midpoint. Find the

number of natural longitudinal oscillations of the rod in the frequency
range from 20 to 50 kHz. What are those frequencies equal to?

172. A string of mass m is fixed at both ends. The fundamental tone
oscillations are excited with circular frequency ω and maximum
displacement amplitude amax. Find :
(a) the maximum kinetic energy of the string;
(b) the mean kinetic energy of the string averaged over one oscillation

period.

173. A standing wave ξ ω= ⋅a kx tsin cos is maintained in a homogeneous

rod with cross-sectional area S and densityρ.Find the total mechanical
energy confined between the sections corresponding to the adjacent
displacement nodes.

174. A source of sonic oscillations with frequency ν0 1000= Hz moves at

right angles to the wall with a velocity u = 0.17 m/s. Two stationary
receivers R1 and R2 are located on a straight line, coinciding with the
trajectory of the source, in the following succession :
R1-source-R2-wall. Which receiver registers the beatings and what is
the beat frequency? The velocity of sound is equal to v = 340 m/s.
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175. A stationary observer receives sonic oscillations from two tuning forks
one of which approaches, and the other recedes with the same
velocity. As this takes place, the observer hears the beatings with
frequency ν = 2.0 Hz. Find the velocity of each tuning fork if their
oscillation frequency is ν0 680= Hz and the velocity of sound in air is
v = 340 m/s.

176. A receiver and a source of sonic oscillations of frequency ν0 2000= Hz

are located on the x axis. The source swings harmonically along that
axis with a circular frequency ω and an amplitude a = 50 cm. At what
value of ω will the frequency bandwidth registered by the stationary
receiver be equal to ∆ν = 200 Hz? The velocity of sound is equal to
v = 340 m/s.

177. A source of sonic oscillations with frequency ν0 1700= Hz and a

receiver are located at the same point. At the moment t = 0 the source
starts receding from the receiver with constant acceleration
w = 10.0 m/s2. Assuming the velocity of sound to be equal to

v = 340 m/s, find the oscillation frequency registered by the stationary
receiver t = 100. s after the start of motion.

178. A source of sound with natural frequency ν0 = 1.8 kHz moves

uniformly along a straight line separated from a stationary observer by
a distance l = 250 m. The velocity of the source is equal to η = 0.80
fraction of the velocity of sound. Find :
(a) the frequency of sound received by the observer at the moment

when the source gets closest to him;
(b) the distance between the source and the observer at the moment

when the observer receives a frequency ν ν= 0.

179. A stationary source sends forth monochromatic sound. A wall
approaches it with velocity u = 33 cm/s. The propagation velocity of
sound in the medium is v = 330 m/s. In what way and how much, in
per cent, does the wavelength of sound change on reflection from the
wall?

180. A source of sonic oscillations with frequency ν0 1700= Hz and a

receiver are located on the same normal to a wall. Both the source and
the receiver are stationary, and the wall recedes from the source with
velocity u = 6.0 cm/s. Find the beat frequency registered by the
receiver. The velocity of sound is equal to v = 340 m/s.

181. Find the damping coefficient γof a sound wave if at distances r1 10= m

and r2 20= m from a point isotropic source of sound the sound wave
intensity values differ by a factor η = 4.5.

182. A plane sound wave propagates along the x-axis. The damping
coefficient of the wave is γ = −0.0230 m 1. At the point x = 0 the

loudness level is L = 60 dB. Find :
(a) the loudness level at a point with coordinate x = 50 m;
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(b) the coordinate x of the point at which the sound is not heard any
more.

183. At a distance r0 = 20.0 m from a point isotropic source of sound the

loudness level L0 = 30.0 dB. Neglecting the damping of the sound
wave, find:
(a) the loudness level at a distance r = 10.0 m from the source;
(b) the distance from the source at which the sound is not heard.

184. An observer A located at a distance rA = 5.0 m from a ringing tuning

fork notes the sound to fade away τ = 19 s later than an observer B who
is located at a distance rB = 50 m from the tuning fork. Find the
damping coefficient β of oscillations of the tuning fork. The sound
velocity v = 340 m/s.

185. A plane longitudinal harmonic wave propagates in a medium with
density ρ.The velocity of the wave propagation is v.Assuming that the
density variations of the medium, induced by the propagating wave,
∆p << ρ, demonstrate that
(a) the pressure increment in the medium ∆p v x= − ∂ ∂ρ ξ2( / ), where

∂ ∂ξ / x is the relative deformation;
(b) the wave intensity is defined by Eq. (4.3i).

186. A ball of radius R = 50 cm is located in the way of propagation of a

plane sound wave. The sonic wavelength is λ = 20 cm,the frequency is
ν = 1700 Hz, the pressure oscillation amplitude in air is ( )∆p m = 3.5 Pa.
Find the mean energy flow, averaged over an oscillation period,
reaching the surface of the ball.

187. A point A is located at a distance r = 1.5 mfrom a point isotropic source

of sound of frequency ν = 600 Hz. The sonic power of the source is
P = 0.80 W. Neglecting the damping of the waves and assuming the
velocity of sound in air to be equal to v = 340 m/s, find at the point A:
(a) the pressure oscillation amplitude ( )∆p m and its ratio to the air

pressure;
(b) the oscillation amplitude of particles of the medium; compare it

with the wavelength of sound.

188. At a distance r = 100 m from a point isotropic source of sound of

frequency 200 Hz the loudness level is equal to L = 50 dB. The
audibility threshold at this frequency corresponds to the sound
intensity I0

2= 0.10 nW/ m .The damping coefficient of the sound wave

is γ = × − −5.0 m10 4 1. Find the sonic power of the source.

4.4 Electromagnetic waves. Radiation
● Phase velocity of an electromagnetic wave:

v c= / ,εµ where c = ε1 0 0/ ./µ …(4.4a)

● In a travelling electromagnetic wave:

E Hεε =0 0µµ . …(4.4b)
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● Space density of the energy of an electromagnetic field:

w = +ED BH

2 2
. …(4.4c)

● Flow density of electromagnetic energy, the Poynting vector:

S [EH].= …(4.4d)

● Energy flow density of electric dipole radiation in a far field zone:

S
r

~ sin ,
1
2

2 θ …(4.4e)

where r is the distance from the dipole, θ is the angle between the radius
vector r and the axis of the dipole.

● Radiation power of an electric dipole with moment p( )t and of a charge q,
moving with acceleration w:

P
c

=
ε

1

4

2

30

2

3π
&&

,
p

P
q

c
=

ε
1

4

2

30

2 2

3π
w

. …(4.4f)

189. An electromagnetic wave of frequency ν = 3.0 MHz passes from

vacuum into a non-magnetic medium with permittivity ε = 4.0. Find
the increment of its wavelength.

190. A plane electromagnetic wave falls at right angles to the surface of a
plane-parallel plate of thickness l. The plate is made of non-magnetic
substance whose permittivity decreases exponentially from a value ε1

at the front surface down to a value ε2 at the rear one. How long does it
take a given wave phase to travel across this plate?

191. A plane electromagnetic wave of frequency ν = 10 MHz propagates in

a poorly conducting medium with conductivity σ = 10 mS/ m and
permittivity ε = 9. Find the ratio of amplitudes of conduction and
displacement current densities.

192. A plane electromagnetic wave E E kr= −m tcos ( )ω propagates in

vacuum. Assuming the vectors Em and k to be known, find the vector

H as a function of time t at the point with radius vector r = 0.

193. A plane electromagnetic wave E E kr= −m tcos ( ),ω where E em m yE= ,

k e= k x , ex , e y are the unit vectors of the x, y axes, propagates in

vacuum. Find the vector H at the point with radius vector r e= x x at

the moment (a) t = 0, (b) t t= 0. Consider the case when Em = 160 V/ m,

k = −0.51 m 1, x = 7.7 m, and t 0 33= ns.

194. A plane electromagnetic wave E E= −m t kxcos ( )ω propagating in

vacuum induces the emf õ ind in a square frame with side l. The
orientation of the frame is shown in Fig. 4.37. Find the amplitude
value εind , if Em = 0.50 mV/ m, the frequency ν = 5.0 MHz and
l = 50 cm.
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195. Proceeding from Maxwell’s equations show that in the case of a plane
electromagnetic wave (Fig. 4.38) propagating in vacuum the following
relations hold:

∂
∂

= − ∂
∂

E

t
c

B

x

2 ,
∂
∂

= − ∂
∂

B

t

E

x
.

196. Find the mean Poynting vector S of a plane electromagnetic wave

E E kr= −m tcos ( )ω if the wave propagates in vacuum.

197. A plane harmonic electromagnetic wave with plane polarization
propagates in vacuum. The electric component of the wave has a
strength amplitude Em = 50 mV/ m, the frequency is ν = 100 MHz.
Find:
(a) the efficient value of the displacement current density;
(b) the mean energy flow density averaged over an oscillation period.

198. A ball of radius R = 50 cm is located in a non-magnetic medium with

permittivity ε = 4.0. In that medium a plane electromagnetic wave
propagates, the strength amplitude of whose electric component is
equal to Em = 200 V/ m.What amount of energy reaches the ball during
a time interval t = 1.0 min?

199. A standing elecromagnetic wave with electric component
E E= ⋅m kx tcos cos ω is sustained along the x axis in vacuum. Find the
magnetic component of the wave B ( , ).x t Draw the approximate
distribution pattern of the wave’s electric and magnetic components
(E and B) at the moments t = 0 and t T= / 4, where T is the oscillation

period.

200. A standing electromagnetic wave E E= ⋅m kx tcos cos ω is sustained

along the x axis in vacuum. Find the projection of the Poynting vector
on the x axis S x tx ( , ) and the mean value of that projection averaged
over an oscillation period.

201. A parallel-plate air capacitor whose electrodes are shaped as discs of
radius R = 6.0 cmin connected to a source of an alternating sinusoidal
voltage with frequency ω = −1000 1s . Find the ratio of peak values of

magnetic and electric energies within the capacitor.

202. An alternating sinusoidal current of frequency ω = −1000 s 1 flows in

the winding of a straight solenoid whose cross-sectional radius is
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equal to R = 6.0 cm. Find the ratio of peak values of electric and
magnetic energies within the solenoid.

203. A parallel-plate capacity whose electrodes are shaped as round discs is
charged slowly. Demonstrate that the flux of the Poynting vector
across the capacitor’s lateral surface is equal to the increment of the
capacitor’s energy per unit time. The dissipation of field at the edge is
to be neglected in calculations.

204. A current I flows along a straight conductor with round cross-section.
Find the flux of the Poynting vector across the lateral surface of the
conductor’s segment with resistance R.

205. Non-relativistic protons accelerated by a potential difference U form a
round beam with current I. Find the magnitude and direction of the
Poynting vector outside the beam at a distance r from  its axis.

206. A current flowing in the winding of a long straight solenoid is
increased at a sufficiently slow rate. Demonstrate that the rate at
which the energy of the magnetic field in the solenoid increases is
equal to the flux of the Poynting vector across the lateral surface of the
solenoid.

207. Fig. 4.39 illustrates a segment of a double line
carrying direct current whose direction is
indicated by the arrows. Taking into account
that the potential φ > φ2 1, and making use of the
Poynting vector, establish on which side (left or
right) the source of the current is located.

208. The energy is transferred from a source of constant voltage V to a
consumer by means of a long straight coaxial cable with negligible
active resistance. The consumed current is I. Find the energy flux
across the cross-section of the cable. The conductive sheath is
supposed to be thin.

209. A source of ac voltage V V t= 0 cos ω delivers energy to a consumer by

means of a long straight coaxial cable with negligible active resistance.
The current in the circuit varies as I I t= − φ0 cos ( ).ω Find the
time-averaged energy flux through the cross-section of the cable. The
sheath is thin.

210. Demonstrate that at the boundary between two media the normal
components of the Poynting vector are continuous, i.e., S Sn n1 2= .

211. Demonstrate that a closed system of charged non-relativistic particles
with identical specific charges emits no dipole radiation.

212. Find the mean radiation power of an electron performing harmonic
oscillations with amplitude a = 0.10 nm and frequency
ω = × −6.5 s1014 1.

213. Find the radiation power developed by a non-relativistic particle with
charge e and mass m, moving along a circular orbit of radius R in the
field of a stationary point charge q.
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214. A particle with charge e and mass m flies with non-relativistic velocity
v at a distance p last a stationary particle with charge q. Neglecting the
bending of the trajectory of the moving particle, find the energy lost by
this particle due to radiation during the total flight time.

215. A non-relativistic proton enters a half-space along the normal to the
transverse uniform magnetic field whose induction equals B = 1.0 T.
Find the ratio of the energy lost by the proton due to radiation during
its motion in the field to its initial kinetic energy.

216. A non-relativistic charged particle moves in a transverse uniform
magnetic field with induction B. Find the time dependence of the
particle’s kinetic energy diminishing due to radiation. How soon will
its kinetic energy decrease e-fold? Calculate this, time interval for the
case (a) of an electron, (b) of a proton.

217. A charged particle moves along the y axis according to the law
y a t= cos ,ω and the point of observation P is located on the x axis at a
distance l from the particle ( ).l a>> Find the ratio of electromagnetic
radiation flow densities S S1 2/ at the point P at the moments when the
coordinate of the particle y1 0= and y a2 = . Calculate that ratio if
ω = × −3.3 s106 1 and l = 190 m.

218. A charged particle moves uniformly with
velocity v along a circle of radius R in the plane
xy (Fig. 4.40). An observer is located on the x
axis at a point P which is removed from the
centre of the circle by a distance much
exceeding R. Find :
(a) the relationship between the observed

values of the y projection of the particle’s
acceleration and the y coordinate of the particle;

(b) the ratio of electromagnetic radiation low densities S S1 2/ at the
point P at the moments of time when the particle moves, from the
standpoint of the observer P, toward him and away from him, as
shown in the figure.

219. An electromagnetic wave emitted by an elementary dipole propagates
in vacuum so that in the far field zone the mean value of the energy
flow density is equal to S0 at the point removed from the dipole by a
distance r along the perpendicular drawn to the dipole’s axis. Find the
mean radiation power of the dipole.

220. The mean power radiated by an elementary dipole is equal to P0. Find

the mean space density of energy of the electromagnetic field in
vacuum in the far field zone at the point removed from the dipole by a
distance r along the perpendicular drawn to the dipole’s axis.

221. An electric dipole whose modulus is constant and whose moment is
equal to p rotates with constant angular velocity ω about the axis
drawn at right angles to the axis of the dipole and passing through its
midpoint. Find the power radiated by such a dipole.
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222. A free electron is located in the field of a plane electromagnetic wave .
Neglecting the magnetic component of the wave disturbing its motion,
find the ratio of the mean energy radiated by the oscillating electron
per unit time to the mean value of the energy flow density of the
incident wave.

223. A plane electromagnetic wave with frequency ω falls upon an
elastically bonded electron whose natural frequency equals ω0.
Neglecting the damping of oscillations, find the ratio of the mean
energy dissipated by the electron per unit time to the mean value of the
energy flow density of the incident wave.

224. Assuming a particle to have the form of a ball and to absorb all incident
light, find the radius of a particle for which its gravitational attraction
to the Sun is counterbalanced by the force that light exerts on it. The
power of light radiated by the Sun equals P = ×4 W,1026 and the

density of the particle is ρ = 1.0 g /cm3.
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5.1 Photometry and Geometrical Optics
● Spectral response of an eye V ( )λ is shown in Fig. 5.1.

● Luminous intensity I and illuminance E:

I
d

d
= Φ

Ω
, E

d

dS
inc= Φ

. …(5.1a)

● Illuminance produced by a point isotropic source:

E
I

r
= cos

,
α

2
…(5.1b)

where α is the angle between the normal to the surface and the direction to
the source.

● Luminosity M and luminance L:

M
d

dS
emit= Φ

, L
d

d S
= Φ

Ω ∆ cos
.

θ
…(5.1c)

● For a Lambert source L = const and luminosity

M L= π . …(5.1d)
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● Relation between refractive angle θ of a prism and least deviation angle α :

sin sin ,
α θ θ+ =

2 2
n …(5.1e)

where n is the refractive index of the prism.
● Equation of spherical mirror:

1 1 2

s s R′
+ = , …(5.1f)

where R is the curvature radius of the mirror.
● Equations for aligned optical system (Fig. 5.2):

n

s

n

s

′
′

− = Φ,
f

s

f

s

′
′

+ = 1, xx ff′ = ′ . …(5.1g)

● Relations between focal lengths and optical power:

f
n′ = ′
Φ

, f
n= −
Φ

,
f

f

n

n

′ = − ′
. …(5.1h)

● Optical power of a spherical refractive surface:

Φ = ′ −n n

R
. …(5.1i)

● Optical power of a thin lens in a medium with refractive index n0:

Φ = − −








( ) ,n n

R R
0

1 2

1 1
…(5.1j)

where n is the refractive index of the lens.
● Optical power of a thick lens:

Φ = Φ + Φ − Φ Φ1 2 1 2
d

n
, …(5.1k)

where d is the thickness of the lens. This equation is also valid for a system of
two thin lenses separated by a medium with refractive index n.

● Principal planes H and H ′ are removed from the crest points O and O ′ of
surfaces of a thick lens (Fig. 5.3) by the following distances :

X
d

n
= Φ

Φ
2 , X

d

n
′ = − Φ

Φ
1 . …(5.1l)

Optics | 187

K

H′

K F u′

y ′

x′f ′

n′

n
H

Fu

fx

y

S S′
Fig. 5.2

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


● Lagrange-Helmholtz invariant:

nyu = const. …(5.1m)

● Magnifying power of an optical device:

Γ = ′tan

tan
,

ψ
ψ

…(5.1n)

where ψ′ and ψare the angles subtended at the eye by an image formed by the
optical device and by the corresponding object at a distance for convenient
viewing (in the case of a microscope or magnifying glass that distance is
equal to l0 25= cm).

1. Making use of the spectral response curve for an eye (see Fig. 5.1), find:
(a) the energy flux corresponding to the luminous flux of 1.0 lm at the

wavelengths 0.51 and 0.64 µm;
(b) the luminous flux corresponding to the wavelength interval from

0.58 to 0.63 µmif the respective energy flux, equal to Φ =e 4.5 mW,
is uniformly distributed over all wavelengths of the interval. The
functionV ( )λ is assumed to be linear in the given spectral interval.

2. A point isotropic source emits a luminous flux Φ =10 lm with

wavelength λ µ= 0.59 m. Find the peak strength values of electric and
magnetic fields in the luminous flux at a distance r = 1.0 m from the
source. Make use of the curve illustrated in Fig. 5.1.

3. Find the mean illuminance of the irradiated part of an opaque sphere
receiving
(a) a parallel luminous flux resulting in illuminance E0 at the point of

normal incidence;
(b) light from a point isotropic source located at a distance l = 100 cm

from the centre of the sphere; the radius of the sphere is R = 60 cm
and the luminous intensity is I = 36 cd.

4. Determine the luminosity of a surface whose luminance depends on
direction as L L= 0 cos ,θ where θ is the angle between the radiation
direction and the normal to the surface.

5. A certain luminous surface obeys Lambert’s law. Its luminance is
equal to L. Find:
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(a) the luminous flux emitted by an element ∆S of this surface into a
cone whose axis is normal to the given element and whose
aperture angle is equal to θ ;

(b) the luminosity of such a source.

6. An illuminant shaped as a plane horizontal disc S = 100 2cm in area is

suspended over the centre of a round table of radius R = 1.0 m. Its
luminance does not depend on direction and is equal to
L = ×1.6 cd/ m104 2. At what height over the table should the

illuminant be suspended to provide maximum illuminance at the
circumference of the table? How great will that illuminance be? The
illuminant is assumed to be a point source.

7. A point source is suspended at a height h = 1.0 m over the centre of a

round table of radius R = 1.0 m.The luminous intensity I of the source
depends on direction so that illuminance at all points of the table is the
same. Find the function I ( ),θ whereθ is the angle between the radiation
direction and the vertical, as well as the luminous flux reaching the
table if I I( )0 1000= = cd.

8. A vertical shaft of light from a projector forms a light spot S = 100 2cm

in area on the ceiling of a round room of radius R = 2.0 m. The
illuminance of the spot is equal to E = 1000 lx. The reflection
coefficient of the ceiling is equal to ρ = 0.80. Find the maximum
illuminance of the wall produced by the light reflected from the
ceiling. The reflection is assumed to obey Lambert’s law.

9. A luminous dome shaped as a hemisphere rests on a horizontal plane.
Its luminosity is uniform. Determine the illuminance at the centre of
that plane if its luminance equals L and is independent of direction.

10. A Lambert source has the form of an infinite plane. Its luminance is
equal to L. Find the illuminance of an area element oriented parallel to
the given source.

11. An illuminant shaped as a plane horizontal disc of radius R = 25 cmis

suspended over a table at a height h = 75 cm. The illuminance of the
table below the centre of the illuminant is equal to E0 70= lx.
Assuming the source to obey Lambert’s law, find its luminosity.

12. A small lamp having the form of a uniformly luminous sphere of
radius R = 6.0 cm is suspended at a height h = 3.0 m above the floar.
The luminance of the lamp is equal to L = ×2.0 cd/ m104 2 and is

independent of direction. Find the illuminance of the floor directly
below the lamp.

13. Write the law of reflection of a light beam from a mirror in vector form,
using the directing unit vectors e and e′ of the incident and reflected
beams and the unit vector n of the outside normal to the mirror
surface.

14. Demonstrate that a light beam reflected from three mutually
perpendicular plane mirrors in succession reverses its direction.

Optics | 189

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


15. At what value of the angle of incident θ1 is a shaft of light reflected

from the surface of water perpendicular to the refracted shaft?

16. Two optical media have a plane boundary between them. Suppose θ1cr

is the critical angle of incidence of a beam and θ1 is the angle of
incidence at which the refracted beam is perpendicular to the reflected
one (the beam is assumed to come from an optically denser medium).
Find the relative refractive index of these media if
sin /sinθ θ η1 1cr = =1.28.

17. A light beam falls upon a plane-parallel glass plate d = 6.0 cm in

thickness. The angle of incidence is θ = °60 . Find the value of
deflection of the beam which passed through that plate.

18. A man standing on the edge of a swimming pool looks at a stone lying
on the bottom. The depth of the swimming pool is equal to h. At what
distance from the surface of water is the image of the stone formed if
the line of vision makes an angle θ with the normal to the surface?

19. Demonstrate that in a prism with small refracting angle θ the shaft of
light deviates through the angle α θ~( )− −n 1 regardless of the angle of
incidence, provided that the latter is also small.

20. A shaft of light passes through a prism with refracting angle θ and
refractive index n. Let α be the diffraction angle of the shaft.
Demonstrate that if the shaft of light passes through the prism
symmetrically,
(a) the angle α is the least;
(b) the relationship between the anglesα andθ is defined by Eq. (5.1e).

21. The least deflection angle of a certain glass prism is equal to its
refracting angle. Find the latter.

22. Find the minimum and maximum deflection angles for a light ray
passing through a glass prism with refracting angle θ = °60 .

23. A trihedral prism with refracting angle 60° provides the least
deflection angle 37° in air. Find the least deflection angle of that prism
in water.

24. A light ray composed of two monochromatic components passes
through a trihedral prism with refracting angle θ = °60 . Find the angle
∆α between the components of the ray after its passage through the
prism if their respective indices of refraction are equal to 1.515 and
1.520. The prism is oriented to provide the least deflection angle.

25. Using Fermat’s principle derive the laws of deflection and refraction of
light on the plane interface between two media.

26. By means of plotting find:
(a) the path of a light ray after reflection from a concave and convex

spherical mirrors (see Fig. 5.4, where F is the focal point,OO′ is the
optical axis);

190 | Optics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


(b) the positions of the mirror and its focal point in the cases
illustrated in Fig. 5.5, where P and P′ are the conjugate points.

27. Determine the focal length of a concave mirror if:
(a) with the distance between an object and its image being equal to

l = 15 cm, the transverse magnification β = −2.0;
(b) in a certain position of the object the transverse magnification is

β1 = −0.50 and in another position displaced with respect to the
former by a distance l = 5.0 cm the transverse magnification
β2 = −0.25.

28. A point source with luminous intensity I0 100= cd is positioned at a

distance s = 20.0 cm from the crest of a concave mirror with focal
length f = 250. cm. Find the luminous intensity of the reflected ray if
the reflection coefficient of the mirror is ρ = 0.80.

29. Proceeding from Fermat’s principle derive the refraction formula for
paraxial rays on a spherical boundary surface of radius R between
media with refractive indices n and n′ .

30. A parallel beam of light falls from vacuum on a
surface enclosing a medium with refractive
index n (Fig. 5.6). Find the shape of that
surface, x r( ), if the beam is brought into focus
at the point F at a distance f from the crest O.

What is the maximum radius of a beam that
can still be focussed?

31. A point source is located at a distance of 20 cm from the front surface
of a symmetrical glass biconvex lens. The lens is 5.0 cm thick and the
curvature radius of its surfaces is 5.0 cm. How far beyond the rear
surface of this lens is the image of the source formed?

32. An object is placed in front of convex surface of a glass plano-convex
lens of thickness d = 9.0 cm. The image of that object is formed on the
plane surface of the lens serving as a screen. Find :
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(a) the transverse magnification if the curvature radius of the lens’s
convex surface is R = 2.5 cm;

(b) the image illuminance if the luminance of the object is
L = 7700 2cd/ m and the entrance aperture diameter of the lens is

D = 5.0 mm; losses of light are negligible.

33. Find the optical power and the focal lengths
(a) of a thin glass lens in liquid with refractive index η0 = 1.7 if its

optical power in air is Φ = −0 5.0 D;
(b) of a thin symmetrical biconvex glass lens, with air on one side and

water on the other side, if the optical power of that lens in air is
Φ = +0 10 D.

34. By means of plotting find:
(a) the path of a ray of light beyond thin converging and diverging

lenses (Fig 5.7, where OO′ is the optical axis, F and F ′ are the front
and rear focal points);

(b) the position of a thin lens and its focal points if the position of the
optical axis OO′ and the positions of the conjugate points P, P′
(see Fig. 5.5) are known; the media on both sides of the lenses are
identical;

(c) the path of ray 2 beyond the converging and diverging lenses
(Fig. 5.8) if the path of ray 1 and the positions of the lens and of its
optical axis OO′ are all known; the media on both sides of the
lenses are identical.

35. A thin converging lens with focal length f = 25 cm projects the image

of an object on a screen removed from the lens by a distance l = 5.0 m.
Then the screen was drawn closer to the lens by a distance ∆l = 18 cm.
By what distance should the object be shifted for its image to become
sharp again?
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36. A source of light is located at a distance l = 90 cm from a screen. A thin

converging lens provides the sharp image of the source when placed
between the source of light and the screen at two positions. Determine
the focal length of the lens if
(a) the distance between the two positions of the lens is ∆l = 30 cm;
(b) the transverse dimensions of the image at one position of the lens

are η = 4.0 greater than those at the other position.

37. A thin converging lens is placed between an object and a screen whose
positions are fixed. There are two positions of the lens at which the
sharp image of the object is formed on the screen. Find the transverse
dimension of the object if at one position of the lens the image
dimension equals h′ = 2.0 mm and at the other, h′ ′ = 4.5 mm.

38. A thin converging lens with aperture ratio D f: := 1 3.5 (D is the lens

diameter, f is its focal length) provides the image of a sufficiently
distant object on a photographic plate. The object luminance is
L = 260 2cd/ m . The losses of light in the lens amount to α = 0.10. Find

the illuminance of the image.

39. How does the luminance of a real image depend on diameter D of a
thin converging lens if that image is observed
(a) directly;
(b) on a white screen backscattering according to Lambert’s law?

40. There are two thin symmetrical lenses: one is converging, with
refractive index n1 = 1.70, and the other is diverging with refractive
index n2 = 1.51. Both lenses have the same curvature radius of their
surfaces equal to R = 10 cm. The lenses were put close together and
submerged into water. What is the focal length of this system in water?

41. Determine the focal length of a concave spherical mirror which is
manufactured in the form of a thin symmetric biconvex glass lens one
of whose surfaces is silvered. The curvature radius of the lens surface
is R = 40 cm.

42. Figure 5.9 illustrates an aligned system consisting of three thin lenses.
The system is located in air. Determine:

(a) the position of the point of convergence of a parallel ray incoming
from the left after passing through the system;
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(b) the distance between the first lens and a point lying on the axis to
the left of the system, at which that point and its image are located
symmetrically with respect to the lens system.

43. A Galilean telescope of 10-fold magnification has the length of 45 cm
when adjusted to infinity. Determine:
(a) the focal lengths of the telescope’s objective and ocular;
(b) by what distance the ocular should be displaced to adjust the

telescope to the distance of 50 m.

44. Find the magnification of a Keplerian telescope adjusted to infinity if
the mounting of the objective has a diameter D and the image of that
mounting formed by the telescope’s ocular has a diameter d.

45. On passing through a telescope a flux of light increases its intensity
η = ×4.0 104 times. Find the angular dimension of a distant object if its

image formed by that telescope has an angular dimension ψ′ = °2.0 .

46. A Keplerian telescope with magnification Γ = 15 was submerged into

water which filled up the inside of the telescope. To make the system
work as a telescope again within the former dimensions, the objective
was replaced. What has the magnification of the telescope become
equal to? The refractive index of the glass of which the ocular is made
is equal to n = 1.50.

47. At what magnificationΓ of a telescope with a diameter of the objective
D = 6.0 cmis the illuminance of the image of an object on the retina not
less than without the telescope? The pupil diameter is assumed to be
equal tod0 = 3.0 mm.The losses of light in the telescope are negligible.

48. The optical powers of the objective and the ocular of a microscope are
equal to 100 and 20 D respectively. The microscope magnification is
equal to 50. What will the magnification of the microscope be when
the distance between the objective and the ocular is increased by
2.0 cm?

49. A microscope has a numerical aperture sin α = 0.12, where α is the

aperture angle subtended by the entrance pupil of the microscope.
Assuming the diameter of an eye’s pupil to be equal to d0 = 4.0 mm,
determine the microscope magnification at which
(a) the diameter of the beam of light coming from the microscope is

equal to the diameter of the eye’s pupil;
(b) the illuminance of the image on the retina is independent of

magnification (consider the case when the beam of light passing
through the system “microscope-eye” is bounded by the mounting
of the objective).

50. Find the positions of the principal planes, the focal and nodal points of
a thin biconvex symmetric glass lens with curvature radius of its
surfaces equal to R = 7.50 cm. There is air on one side of the lens and
water on the other.

51. By means of plotting find the positions of focal points and principal
planes of aligned optical systems illustrated in Fig. 5.10:
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(a) a telephoto lens, that is a combination of a converging and a
diverging thin lenses (f a1 = 1.5 , f a2 = −1.5 );

(b) a system of two thin converging lenses ( ,f a1 = 1.5 f a2 = 0.5 );
(c) a thick convex-concave lens (d = 4cm, n = 1.5, Φ = +1 50 D,

Φ = −2 50 D)

52. An optical system is located in air. Let OO′ be its optical axis, F and F ′
are the front and rear focal points, H and H ′ are the front and rear
principal planes, P and P′ are the conjugate points. By means of
plotting find:
(a) the positions F ′ and H ′ (Fig. 5.11a);
(b) the position of the point S ′ conjugate to the point S (Fig. 5.11b);

(c) the positions F , F ′ , and H ′ (Fig. 5.11c, where the path of the ray of
light is shown before and after passing through the system).

53. Suppose F and F ′ are the front and rear focal points of an optical
system, and H and H ′ are its front and rear principal points. By means
of plotting find the position of the image S ′ of the point S for the
following relative positions of the points S, F, F ′ , H, and H ′ :
(a) FSHH F′ ′ ; (b) HSF FH′ ′ ; (c) H SF FH′ ′ ; (d) F H SHF′ ′ .

54. A telephoto lens consists of two thin lenses, the front converging lens
and the rear diverging lens with optical powers Φ = +1 10 D and
Φ = −2 10 D. Find:
(a) the focal length and the positions of principal axes of that system if

the lenses are separated by a distance d = 4.0 cm;
(b) the distance d between the lenses at which the ratio of a focal

length f of the system to a distance l between the converging lens
and the rear principal focal point is the highest. What is this ratio
equal to?

55. Calculate the positions of the principal planes and focal points of a
thick convex-concave glass lens if the curvature radius of the convex
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surface is equal to R1 = 10.0 cm and of the concave surface to
R2 = 5.0 cm and the lens thickness is d = 3.0 cm.

56. An aligned optical system consists of two thin lenses with focal
lengths f1 and f2, the distance between the lenses being equal to d. The
given system has to be replaced by one thin lens which, at any position
of an object, would provide the same transverse magnification as the
system. What must the focal length of this lens be equal to and in what
position must it be placed with respect to the two-lens system?

57. A system consists of a thin symmetrical converging glass lens with the
curvature radius of its surfaces R = 38 cm and a plane mirror oriented
at right angles to the optical axis of the lens. The distance between the
lens and the mirror is l = 12 cm. What is the optical power of this
system when the space between the lens and the mirror is filled up
with water?

58. At what thickness will a thick convex-concave glass lens in air
(a) serve as a telescope provided the curvature radius of its convex

surface is ∆R = 1.5 cm greater than that of its concave surface?
(b) have the optical power equal to −1.0 D if the curvature radii of its

convex and concave surfaces are equal to 10.0 and 7.5 cm
respectively?

59. Find the positions of the principal planes, the focal length and the sign
of the optical power of a thick convex-concave glass lens
(a) whose thickness is equal to d and curvature radii of the surfaces are

the same and equal to R;
(b) whose refractive surfaces are concentric and have the curvature

radii R1 and R R R2 2 1( ).>
60. A telescope system consists of two glass balls with radii R1 = 5.0 cm

and R2 = 1.0 cm.What are the distance between the centres of the balls
and the magnification of the system if the bigger ball serves as an
objective?

61. Two identical thick symmetrical biconvex lenses are put close
together. The thickness of each lens equals the curvature radius of its
surfaces, i.e., d R= =3.0 cm. Find the optical power of this system in
air.

62. A ray of light propagating in an isotropic medium with refractive index
n varying gradually from point to point has a curvature radius ρ
determined by the formula

1

ρ
= ∂

∂N
n(ln ),

where the derivative is taken with respect to the principal normal to
the ray. Derive this formula, assuming that in such a medium the law
of refraction n sin θ =const holds. Here θ is the angle between the ray
and the direction of the vector ∇ n at a given point.

63. Find the curvature radius of a ray of light propagating in a horizontal
direction close to the Earth’s surface where the gradient of the
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refractive index in air is equal to approximately 3 10 8 1× − −m . At what

value of that gradient would the ray of light propagate all the way
round the Earth?

5.2 Interference of Light
● Width of a fringe:

∆x
l

d
= λ, …(5.2a)

where l is the distance from the sources to the screen, d is the distance
between the sources.

● Temporal and spatial coherences. Coherence length and coherence radius:

lcoh
~ ,− λ

λ

2

∆
ρ λ

ψcoh
~ ,− …(5.2b)

where ψ is the angular dimension of the source.
● Condition for interference maxima in the case of light reflected from a thin

plate of thickness b:

2 1 22 2
1b n k− = +sin ( / ) ,θ λ …(5.2c)

where k is an integer.
● Newton’s rings produced on reflection of light from the surfaces of an air

interlayer formed between a lens of radius R and a glass plate with which the
convex surface of the lens is in contact. The radii of the rings:

r Rk= λ / ,2 …(5.2d)

with the rings being bright if k = 1, 3 5, , Kand dark if k = 2, 4 6, , KThe value
k = 0 corresponds to the middle of the central dark spot.

64. Demonstrate that when two harmonic oscillations are added, the

time-averaged energy of the resultant oscillation is equal to the sum of

the energies of the constituent oscillations, if both of them

(a) have the same direction and are incoherent, and all the values of

the phase difference between the oscillations are equally probable;

(b) are mutually perpendicular, have the same frequency and an

arbitrary phase difference.

65. By means of plotting find the amplitude of the oscillation resulting

from the addition of the following three oscillations of the same

direction:

ξ ω1 = a tcos , ξ ω2 2= a tsin , ξ ω π3 3= +1.5a tcos ( / ).

66. A certain oscillation results from the addition of coherent oscillations

of the same direction ξ ωk a t k= + − φcos [ ( ) ],1 where k is the number

of the oscillation ( , ..., ),k N= 1 2, φ is the phase difference between the

kth and ( )k − 1 th oscillations. Find the amplitude of the resultant

oscillation.
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67. A system illustrated in Fig. 5.12 consists of two coherent
point sources 1 and 2 located in a certain plane so that their
dipole moments are oriented at right angles to that plane.
The sources are separated by a distance d, the radiation
wavelength is equal to λ. Taking into account that the
oscillations of source 2 lag in phase behind the oscillations
of source 1 by φ φ <( ),π find:
(a) the angles θ at which the radiation intensity is maximum;
(b) the conditions under which the radiation intensity in the direction

θ π= is maximum and in the opposite direction, minimum.

68. A stationary radiating system consists of a linear chain of parallel
oscillators separated by a distance d, with the oscillation phase
varying linearly along the chain. Find the time dependence of the
phase difference ∆φbetween the neighbouring oscillators at which the
principal radiation maximum of the system will be “scanning” the
surroundings with the constant angular velocity ω.

69. In Lloyd’s mirror experiment
(Fig. 5.13) a light wave emitted
directly by the source S (narrow
slit) interferes with the wave
reflected from a mirror M. As a
result, an interference fringe
pattern is formed on the screen Sc.
The source and the mirror are separated by a distance l = 100 cm. At a
certain position of the source the fringe width on the screen was equal
to ∆x = 0.25 mm,and after the source was moved away from the mirror
plane by ∆h = 0.60 mm, the fringe width decreased η = 1.5
times. Find the wavelength of light.

70. Two coherent plane light waves propagating with a divergence angle
ψ <<1 fall almost normally on a screen. The amplitudes of the waves
are equal. Demonstrate that the distance between the neighbouring
maxima on the screen is equal to ∆x = λ ψ/ ,where λ is the wavelength.

71. Figure 5.14 illustrates the
interference experiment with
Fresnel mirrors. The angle between
the mirrors is α = ′12 , the distances
from the mirrors’ intersection line
to the narrow slit S and the screen
Sc and equal to r = 10.0 cm and
b = 130 cm respectively. The
wavelength of light is λ µ= 0.55 m. Find :
(a) the width of a fringe on the screen and the number of possible

maxima;
(b) the shift of the interference pattern on the screen when the slit is

displaced byδl = 1.0 mm along the arc of radius r with centre at the
point O;
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(c) at what maximum width δmax of the slit the interference fringes on
the screen are still observed sufficiently sharp.

72. A plane light wave falls on Fresnel mirrors with an angle α = ′2.0

between them. Determine the wavelength of light if the width of the
fringe on the screen ∆x = 0.55 mm.

73. A lens of diameter 5.0 cm and focal length f = 25.0 cm was cut along

the diameter into two identical halves. In the process, the layer of the
lens a = 1.00 mm in thickness was lost. Then the halves were put
together to form a composite lens. In this focal plane a narrow slit was
placed, emitting monochromatic light with wavelength λ µ= 0.60 m.
Behind the lens a screen was located at a distance b = 50 cm from it.
Find :
(a) the width of a fringe on the screen and the number of possible

maxima;
(b) the maximum width of the slit δmax at which the fringes on the

screen will be still observed sufficiently sharp.

74. The distances from a Fresnel biprism to a narrow slit and a screen are
equal to a = 25 cmand b = 100 cmrespectively. The refracting angle of
the glass biprism is equal to θ = ′20 .Find the wavelength of light if the
width of the fringe on the screen is ∆x = 0.55 mm.

75. A plane light wave with wavelength
λ µ= 0.70 m falls normally on the base of a
biprism made of glass (n = 1.520) with
refracting angle θ = °5.0 . Behind the biprism
(Fig. 5.15) there is a plane-parallel plate, with
the space between them filled up with
benzene (n′ = 1.500). Find the width of a
fringe on the screen Sc placed behind this
system.

76. A plane monochromatic light wave falls normally on a diaphragm with
two narrow slits separated by a distanced = 2.5 mm.A fringe pattern is
formed on a screen placed at a distance l = 100 cm behind the
diaphragm. By what distance and in which direction will these fringes
be displaced when one of the slits is covered by a glass plate of
thickness h = 10 µm?

77. Fig. 5.16 illustrates an
interferometer used in
measurements of
refractive indices of
transparent
substances. Here S is a
narrow slit illuminated
by monochromatic light with wavelength λ = 589 nm, 1 and 2 are
identical tubes with air of length l = 10.0 cm each, D is a diaphragm
with two slits. After the air in tube 1 was replaced with ammonia gas,
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the interference pattern on the screen Sc was displaced upward by
N = 17 fringes. The refractive index of air is equal to n = 1.000277.
Determine the refractive index of ammonia gas.

78. An electromagnetic wave falls normally on the boundary between two
isotropic dielectrics with refractive indices n1 and n2.

Making use of the continuity condition for the tangential components,
E and H across the boundary, demonstrate that at the interface the
electric field vector E
(a) of the transmitted wave experiences no phase jump;
(b) of the reflected wave is subjected to the phase jump equal to π if it

is reflected from a medium of higher optical density.

79. A parallel beam of white light falls on a thin film whose refractive
index is equal to n = 1.33. The angle of indices is θ1 52= °. What must
the film thickness be equal to for the reflected light to be coloured
yellow (λ µ= 0.60 m) most intensively?

80. Find the minimum thickness of a film with refractive index 1.33 at
which light with wavelength 0.64 µm experiences maximum
reflection while light with wavelength 0.40 µm is not reflected at all.
The incidence angle of light is equal to 30°.

81. To decrease light losses due to reflection from the glass surface the
latter is coated with a thin layer of substance whose refractive index
n n′ = , where n is the refractive index of the glass. In this case the

amplitudes of electromagnetic oscillations reflected from both coated
surfaces are equal. At what thickness of that coating is the glass
reflectivity in the direction of the normal equal to zero for light with
wavelength λ ?

82. Diffused monochromatic light with wavelength λ = 0.60 µm falls on a

thin film with refractive index n = 1.5. Determine the film thickness if
the angular separation of neighbouring maxima observed in reflected
light at the angles close to θ = °45 to the normal is equal to δθ = °3.0 .

83. Monochromatic light passes through an
orifice in a screen Sc (Fig. 5.17) and being
reflected from a thin transparent plate P
produces fringes of equal inclination on
the screen. The thickness of the plate is
equal to d, the distance between the plate
and the screen is l, the radii of the ith and
kth dark rings are ri and rk . Find the
wavelength of light taking into account that r li k, .<<

84. A plane monochromatic light wave with wavelength λ falls on the
surface of a glass wedge whose faces form an angleα << 1.The plane of
incidence is perpendicular to the edge, the angle of incidence is θ1.
Find the distance between the neighbouring fringe maxima on the
screen placed at right angles to reflected light.
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85. Light with wavelength λ µ= 0.55 m from a distant point source falls

normally on the surface of a glass wedge. A fringe pattern whose
neighbouring maxima on the surface of the wedge are separated by a
distance ∆x = 0.21 mm is observed in reflected light. Find:
(a) the angle between the wedge faces;
(b) the degree of light monochromatism ( )∆λ /λ if the fringes disappear

at a distance l ~− 1.5 cm from the wedge’s edge.

86. The convex surface of a plano-convex glass lens comes into contact
with a glass plate. The curvature radius of the lens’s convex surface is
R, the wavelength of light is equal to λ. Find the width ∆r of a Newton
ring as a function of its radius r in the region where ∆r r<< .

87. The convex surface of a plano-convex glass lens with curvature radius
R = 40 cm comes into contact with a glass plate. A certain ring
observed in reflected light has a radius r = 2.5 mm.Watching the given
ring, the lens was gradually removed from the plate by a distance
∆h = 5.0 m.µ What has the radius of that ring become equal to?

88. At the crest of a spherical surface of a plano-convex lens there is a
ground-off plane spot of radius r0 = 3.0 mm through which the lens
comes into contact with a glass plate. The curvature radius of the
lens’s convex surface is equal to R = 150 cm. Find the radius of the
sixth bright ring when observed in reflected light with wavelength
λ = 655 nm.

89. A plano-convex glass lens with curvature radius of spherical surface
R = 12.5 cmis pressed against a glass plate. The diameters of the tenth
and fifteenth dark Newton’s rings in reflected light are equal to
d1 = 1.00 mm and d2 = 1.50 mm. Find the wavelength of light.

90. Two plano-convex thin glass lenses are brought into contact with their
spherical surfaces. Find the optical power of such a system if in
reflected light with wavelength λ µ= 0.60 m the diameter of the fifth
bright ring is d = 1.50 mm.

91. Two thin symmetric glass lenses, one biconvex and the other
biconcave, are brought into contact to make a system with optical
power Φ =0.50 D. Newton’s rings are observed in reflected light with
wavelength λ µ= 0.61 m. Determine:
(a) the radius of the tenth dark ring;
(b) how the radius of that ring will change when the space between the

lenses is filled up with water.

92. The spherical surface of a plano-convex lens comes into contact with a
glass plate. The space between the lens and the plate is filled up with
carbon dioxide. The refractive indices of the lens, carbon dioxide, and
the plate are equal to n1 = 1.50, n2 = 1.63, and n3 = 1.70 respectively.
The curvature radius of the spherical surface of the lens is equal to
R = 100 cm. Determine the radius of the fifth dark Newton’s ring in
reflected light with wavelength λ µ= 0.50 m.
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93. In a two-beam interferometer the orange mercury line composed of

two wavelengths λ1 = 576.97 nm and λ2 = 579.03 nm is employed.

What is the least order of interference at which the sharpness of the

fringe pattern is the worst?

94. In Michelson’s interferometer the yellow sodium line composed of two

wavelengths λ1 = 589.0 nmand λ2 = 589.6 nmwas used. In the process

of translational displacement of one of the mirrors the interference

pattern vanished periodically (why?). Find the displacement of the

mirror between two successive appearances of the sharpest pattern.

95. When a Fabry-Perot etalon is illuminated by monochromatic light

with wavelength λ an interference pattern, the system of concentric

rings, appears in the focal plane of a lens (Fig. 5.18). The thickness of

the etalon is equal to d. Determine how

(a) the position of rings;

(b) the angular width of fringes depends on the order of interference.

96. For the Fabry-Perot etalon of thickness d = 2.5 cm find:

(a) the highest order of interference of light with wavelength

λ µ= 0.50 m;

(b) the dispersion region ∆λ, i.e., the spectral interval of wavelengths,

within which there is still no overlap with other orders of

interference if the observation is carried out approximately at

wavelength λ µ= 0.50 m.

5.3 Diffraction of light
● Radius of the periphery of the kth Fresnel zone:

r k
ab

a b
k =

+
λ , k = 1 3, , ...,2, …(5.3a)

● Cornu’s spiral (Fig. 5.19). The numbers along that spiral correspond to the

values of parameter v. In the case of a plane wave v x b= 2/ ,λ where x and b

are the distances defining the position of the element dS of a wavefront
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relative to the observation point P as shown in the upper left corner of the

figure.

● Fraunhofer diffraction produced by light falling normally from a slit.

Condition of intensity minima:

b ksin ,θ λ= ± k = 1 3, , ,2, K …(5.3b)

where b is the width of the slit, θ is the diffraction angle.
● Diffraction grating, with light falling normally. The main Fraunhofer

maxima appear under the condition

d ksin ,θ λ= ± k = 0 1, , ,2, K …(5.3c)

the condition of additional minima:

d
k

N
sin ,θ λ= ± ′

…(5.3d)

where k ′ = 1, ...,2, except for 0 2, ,` ,N N K

● Angular dispersion of a diffraction grating:

D
k

d
= =δθ

δλ θcos
. …(5.3e)

● Resolving power of a diffraction grating:

R kN= =λ
δλ

, …(5.3f)

where N is the number of lines of the grating.
● Resolving power of an objective

R
D= =1

δψ λ1.22
, …(5.3g)

where δψ is the least angular separation resolved by the objective, D is the

diameter of the objective.
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● Bragg’s equation. The condition of diffraction maxima:

2d ksin ,α λ= ± …(5.3h)

where d is the interplanar distance, α is the glancing angle, k = 1 3, ,2, K

97. A plane light wave falls normally on a diaphragm with round aperture

opening the first N Fresnel zones for a point P on a screen located at a

distance b from the diaphragm. The wavelength of light is equal to λ.

Find the intensity of light I0 in front of the diaphragm if the

distribution of intensity of light I r( ) on the screen is known. Here r is

the distance from the point P.

98. A point source of light with wavelength λ µ= 0.50 m is located at a

distance a = 100 cm in front of a diaphragm with round aperture of

radius r = 1.0 mm.Find the distance b between the diaphragm and the

observation point for which the number of Fresnel zones in the

aperture equals k = 3.

99. A diaphragm with round aperture, whose radius r can be varied during

the experiment, is placed between a point source of light and a screen.

The distances from the diaphragm to the source and the screen are

equal to a = 100 cmand b = 125 cm. Determine the wavelength of light

if the intensity maximum at the centre of the diffraction pattern of the

screen is observed at r1 = 1.00 mm and the next maximum at

r2 = 1.29 mm.

100. A plane monochromatic light wave with intensity I0 falls normally on

an opaque screen with a round aperture. What is the intensity of light I

behind the screen at the point for which the aperture

(a) is equal to the first Fresnel zone; to the internal half of the first

zone;

(b) was made equal to the first Fresnel zone and then half of it was

closed (along the diameter)?

101. A plane monochromatic light wave with intensity I0 falls normally on

an opaque disc closing the first Fresnel zone for the observation

point P. What did the intensity of light I at the point P become equal to

after

(a) half of the disc (along the diameter) was removed;

(b) half of the external half of the first Fresnel zone was removed

(along the diameter)?

102. A plane monochromatic light wave with intensity I0 falls normally on

the surfaces of the opaque screens shown in Fig. 5.20. Find the

intensity of light I at a point P.

204 | Optics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


(a) located behind the corner points of screens 1-3 and behind the
edge of half-plane 4;

(b) for which the rounded-off edge of screens 5-8 coincides with the
boundary of the first Fresnel zone.

Derive the general formula describing the results obtained for screens
1-4; the same,for screens 5-8.

103. A plane light wave with wavelength
λ µ= 0.60 m falls normally on a sufficiently
large glass plate having a round recess on the
opposite side (Fig. 5.21). For the observation
point P that recess corresponds to the first
one and a half Fresnel zones. Find the depth
h of the recess at which the intensity of light
at the point P is
(a) maximum;
(b) minimum;
(c) equal to the intensity of incident light.

104. A plane light wave with wavelength λ and intensity I0 falls normally

on a large glass plate whose opposite side serves as an opaque screen
with a round aperture equal to the first Fresnel zone for the
observation point P. In the middle of the aperture there is a round
recess equal to half the Fresnel zone. What must the depth h of that
recess be for the intensity of light at the point P to be the highest? What
is this intensity equal to?

105. A plane light wave with wavelength λ µ= 0.57 m falls normally on a

surface of a glass (n = 1.60) disc which shuts one and a half Fresnel
zones for the observation point P. What must the minimum thickness
of that disc be for the intensity of light at the point P to be the highest?
Take into account the interference of light on its passing through the
disc.
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106. A plane light wave with wavelength λ µ= 0.54 m goes through a thin

converging lens with focal length f = 50 cm and an aperture stop fixed
immediately after the lens, and reaches a screen placed at a distance
b = 75 cm from the aperture stop. At what aperture radii has the centre
of the diffraction pattern on the screen the maximum illuminance?

107. A plane monochromatic light wave falls normally on a round aperture.
At a distance b = 9.0 m from it there is a screen showing a certain
diffraction pattern. The aperture diameter was decreased η = 3.0 times.
Find the new distance b′ at which the screen should be positioned to
obtain the diffraction pattern similar to the previous one but
diminished η times.

108. An opaque ball of diameter D = 40 mm is placed between a source of

light with wavelength λ µ= 0.55 m and a photographic plate. The
distance between the source and the ball is equal to a = 12 m and that
between the ball and the photographic plate is equal tob = 18 m.Find:
(a) the image dimension y′ on the plate if the transverse dimension of

the source is y = 6.0 mm;
(b) the minimum height of irregularities, covering the surface of the

ball at random, at which the ball obstructs light.

Note. As calculations and experience show that happens when the
height of irregularities is comparable with the width of the Fresnel
zone along which the edge of an opaque screen passes.

109. A point source of monochromatic light is positioned in front of a zone
plate at a distance a = 1.5 mfrom it. The image of the source is formed
at a distance b = 1.0 mfrom the plate. Find the focal length of the zone
plate.

110. A plane light wave with wavelength
λ µ= 0.60 mand intensity I0 falls normally on
a large glass plate whose side view is shown
in Fig. 5.22. At what height h of the ledge will
the intensity of light at points located
directly below be
(a) minimum;
(b) twice as low as I0 (the losses due to

reflection are to be neglected).

111. A plane monochromatic light wave falls normally on an opaque
half-plane. A screen is located at a distance b = 100 cm behind the
half-plane. Making use of the Cornu spiral (Fig. 5.19), find :
(a) the ratio of intensities of the first maximum and the neighbouring

minimum;
(b) the wavelength of light if the first two maxima are separated by a

distance ∆x = 0.63 mm.

112. A plane light wave with wavelength 0.60 µm falls normally on a long

opaque strip 0.70 mm wide. Behind it a screen is placed at a distance
100 cm. Using Fig. 5.19, find the ratio of intensities of light in the
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middle of the diffraction pattern and at the edge of the geometrical
shadow.

113. A plane monochromatic light wave falls normally on a long
rectangular slit behind which a screen is positioned at a distance
b = 60 cm.First the width of the slit was adjusted so that in the middle
of the diffraction pattern the lowest minimum was observed. After
widening the slit by ∆h = 0.70 mm,the next minimum was obtained in
the centre of the pattern. Find the wavelength of light.

114. A plane light wave with wavelength λ µ= 0.65 m falls normally on a

large glass plate whose opposite side has a long rectangular recess
0.60 mm wide. Using Fig. 5.19, find the depth h of the recess at which
the diffraction pattern on the screen 77 cm away from the plate has the
maximum illuminance at its centre.

115. A plane light wave with wavelength
λ µ= 0.65 m falls normally on a large glass
plate whose opposite side has a ledge and an
opaque strip of width a = 0.30 mm
(Fig. 5.23). A screen is placed at a distance
b = 110 cm from the plate. The height h of
the ledge is such that the intensity of light at
point 2 of the screen is the highest possible.
Making use of Fig. 5.19, find the ratio of
intensities of points 1 and 2.

116. A plane monochromatic light wave of intensity I0 falls normally on an

opaque screen with a long slit having a semicircular cut on one side
(Fig. 5.24). The edge of the cut coincides with the boundary line of the
first Fresnel zone for the observation point P. The width of the slit
measures 0.90 of the radius of the cut. Using Fig. 5.19, find the
intensity of light at the point P.

117. A plane monochromatic light wave falls normally on an opaque screen
with a long slit whose shape is shown in Fig. 5.25. Making use of
Fig. 5.19, find the ratio of intensities of light at points 1, 2, and 3
located behind the screen at equal distances from it. For point 3 the
rounded-off edge of the slit coincides with the boundary line of the
first Fresnel zone.

118. A plane monochromatic light wave falls normally on an opaque screen
shaped as a long strip with a round hole in the middle. For the
observation point P the hole corresponds to half the Fresnel zone, with
the hole diameter being η = 1.07 times less than the width of the strip.
Using Fig. 5.19, find the intensity of light at the point P provided that
the intensity of the incident light is equal to I0.
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119. Light with wavelength λ falls normally on a long rectangular slit of
width b. Find the angular distribution of the intensity of light in the
case of Fraunhofer diffraction, as well as the angular position of
minima.

120. Making use of the result obtained in the foregoing problem, find the
conditions defining the angular position of maxima of the first,the
second, and the third order.

121. Light with wavelength λ µ= 0.50 m falls on a slit of width b = 10 µm at

an angle θ0 30= ° to its normal. Find the angular position of the first
minima located on both sides of the central Fraunhofer maximum.

122. A plane light wave with wavelength λ µ= 0.60 mfalls normally on the

face of a glass wedge with refracting angleθ = °15 .The opposite face of
the wedge is opaque and has a slit of width b = 10 µm parallel to the
edge. Find:
(a) the angle ∆θ between the direction to the Fraunhofer maximum of

zeroth order and that of incident light;
(b) the angular width of the Fraunhofer maximum of the zeroth order.

123. A monochromatic beam falls on a reflection grating with period
d = 1.0 mm at a glancing angle α 0 = °1.0 . When it is diffracted at a
glancing angleα = °3.0 a Fraunhofer maximum of second order occurs.
Find the wavelength of light.

124. Draw the approximate diffraction pattern originating in the case of the
Fraunhofer diffraction from a grating consisting of three identical slits
if the ratio of the grating period to the slit width is equal to
(a) two;
(b) three.

125. With light falling normally on a diffraction grating, the angle of
diffraction of second order is equal to 45° for a wavelength
λ µ1 = 0.65 m. Find the angle of diffraction of third order for a
wavelength λ µ2 = 0.50 m.

126. Light with wavelength 535 nm falls normally on a diffraction grating.
Find its period if the diffraction angle 35° corresponds to one of the
Fraunhofer maxima and the highest order of spectrum is equal to five.

127. Find the wavelength of monochromatic light falling normally on a
diffraction grating with period d = 2.2 mµ if the angle between the
directions to the Fraunhofer maxima of the first and the second order
is equal to ∆θ = °15 .

128. Light with wavelength 530 nm falls on a transparent diffraction grating
with period 1.50 µm. Find the angle, relative to the grating normal, at
which the Fraunhofer maximum of highest order is observed provided
the light falls on the grating
(a) at right angles;
(b) at the angle 60° to the normal.
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129. Light with wavelength λ µ= 0.60 m falls normally on a diffraction

grating inscribed on a plane surface of a plano-convex cylindrical glass
lens with curvature radius R = 20 cm. The period of the grating is
equal tod = 6.0 mµ . Find the distance between the principal maxima of
first order located symmetrically in the focal plane of that lens.

130. A plane light wave with wavelength λ µ= 0.50 mfalls normally on the

face of a glass wedge with an angle θ = °30 .On the opposite face of the
wedge a transparent diffraction grating with period d = 2.00 mµ is
inscribed, whose lines are parallel to the wedge’s edge. Find the angles
that the direction of incident light forms with the directions to the
principal Fraunhofer maxima of the zero and the first order. What is
the highest order of the spectrum? At what angle to the direction of
incident light is it observed?

131. A plane light wave with wavelength λ falls normally on a phase
diffraction grating whose side view is shown in Fig. 5.26. The grating is
cut on a glass plate with refractive index n. Find the depth h of the
lines at which the intensity of the central Fraunhofer maximum is
equal to zero. What is in this case the diffraction angle corresponding
to the first maximum?

132. Figure 5.27 illustrates an arrangement employed in observations of
diffraction of light by ultrasound. A plane light wave with wavelength
λ µ= 0.55 mpasses through the water-filled tank T in which a standing
ultrasonic wave is sustained at a frequency ν = 4.7 MHz.As a result of
diffraction of light by the optically inhomogeneous periodic structure
a diffraction spectrum can be observed in the focal plane of the
objective O with focal length f = 35 cm. The separation between
neighbouring maxima is ∆x = 0.60 mm. Find the propagation velocity
of ultrasonic oscillations in water.

133. To measure the angular distance ψ between the components of a

double star by Michelson’s method, in front of a telescope’s lens a
diaphragm was placed, which had two narrow parallel slits separated
by an adjustable distance d. While diminishing d, the first smearing of
the pattern was observed in the focal plane of the objective at
d = 95 cm. Find ψ, assuming the wavelength of light to be equal to
λ µ= 0.55 m.

Optics | 209

h

λ

a a

O
T

Fig. 5.26 Fig. 5.27

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


134. A transparent diffraction grating has a period d = 150. µm. Find the

angular dispersion D (in angular minutes per nanometres)
corresponding to the maximum of highest order for a spectral line of
wavelength λ = 530 nm of light falling on the grating
(a) at right angles;
(b) at the angle θ0 45= ° to the normal.

135. Light with wavelength λ falls on a diffraction grating at right angles.
Find the angular dispersion of the grating as a function of diffraction
angle θ.

136. Light with wavelength λ = 589.0 nm falls normally on a diffraction

grating with period d = 25. µm comprising N = 10000, lines. Find the
angular width of the diffraction maximum of second order.

137. Demonstrate that when light falls on a diffraction grating at right
angles, the maximum resolving power of the grating cannot exceed the
value l / ,λ where l is the width of the grating and λ is the wavelength of
light.

138. Using a diffraction grating as an example, demonstrate that the
frequency difference of two maxima resolved according to Rayleigh’s
criterion is equal to the reciprocal of the difference of propagation
times of the extreme interfering oscillations, i.e., δν δ=1/ .t

139. Light composed of two spectral lines with wavelengths 600.000 and
600.050 nm falls normally on a diffraction grating 10.0 m wide. At a
certain diffraction angle θ these lines are close to being resolved
(according to Rayleigh’s criterion). Find θ.

140. Light falls normally on a transparent diffraction grating of width
l = 6.5 cm with 200 lines per millimeter. The spectrum under
investigation includes a spectral line with λ = 670.8 mm consisting of
two components differing by δλ = 0.015 nm. Find:
(a) in what order of the spectrum these components will be resolved;
(b) the least difference of wavelengths that can be resolved by this

grating in a wavelength region λ ≈ 670 nm.

141. With light falling normally on a transparent diffraction grating 10 mm
wide, it was found that the components of the yellow line of sodium
(589.0 and 589.6 nm) are resolved beginning with the fifth order of the
spectrum. Evaluate:
(a) the period of this grating;
(b) what must be the width of the grating with the same period for a

doublet λ = 460.0 nm whose components differ by 0.13 nm to be
resolved in the third order of the spectrum.

142. A transparent diffraction grating of a quartz spectrograph is 25 mm
wide and has 250 lines per millimetre. The focal length of an objective
in whose focal plane a photographic plate is located is equal to 80 cm.
Light falls on the grating at right angles. The spectrum under
investigation includes a doublet with components of wavelengths
310.154 and 310.184 nm. Determine:
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(a) the distances on the photographic plate between the components
of this doublet in the spectra of the first and the second order;

(b) whether these components will be resolved in these orders of the
spectrum.

143. The ultimate resolving power λ /δλ of the spectrograph’s trihedral

prism is determined by diffraction of light at the prism edges (as in the
case of a slit). When the prism is oriented to the least deviation angle in
accordance with Rayleigh’s criterion,

λ /δλ λ= b dn d| / |,

where b is the width of the prism’s base (Fig. 5.28), and dn d/ λ is the
dispersion of its material. Derive this formula.

144. A spectrograph’s trihedral prism is manufactured from glass whose
refractive index varies with wavelength as n A B= + / ,λ2 where A and B

are constants, with B being equal to 0.010 mµ 2. Making use of the

formula from the foregoing problem, find:
(a) how the resolving power of the prism depends on λ; calculate the

value of λ δλ/ in the vicinity of λ1 434= nm and λ2 656= nm if the
width of the prism’s base is b = 5.0 cm;

(b) the width of the prism’s base capable of resolving the yellow
doublet of sodium (589.0 and 589.6 nm).

145. How wide is the base of a trihedral prism which has the same resolving
power as a diffraction grating with 10000 lines in the second order of
the spectrum if| / | ?dn dλ µ= −0.10 m 1

146. There is a telescope whose objective has a diameter D = 5.0 cm. Find

the resolving power of the objective and the minimum separation
between two points at a distance l = 3.0 kmfrom the telescope, which
it can resolve (assume λ µ= 0.55 m).

147. Calculate the minimum separation between two points on the Moon
which can be resolved by a reflecting telescope with mirror diameter
5 m. The wavelength of light is assumed to be equal to λ µ= 0.55 m.

148. Determine the minimum multiplication of a telescope with diameter
of objective D = 5.0 cmwith which the resolving power of the objective
is totally employed if the diameter of the eye’s pupil is d0 = 4.0 mm.

Optics | 211

A

D
C

E

B

Fig. 5.28

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


149. There is a microscope whose objective’s numerical aperture is
sin α = 0.24,whereα is the half-angle subtended by the objective’s rim.
Find the minimum separation resolved by this microscope when an
object is illuminated by light with wavelength λ µ= 0.55 m.

150. Find the minimum magnification of a microscope, whose objective’s
numerical aperture is sin α = 0.24,at which the resolving power of the
objective is totally employed if the diameter of the eye’s pupil is
d0 = 4.0 mm.

151. A beam of X-rays with wavelength λ falls at a glancing angle 60.0° on a
linear chain of scattering centres with period a. Find the angles of
incidence corresponding to all diffraction maxima if λ = 2 5a/ .

152. A beam of X-rays with wavelength
λ = 40 pm falls normally on a plane
rectangular array of scattering centres and
produces a system of diffraction maxima
(Fig. 5.29) on a plane screen removed
from the array by a distance l = 10 cm.
Find the array periods a and b along the x
and y axes if the distances between
symmetrically located maxima of second
order are equal to ∆x = 60 mm(along the x axis) and ∆y = 40 mm(along
the y axis).

153. A beam of X-rays impinges on a three-dimensional rectangular array
whose periods are a, b, and c. The direction of the incident beam
coincides with the direction along which the array period is equal to a.
Find the directions to the diffraction maxima and the wavelengths at
which these maxima will be observed.

154. A narrow beam of X-rays impinges on the natural facet of a NaCl single
crystal, whose density is ρ = 2.16 g/cm3 at a glancing angle α = °60.0 .

The mirror reflecting from this facet produces a maximum of second
order. Find the wavelength of radiation.

155. A beam of X-rays with wavelength λ = 174 pmfalls on the surface of a

single crystal rotating about its axis which is parallel to its surface and
perpendicular to the direction of the incident beam. In this case the
directions to the maxima of second and third order from the system of
planes parallel to the surface of the single crystal form an angleα = °60
between them. Find the corresponding interplanar distance.

156. On transmitting a beam of X-rays with wavelength λ = 17.8 pm

through a polycrystalline specimen a system of diffraction rings is
produced on a screen located at a distance l = 15 cm from the
specimen. Determine the radius of the bright ring corresponding to
second order of reflection from the system of planes with interplanar
distance d = 155 pm.
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5.4 Polarization of Light
● Degree of polarization of light:

P
I I

I I
= −

+
max min

max min

. …(5.4a)

● Malus’s law:

I I= φ0
2cos . …(5.4b)

● Brewster’s law:

tan / .θB n n= 2 1 …(5.4c)
● Fresnel equations for intensity of light reflected at the boundary between

two dielectrics:

I I⊥ ⊥′ = −
+

sin ( )

sin ( )
,

2
1 2

2
1 2

θ θ
θ θ

I I|| ||

tan ( )

tan ( )
,′ = −

+

2
1 2

2
1 2

θ θ
θ θ

…(5.4d)

where I ⊥ and I|| are the intensities of incident light whose electric vector
oscillations are respectively perpendicular and parallel to the plane of
incidence.

● A crystalline plate between two polarizers P and P ′. If the angle between the
plane of polarizer P and the optical axis OO ′ of the plate is equal to 45°, the
intensity I ′ of light which passes through the polarizer P ′ turns out to be
either maximum or minimum under the following conditions:

Polarizers P and P ′ δ π=2 k δ π= +( )2 1k

parallel

crossed

I|| max′ =
I ⊥ ′ = min

I|| min′ =
I ⊥ ′ = max

Here δ π λ= −2 0( ) /n n de is the phase difference between the ordinary and
extraordinary rays, k = 0 1, , 2, K

● Natural and magnetic rotation of the plane of polarization:

φ =nat lα , φ =magn VlH, …(5.4f)

where α is the rotation constant, V is Verdet’s constant.

157. A plane mionochromatic wave of natural light with intensity I0 falls

normally on a screen composed of two touching Polaroid half-planes.
The principal direction of one Polaroid is parallel, and of the other
perpendicular, to the boundary between them. What kind of
diffraction pattern is formed behind the screen? What is the intensity
of light behind the screen at the points of the plane perpendicular to
the screen and passing through the boundary between the Polaroids?

158. A plane monochromatic wave of natural light with intensity I0 falls

normally on an opaque screen with round hole corresponding to the
first Fresnel zone for the observation point P. Find the intensity of light
at the point P after the hole was covered with two identical Polaroids
whose principal directions are mutually perpendicular and the
boundary between them passes.
(a) along the diameter of the hole;
(b) along the circumference of the circle limiting the frist half of the

Fresnel zone.
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159. A beam of plane-polarized light falls on a polarizer which rotates about
the axis of the ray with angular velocityω =21 rad/s. Find the energy of
light passing through the polarizer per one revolution if the flux of
energy of the incident ray is equal to Φ =0 4.0 mW.

160. A beam of natural light falls on a system of N = 6 Nicol prisms whose

transmission planes are turned each through an angle φ = °30 with
respect to that of the foregoing prism. What fraction of luminous flux
passes through this system?

161. Natural light falls on a system of three identical in-line Polaroids, the
principal direction of the middle Polaroid forming an angle φ = °60
with those of two other Polaroids. The maximum transmission
coefficient of each Polaroid is equal to τ = 0.81 when plane-polarized
light falls on them. How many times will the intensity of the light
decrease after its passing through the system?

162. The degree of polarization of partially polarized light is P = 0.25. Find

the ratio of intensities of the polarized component of this light and the
natural component.

163. A Nicol prism is placed in the way of partially polarized beam of light.
When the prism is turned from the position of maximum transmission
through an angle φ = °60 , the intensity of transmitted light decreased
by a factor of η = 3.0. Find the degree of polarization of incident light.

164. Two identical imperfect polarizers are placed in the way of a natural
beam of light. When the polarizers’ planes are parallel, the system
transmits η = 10.0 times more light than in the case of crossed planes.
Find the degree of polarization of light produced
(a) by each polarizer separately
(b) by the whole system when the planes of the polarizers are parallel.

165. Two parallel plane-polarized beams of
light of equal intensity whose oscillation
planes N1 and N2 form a small angle φ
between them (Fig. 5.30) fall on a Nicol
prism. To equalize the intensities of the
beams emerging behind the prism, its
principal direction N must be aligned
along the bisecting line A or B. Find the
value of the angle φ at which the rotation
of the Nicol prism through a small angle
δφ << φ from the position A results in
the fractional change of intensities of the beams ∆I I/ by the value
η = 100 times exceeding that resulting due to rotation through the
same angle from the position B.

166. Resorting to the Fresnel equations, demonstrate that light reflected
from the surface of dielectric will be totally polarized if the angle of
incidence θ1 satisfies the condition tan ,θ1 = n where n is the refractive
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index of the dielectric. What is in this case the angle between the
reflected and refracted rays?

167. Natural light falls at the Brewster angle on the surface of glass. Using
the Fresnel equations, find
(a) the reflection coefficient;
(b) the degree of polarization of refracted light.

168. A plane beam of natural light with intensity I0 falls on the surface of

water at the Brewster angle. A fraction ρ = 0.039 of luminous flux is
reflected. Find the intensity of the refracted beam.

169. A beam of plane-polarized light falls on the surface of water at the
Brewster angle. The polarization plane of the electric vector of the
electromagnetic wave makes an angle φ = °45 with the incidence
plane. Find the reflection coefficient.

170. A narrow beam of natural light falls on the
surface of a thick transparent plane-parallel
plate at the Brewster angle. As a result, a
fraction ρ = 0.080 of luminous flux is reflected
from its top surface. Find the degree of
polarization of beam 1-4 (Fig. 5.31).

171. A narrow beam of light of intensity I0 falls on a

plane-parallel glass plate (Fig. 5.31) at the
Brewster angle. Using the Frensnel equations,
find:
(a) the intensity of the transmitted beam I1 if the oscillation plane of

the incident plane-polarized light is perpendicular to the
incidence plane;

(b) the degree of polarization of the transmitted light if the light falling
on the plate is natural.

172. A narrow beam of natural light falls on a set of N thick plane-parallel
glass plates at the Brewster angle. Find:
(a) the degree P of polarization of the transmitted beam;
(b) what P is equal to when N = 1 5, ,2, and 10.

173. Using the Fresnel equations, find:
(a) the reflection coefficient of natural light falling normally on the

surface of glass;
(b) the relative loss of luminous flux due to reflections of a paraxial ray

of natural light passing through an aligned optical system
comprising five glass lenses (secondary reflections of light are to be
neglected).

174. A light wave falls normally on the surface of glass coated with a layer
of transparent substance. Neglecting secondary reflections,
demonstrate that the amplitudes of light waves reflected from the two
surfaces of such a layer will be equal under the condition n n′ = ,

where n′ and n are the refractive indices of the layer and the glass
respectively.
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175. A beam of natural light falls on the surface of glass at an angle of 45°.
Using the Fresnel equations, find the degree of polarization of
(a) reflected light;
(b) refracted light.

176. Using Huygens’s principle, construct the wavefronts and the
propagation directions of the ordinary and extraordinary rays in a
positive uniaxial crystal whose optical axis
(a) is perpendicular to the incidence plane and parallel to the surface

of the crystal;
(b) lies in the incidence plane and is parallel to the surface of the

crystal;
(c) lies in the incidence plane at an angle of 45° to the surface of the

crystal, and light falls at right angles to the optical axis.

177. A narrow beam of natural light with
wavelength λ = 589 nm falls normally on the
surface of a Wollaston polarizing prism made
of Iceland spar as shown in Fig. 5.32. The
optical axes of the two parts of the prism are
mutually perpendicular. Find the angle δ
between the directions of the beams behind
the prism if the angle θ is equal to 30°.

178. What kind of polarization has a plane electromagnetic wave if the
projections of the vector E on the x and y axes are perpendicular to the
propagation direction and are defined by the following equations:
(a) E E t kzx = −cos ( ),ω E E t kzy = −sin ( );ω
(b) E E t kzx = −cos ( ),ω E E t kzy = − +cos ( / );ω π 4
(c) E E t kzx = −cos ( ),ω E E t kzy = − +cos ( )?ω π

179. One has to manufacture a quartz plate cut parallel to its optical axis
and not exceeding 0.50 mm in thickness. Find the maximum thickness
of the plate allowing plane-polarized light with wavelength
λ = 589 nm
(a) to experience only rotation of polarization plane;
(b) to acquire circular polarization after passing through that plate.

180. A quartz plate cut parallel to the optical axis is placed between two
crossed Nicol prisms. The angle between the principal directions of
the Nicol prisms and the plate is equal to 45°. The thickness of the
plate is d = 0.50 mm. At what wavelengths in the interval from 0.50 to
0.60 mµ is the intensity of light which passed through that system
independent of rotation of the rear prism? The difference of refractive
indices for ordinary and extraordinary rays in that wavelength interval
is assumed to be ∆n = 0.0090.

181. White natural light falls on a system of two crossed Nicol prisms
having between them a quartz plate 1.50 mm thick, cut parallel to the
optical axis. The axis of the plate forms an angle of 45° with the
principal directions of the Nicol prisms. The light transmitted through
that system was split into the spectrum. How many dark fringes, will
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be observed in the wavelength interval from 0.55 to 0.66 µm? The
difference of refractive indices for ordinary and extraordinary rays in
that wavelength interval is assumed to be equal to 0.0090.

182. A crystalline plate cut parallel to its optical axis is 0.25 mm thick and
serves as a quarter-wave plate for a wavelength λ = 530 nm. At what
other wavelengths of visible spectrum will it also serve as a
quarter-wave plate? The difference of refractive indices for
extraordinary and ordinary rays is assumed to be constant and equal to
n ne o− =0.0090 at all wavelengths of the visible spectrum.

183. A quartz plate cut parallel to its optical axis is placed between two
crossed Nicol prisms so that their principle directions form an angle of
45° with the optical axis of the plate. What is the minimum thickness
of that plate transmitting light of wavelength λ1 643= nm with
maximum intensity while greatly reducing the intensity of
transmitting light of wavelength λ2 564= nm? The difference of
refractive indices for extraordinary and ordinary rays is assumed to be
equal to n ne o− =0.0090 for both wavelengths.

184. A quartz wedge with refracting angle θ = °3.5 is inserted between two

crossed Polaroids. The optical axis of the wedge is parallel to its edge
and forms an angle of 45° with the principal directions of the
Polaroids. On transmission of light with wavelength λ = 550 nm
through this system, an interference fringe pattern is formed. The
width of each fringe is ∆x = 1.0 mm. Find the difference of refractive
indices of quartz for ordinary and extraordinary rays at the wavelength
indicated above.

185. Natural monochromatic light of intensity I0 falls on a system of two

Polaroids between which a crystalline plate is inserted, cut parallel to
its optical axis. The plate introduces a phase difference δ between the
ordinary and extraordinary rays. Demonstrate that the intensity of
light transmitted through that system is equal to

I I= φ − φ′ − φ ⋅ φ′1

2
2 2 20

2 2[cos ( ) sin sin sin ( / )],δ

where φand φ′are the angles between the optical axis of the crystal and
the principal directions of the Polaroids. In particular, consider the
cases of crossed and parallel Polaroids.

186. Monochromatic light with circular polarization falls normally on a
crystalline plate cut parallel to the optical axis. Behind the plate there
is a Nicol prism whose principal direction forms an angle φ with the
optical axis of the plate. Demonstrate that the intensity of light
transmitted through that system is equal to

I I= + φ ⋅0 1 2( sin sin ),δ
where δ is the phase difference between the ordinary and
extraordinary rays which is introduced by the plate.
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187. Explain how, using a Polaroid and a quarter-wave plate made of
positive uniaxial crystal ( ),n ne o> to distinguish
(a) light with left-hand circular polarization from that with right-hand

polarization;
(b) natural light from light with circular polarization and from the

composition of natural light and that with circular polarization.

188. Light with wavelength λ falls on a system of
crossed polarizer P and analyser A between
which a Babinet compensator C is inserted
(Fig. 5.33). The compensator consists of two
quartz wedges with the optical axis of one of
them being parallel to the edge, and of the
other, perpendicular to it. The principal
directions of the polarizer and the analyser
form an angle of 45° with the optical axes of
the compensator. The refracting angle of the wedge is equal toθ θ( )<<1
and the difference of refractive indices of quartz is n ne o= . The
insertion of investigated birefringent sample S, with the optical axis
oriented as shown in the figure, results in displacement of the fringes
upward by δx mm. Find:
(a) the width of the fringe ∆x;
(b) the magnitude and the sign of the optical path difference of

ordinary and extraordinary rays, which appears due to the
sample S.

189. Using the tables of the Appendix, calculate the difference of refractive
indices of quartz for light of wavelength λ = 589.5 nmwith right-hand
and left-hand circular polarizations.

190. Plane-polarized light of wavelength 0.59 µm

falls on a trihedral quartz prism P (Fig. 5.34)
with refracting angle θ = °30 . Inside the
prism light propagates along the optical axis
whose direction is shown by hatching.
Behind the Polaroid Pol an interference
pattern of bright and dark fringes of width
∆x = 15.0 mm is observed. Find the specific
rotation constant of quartz and the
distribution of intensity of light behind the Polariod.

191. Natural monochromatic light falls on a system of two crossed Nicol
prisms between which a quartz plate cut at right angles to its optical
axis is inserted. Find the minimum thickness of the plate at which this
system will transmit η = 0.30 of luminous flux if the specific rotation
constant of quartz is equal to α = 17 ang. deg/mm.

192. Light passes through a system of two crossed Nicol prisms between
which a quartz plate cut at right angles to its optical axis is placed.
Determine the minimum thickness of the plate which allows light of
wavelength 436 nm to be completely cut off by the system and

218 | Optics

θ

θ

P S C A

Fig. 5.33

θ

P Pol

Fig. 5.34

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


transmits half the light of wavelength 497 nm. The specific rotation
constant of quartz for these wavelengths is equal to 41.5 and 31.1
angular degrees per mm respectively.

193. Plane-polarized light of wavelength 589 nm propagates along the axis
of a cylindrical glass vessel filled with slightly turbid sugar solution of
concentration 500 g/l. Viewing from the side, one can see a system of
helical fringes, with 50 cm between neighbouring dark fringes along
the axis. Explain the emergence of the fringes and determine the
specific rotation constant of the solution.

194. A Kerr cell is positioned between two crossed Nicol prisms so that the
direction of electric field E in the capacitor forms an angle of 45° with
the principal directions of the prisms. The capacitor has the length
l = 10 cm and is filled up with nitrobenzene. Light of wavelength
λ µ= 0.50 m passes through the system. Taking into account that in
this case the Kerr constant is equal to B = × −2.2 cm/ V10 10 2, find:

(a) the minimum strength of electric field E in the capacitor at which
the intensity of light that passes through this system is
independent of rotation of the rear prism;

(b) how many times per second light will be interrupted when a
sinusoidal voltage of frequency ν = 10 MHz and strength
amplitude Em = 50 kV/cm is applied to the capacitor.

Note: The Kerr constant is the coefficient B in the equation n0 —

195. Monochromatic plane-polarized light with angular frequency ωpasses
through a certain substance along a uniform magnetic field H. Find the
difference of refractive indices for right-hand and left-hand
components of light beam with circular polarization if the Verdet
constant is equal to V.

196. A certain substance is placed in a longitudinal magnetic field of a
solenoid located between two Polaroids. The length of the tube with
substance is equal to l = 30 cm. Find the Verdet constant if at a field
strength H = 56.5 kA/ m the angle of rotation of polarization plane is
equal to φ = + ° ′1 5 10 for one direction of the field and to φ = − ° ′2 3 20 , for
the opposite direction.

197. A narrow beam of plane-polarized light
passes through dextrorotatory positive
compound placed into a longitudinal
magnetic field as shown in Fig. 5.35.
Find the angle through which the
polarization plane of the transmitted
beam will turn if the length of the tube with the compound is equal to l,
the specific rotation constant of the compound is equal toα , the Verdet
constant is V, and the magnetic field strength is H.

198. A tube of length l = 26 cm is filled with benzene and placed in a

longitudinal magnetic field of a solenoid positioned between two
Polaroids. The angle between the principle directions of the Polaroids
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is equal to 45°. Find the minimum strength of the magnetic field at
which light of the wavelength 589 nm propagates through that system
only in one direction (optical valve). What happens if the direction of
the given magnetic field is changed to the opposite one?

199. Experience shows that a body irradiated with light with circular
polarization acquires a torque. This happens because such a light
possesses an angular momentum whose flow density in vacuum is
equal to M I= / ,ω where I is the intensity of light, ω is the angular
oscillation frequency. Suppose light with circular polarization and
wavelength λ µ= 0.70 mfalls normally on a uniform black disc of mass
m = 10 mg which can freely rotate about its axis. How soon will its
angular velocity become equal to ω0 = 1.0 rad/s provided
I = 10 2W/cm ?

5.5 Dispersion and Absorption of Light
● Permittivity of substance according to elementary theory of dispersion:

ε = + ε
−∑1

2
0

0
2 2

n e mk

kk

/
,

ω ω
…(5.5a)

where nk is the concentration of electrons of natural frequency ω0k .
● Relation between refractive index and permittivity of substance:

n = ε. …(5.5b)

● Phase velocity v and group velocity u:

v k= ω/ , u d dk= ω/ . …(5.5c)

● Rayleigh’s formula:

u v
dv

d
= − λ

λ
. …(5.5d)

● Attenuation of a narrow beam of electromagnetic radiation:

I I e d= −
0

µ , …(5.5e)

whereµ = + ′x x ,µ,x, x′ are the coefficients of linear attenuation, absorption,
and scattering.

200. A free electron is located in the field of a monochromatic light wave.
The intensity of light is I = 150 2W/ m , its frequency is

ω = × −3.4 s1015 1. Find:

(a) the electron’s oscillation amplitude and its velocity amplitude;
(b) the ratio F Fm e/ , where Fm and Fe are the amplitudes of forces with

which the magnetic and electric components of the light wave field

act on the electron; demonstrate that ratio is equal to
1

2
v c/ ,where v

is the electron’s velocity amplitude and c is the velocity of light.

Instruction. The action of the magnetic field component can be
disregarded in the equation of motion of the electron since the
calculations show it to be negligible.
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201. An electromagnetic wave of frequency ω propagates in dilute plasma.
The free electron concentration in plasma is equal to n0.Neglecting the
interaction of the wave and plasma ions, find;
(a) the frequency dependence of plasma permittivity;
(b) how the phase velocity of the electromagnetic wave depends on its

wavelength λ in plasma.

202. Find the free electron concentration in ionosphere if its refractive
index is equal to n = 0.90 for radiowaves of frequency ν = 100 MHz.

203. Assuming electrons of substance to be free when subjected to hard
X-rays, determine by what magnitude the refractive index of graphite
differs from unity in the case of X-rays whose wavelength in vacuum is
equal to λ = 50 pm.

204. An electron experiences a quasi-elastic force kx and a “friction force”
yx in the field of electromagnetic radiation. The E-component of the
field varies as E E t= 0 cos .ω Neglecting the action of the magnetic
component of the field, find
(a) the motion equation of the electron;
(b) the mean power absorbed by the electron; the frequency at which

the power is maximum and the expression for the maximum mean
power.

205. In some cases permittivity of substance turns out to be a complex or a
negative quantity, and refractive index, respectively, a complex
( )n n ix′ = + or an imaginary ( )n ix′ = quantity. Write the equation of a
plane wave for both of these cases and find out the physical meaning
of such refractive indices.

206. A sounding of dilute plasma by radiowaves of various frequencies
reveals that radiowaves with wavelengths exceeding λ 0 = 0.75 m
experience total internal reflection. Find the free electron
concentration in that plasma.

207. Using the definition of the group velocity u,
derive Rayleigh’s formula (5.5d).
Demonstrate that in the vicinity of λ λ= ′ the
velocity u is equal to the segment v′ cut by
the tangent of the curve v( )λ at the point λ′
(Fig. 5.36).

208. Find the relation between the group
velocity u and phase velocity v for the
following dispersion laws:
(a) v ∝ 1/ ;λ
(b) v k∝ ;
(c) v ∝ 1 2/ .ω
Here, λ, k, and ω are the wavelength, wave number, and angular
frequency.

209. In a certain medium the relationship between the group and phase
velocities of an electromagnetic wave has the form uv c= 2, where c is
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the velocity of light in vacuum. Find the dependence of permittivity of
that medium on wave frequency, ε ( ).ω

210. The refractive index of carbon dioxide at the wavelengths 509, 534,
and 589 nm is equal to 1.647, 1.640, and 1.630 respectively. Calculate
the phase and group velocities of light in the vicinity of λ = 534 nm.

211. A train of plane light waves propagates in the medium where the phase
velocity v is a linear function of wavelength : v a b= + λ,where a and b
are some positive constants. Demonstrate that in such a medium the
shape of an arbitrary train of light waves is restored after the time
interval τ = 1/ ,b

212. A beam of natural light of intensity I0 falls on a system of two crossed

Nicol prisms between which a tube filled with certain solution is
placed in a longitudinal magnetic field of strength H. The length of the
tube is l, the coefficient of linear absorption of solution is x, and the
Verdet constant is V. Find the intensity of light transmitted through
that system.

213. A plane monochromatic light wave of intensity I0 falls normally on a

plane-parallel plate both of whose surfaces have a reflection
coefficientρ.Taking into account multiple reflection, find the intensity
of the transmitted light if
(a) the plate is perfectly transparent, i.e.,the absorption is absent;
(b) the coefficient of linear absorption is equal to x, and the plate

thickness is d.

214. Two plates, one of thickness d1 = 3.8 mm and the other of thickness

d2 = 9.0 mm, are manufactured from a certain substance. When placed
alternately in the way of monochromatic light, the first transmits
τ1 = 0.84 fraction of luminous flux and the second, τ2 = 0.70. Find the
coefficient of linear absorption of that substance. Light falls at right
angles to the plates. The secondary reflections are to be neglected.

215. A beam of monochromatic light passes through a pile of N = 5

identical plane-parallel glass plates each of thickness l = 0.50 cm. The
coefficient of reflection at each surface of the plates is ρ = 0.050. The
ratio of the intensity of light transmitted through the pile of plates to
the intensity of incident light is τ = 0.55. Neglecting the secondary
reflections of light, find the absorption coefficient of the given glass.

216. A beam of monochromatic light falls normally on the surface of a
plane-parallel plate of thickness l. The absorption coefficient of the
substance the plate is made of varies linearly along the normal to its
surface from x1 to x2.The coefficient of reflection at each surface of the
plate is equal to ρ. Neglecting the secondary reflections, find the
transmission coefficient of such a plate.

217. A beam of light of intensity I0 falls normally on a transparent

plane-parallel plate of thickness l. The beam contains all the
wavelengths in the interval from λ1 to λ2 of equal spectral intensity.
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Find the intensity of the transmitted beam if in this wavelength
interval the absorption coefficient is a linear function of λ, with
extreme values x1 and x2.The coefficient of reflection at each surface is
equal to ρ. The secondary reflections are to be neglected.

218. A light filter is a plate of thickness d whose absorption coefficient
depends on wavelength λ as

x ( ) ( ) ,λ α λ /λ= − −1 0
2 1cm

where α and λ 0 are constants. Find the passband ∆λ of this light filter,
that is the band at whose edges the attenuation of light is η times that at
the wavelength λ 0. The coefficient of reflection from the surfaces of
the light filter is assumed to be the same at all wavelengths.

219. A point source of monochromatic light emitting a luminous flux Φ is
positioned at the centre of a spherical layer of substance. The inside
radius of the layer is a, the outside one is b. The coefficient of linear
absorption of the substance is equal to x, the reflection coefficient of
the surfaces is equal toρ.Neglecting the secondary reflections, find the
intensity of light that passes through that layer.

220. How many times will the intensity of a narrow X-ray beam of
wavelength 20 pm decrease after passing through a lead plate of
thickness d = 1.0 mm if the mass absorption coefficient for the given
radiation wavelength is equal to µ/ρ = 3.6 cm /g?2

221. A narrow beam of X-ray radiation of wavelength 62 pm penetrates an
aluminium screen 2.6 cm thick. How thick must a lead screen be to
attenuate the beam just as much? The mass absorption coefficients of
aluminium and lead for this radiation are equal to 3.48 and 72.0 cm /g2

respectively.

222. Find the thickness of aluminium layer which reduces by half the
intensity of a narrow monochromatic X-ray beam if the corresponding
mass absorption coefficient is µ/ρ = 0.32 cm /g.2

223. How many 50%-absorption layers are there in the plate reducing the
intensity of a narrow X-ray beam η = 50 times?

5.6 optics of moving sources
● Doppler effect for << c:

∆ω
ω

θ= v

c
cos …(5.6a)

where v is the velocity of a source,θ is the angle between the source’s motion
direction and the observation line.

● Doppler effect in the general case:

ω ω β
β θ

= −
−0

21

1 cos
, …(5.6b)

where β = v c/ .
● If θ = 0, the Doppler effect is called radial, and if θ π= / ,2 transverse,
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● Vavilov-Cherenkov effect:

cos θ = c

nv
…(5.6c)

where θ is the angle between the radiation propagation direction and the
velocity vector v of a particle.

224. In the Fizeau experiment on measurement of the velocity of light the
distance between the gear wheel and the mirror is l = 7.0 km, the
number of teeth is z = 720. Two successive disappearances of light are
observed at the following rotation velocities of the wheel; n1 283= rps
and n2 313= rps. Find the velocity of light.

225. A source of light moves with velocity v relative to a receiver.
Demonstrate that for v c<< the fractional variation of frequency of
light is defined by Eq. (5.6a).

226. One of the spectral lines emitted by excited He+ ions has a wavelength
λ = 410 nm. Find the Doppler shift ∆λ of that line when observed at an
angle θ = °30 to the beam of moving ions possessing kinetic energy
T = 10 MeV.

227. When a spectral line of wavelength λ µ= 0.59 m is observed in the

directions to the opposite edges of the solar disc along its equator,
there is a difference in wavelengths equal to δλ = 8.0 pm. Find the
period of the Sun’s revolution about its own axis.

228. The Doppler effect has made it possible to discover the double stars
which are so distant that their resolution by means of a telescope is
impossible. The spectral lines of such stars periodically become
doublets indicating that the radiation does come from two stars
revolving about their centre of mass. Assuming the masses of the two
starts to be equal, find the distance between them and their masses if
the maximum splitting of the spectral lines is equal to
( )∆λ /λ m = × −1.2 10 4 and occurs every τ = 30 days.

229. A plane electromagnetic wave of frequency ω0 falls normally on the

surface of a mirror approaching with a relativistic velocity V. Making
use of the Doppler formula, find the frequency of the reflected wave.
Simplify the obtained expression for the case V c<< .

230. A radar operates at a wavelength λ = 50.0 cm. Find the velocity of an

approaching aircraft if the beat frequency between the transmitted
signal and the signal reflected from the aircraft is equal to
∆V = 1.00 kHz at the radar location.

231. Taking into account that the wave phase ωt kx− is an invariant, i.e., it

retains its value on transition from one inertial frame to another,
determine how the frequency ω and the wave number k entering the
expression for the wave phase are transformed. Examine the
unidimensional case.

232. How fast does a certain nebula recede if the hydrogen line λ = 434 nm

in its spectrum is displaced by 130 nm toward longer wavelengths?

224 | Optics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


233. How fast should a car move for the driver to perceive a red traffic light
(λ µ≈ 0.70 m) as a green one (λ µ′ ≈ 0.55 m)?

234. An observer moves with velocity v c1

1

2
= along a straight line. In front

of him a source of monochromatic light moves with velocity v c2

3

4
= in

the same direction and along the same straight line. The proper
frequency of light is equal to ω0. Find the frequency of light registered
by the observer.

235. One of the spectral lines of atomic hydrogen has the wavelength
λ = 656.3 nm. Find the Doppler shift ∆λ of that line when observed at
right angles to the beam of hydrogen atoms with kinetic energy
T = 1.0 MeV (the transverse Doppler effect).

236. A source emitting electromagnetic signals with
proper frequency ω0

10 110= × −3.0 s moves at a

constant velocity v c= 0.80 along a straight line
separated from a stationary observer P by a
distance l (Fig. 5.37). Find the frequency of the
signals perceived by the observer at the moment
when
(a) the source is at the point O;
(b) the observer sees it at the point O.

237. A narrow beam of electrons passes immediately over the surface of a
metallic mirror with a diffraction grating with period d = 2.0 mµ
inscribed on it. The electrons move with velocity v, comparable to c, at
right angles to the lines of the grating. The trajectory of the electrons
can be seen in the form of a strip, whose colouring depends on the
observation angle θ (Fig. 5.38). Interpret this phenomenon. Find the
wavelength of the radiation observed at an angle θ = °45 .

238. A gas consists of atoms
of mass m being in
thermodynamic
equilibrium at
temperature T. Suppose
ω0 is the natural
frequency of light
emitted by the atoms.
(a) Demonstrate that

the spectral
distribution of the emitted light is defined by the formula

I I a
ω

ω / ω= − −
0

1 0
2

e ( ) .

(I0 is the spectral intensity corresponding to the frequency ω0,
a mc kT= 2 2/ ).

(b) Find the relative width ∆ω/ω0 of a given spectral line, i.e., the
width of the line between the frequencies at which I Iω = 0 /2.
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239. A plane electromagnetic wave propagates in a medium moving with
constant velocity V c<< relative to an inertial frame K. Find the
velocity of that wave in the frame K if the refractive index of the
medium is equal to n and the propagation direction of the wave
coincides with that of the medium.

240. Aberration of light is the apparent displacement of starts attributable
to the effect of the orbital motion of the Earth. The direction to a star in
the ecliptic plane varies periodically, and the star performs apparent
oscillations within an angle δθ = ′′41 . Find the orbital velocity of the
Earth.

241. Demonstrate that the angle θ between the propagation direction of
light and the x axis transforms on transition from the reference frame K
to K ′ according to the formula

cos
cos

cos
,θ θ β

β θ
′ = −

−1

where β = V c/ and V is the velocity of the frame K ′ with respect to the
frame K. The x and x′ axes of the reference frames coincide.

242. Find the aperture angle of a cone in which all the stars located in the
semi-sphere for an observer on the Earth will be visible if one moves
relative to the Earth with relativistic velocity V differing by 1.0% from
the velocity of light. Make use of the formula of the foregoing problem.

243. Find the conditions under which a charged particle moving uniformly
through a medium with refractive index n emits light (the
Vavilov-Cherenkov effect). Find also the direction of that radiation.

Instruction. Consider the interference of oscillations induced by the
particle at various moments of time.

244. Find the lowest values of the kinetic energy of the electron and a
proton causing the emergence of Cherenkov’s radiation in a medium
with refractive index n = 1.60. For what particles is this minimum
value of kinetic energy equal to Tmin = 29.6 MeV?

245. Find the kinetic energy of electrons emitting light in a medium with
refractive index n = 1.50 at an angle θ = °30 to their propagation
direction.

5.7 Thermal Radiation. Quantum Nature of Light
● Radiosity

M
c

ue =
4

, …(5.7a)

where u is the space density of thermal radiation energy.
● Wien’s formula and Wien’s displacement law:

u F Tω ω ω/= 3 ( ), T bmλ = , …(5.7b)

where λ m is the wavelength corresponding to be maximum of the function
uλ .

● Stefan-Boltzmann law:

M Te = σ 4, …(5.7c)

226 | Optics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


where σ is the Stefan-Boltzmann constant.
● Planck’s formula:

u
c e kTω ω

ω
π

=
−

h

h

3

2 3

1

1/
. …(5.7d)

● Einstein’s photoelectric equation:

hω = +A
mvmax .

2

2
…(5.7e)

● Compton effect:

∆λ π θ= −2 1tC ( cos ), …(5.7f)

where t mcC = h/ is Compton’s wavelength.

246. Using Wien’s formula, demonstrate that
(a) the most probable radiation frequency ωpr T∝ ;
(b) the maximum spectral density of thermal radiation ( ) ;maxu Tω ∝ 3

(c) the radiosity M Te ∝ 4.

247. The temperature of one of the two heated black bodies is T1 2500= K.

Find the temperature of the other body if the wavelength
corresponding to its maximum emissive capacity exceeds by
∆λ µ= 0.50 mthe wavelength corresponding to the maximum emissive
capacity of the first black body.

248. The radiosity of a black body is Me = 3.0 W/cm2. Find the wavelength

corresponding to the maximum emissive capacity of that body.

249. The spectral composition of solar radiation is much the same as that of
a black body whose maximum emission corresponds to the
wavelength 0.48µm.Find the mass lost by the Sun every second due to
radiation. Evaluate the time interval during which the mass of the Sun
diminishes by 1 per cent.

250. Find the temperature of totally ionized hydrogen plasma of density
ρ = 0.10 g/cm3 at which the thermal radiation pressure is equal to the

gas kinetic pressure of the particle of plasma. Take into account that
the thermal radiation pressure p u= / ,3 where u is the space density of
radiation energy, and at high temperatures all substance obey the
equation of state of an ideal gas.

251. A copper ball of diameter d = 1.2 cmwas placed in an evacuated vessel

whose walls are kept at the absolute zero temperature. The initial
temperature of the ball is T0 300= K. Assuming the surface of the
ball to be absolutely black, find how soon its temperature decreases
η = 2.0 times.

252. There are two cavities (Fig. 5.39) with
small holes of equal diameters
d = 1.0 cm and perfectly reflecting
outer surfaces. The distance between
the holes is l = 10 cm. A constant
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temperature T1 1700= K is maintained in cavity 1. Calculate the
steady-state temperature inside cavity 2.

Instruction. Take into account that a black body radiation obeys the
cosine emission law.

253. A cavity of volume V = 1.0 l is filled with thermal radiation of a

temperature T = 1000 K. Find:
(a) the heat capacity CV;
(b) the entropy S of that radiation.

254. Assuming the spectral distribution of thermal radiation energy of obey
Wien’s formula u T A a T( , ) exp ( / ),ω ω ω= −2 where a = ⋅7.64 ps K, find

for a temperature T = 2000 K the most probable
(a) radiation frequency; (b) radiation wavelength.

255. Using Planck’s formula, derive the approximate expressions for the
space spectral density uω of radiation
(a) in the range where hω <<kT (Rayleigh-Jeans formula);
(b) in the range when hω >>kT (Wien’s formula).

256. Transform Planck’s formula for space spectral density uω of radiation

from the variable ω to the variables ν (linear frequency) and λ
(wavelength).

257. Using Planck’s formula, find the power radiated by a unit area of a
black body within a narrow wavelength interval ∆λ = 1.0 nm close to
the maximum of spectral radiation density at a temperature
T = 3000 K of the body.

258. Fig. 5.40 shows
the plot of the
function y x( )
representing a
fraction of the
total power of
thermal
radiation
falling within
the spectral
interval from 0
to x. Here
x m= λ /λ (λ m is
the wavelength
corresponding
to the maximum of spectral radiation density).
Using this plot, find:
(a) the wavelength which divides the radiation spectrum into two

equal (in terms of energy) parts at the temperature 3700 K;
(b) the fraction of the total radiation power falling within the visible

range of the spectrum (0.40- 0.76 m)µ at the temperature 5000 K;
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(c) how many times the power radiated at wavelengths exceeding
0.76 mµ will increase if the temperature rises from 3000 to 5000 K.

259. Making use of Planck’s formula, derive the expressions determining
the number of photons per 1 3cm of a cavity at a temperature T in the

spectral intervals ( , )ω ω ω+d and ( , ).λ λ λ+ d

260. An isotropic point source emits light with wavelength λ = 589 nm.The

radition power of the source is P = 10 W. Find:
(a) the mean density of the flow of photons at a distance r = 2.0 m

from the source;
(b) the distance between the source and the point at which the mean

concentration of photons is equal to n = −100 3cm .

261. From the standpoint of the corpuscular theory demonstrate that the
momentum transferred by a beam of parallel light rays per unit times
does not depend on its spectral composition but depends only on the
energy flux φe.

262. A laser emits a light pulse of duration τ = 0.13 ms and energy E = 10 J.

Find the mean pressure exerted by such a light pulse when it is
focused into a spot of diameterd = 10 µmon a surface perpendicular to
the beam and possessing a reflection coefficient ρ = 0.50.

263. A short light pulse of energy E = 7.5 J falls in the form of a narrow and

almost parallel beam on a mirror plate whose reflection coefficient is
ρ = 0.60. The angle of incidence is 30°. In terms of the corpuscular
theory find the momentum transferred to the plate.

264. A plane light wave of intensity I = 0.20 W/cm2 falls on a plane mirror

surface with reflection coefficient ρ = 0.8. The angle of incidence is
45°. In terms of the corpuscular theory find the magnitude of the
normal pressure exerted by light on that surface.

265. A plane light wave of intensity I = 0.70 W/cm2 illuminates a sphere

with ideal mirror surface. The radius of the sphere is R = 5.0 cm.From
the standpoint of the corpuscular theory find the force that light exerts
on the sphere.

266. An isotropic point source of radiation power P is located on the axis of
an ideal mirror plate. The distance between the source and the plate
exceeds the radius of the plate η-fold. In terms of the corpuscular
theory find the force that light exerts on the plate.

267. In a reference frame K a photon of freqencyωfalls normally on a mirror
approaching it with relativistic velocity V. Find the momentum
imparted to the mirror during the reflection of the photon
(a) in the reference frame fixed to the mirror;
(b) in the frame K.

268. A small ideal mirror of mass m = 10 mg is suspended by a weightless

thread of length l = 10 cm. Find the angle through which the thread
will be deflected when a short laser pulse with energy E = 13 J is shot
in the horizontal direction at right angles to the mirror. Where does the
mirror get its kinetic energy?
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269. A photon of frequency ω0 is emitted from the surface of a star whose

mass is M and radius R. Find the gravitational shift of frequency ∆ω/ω0

of the photon at a very great distance from the star.

270. A voltage applied to an X-ray tube being increased η = 1.5 times, the

short-wave limit of an X-ray continuous spectrum shifts by
∆λ = 26 pm. Find the initial voltage applied to the tube.

271. A narrow X-ray beam falls on a NaCl single crystal. The least angle of
incidence at which the mirror reflection from the system of
crystallographic planes is still observed is equal to α = °4.1 . The
interplanar distance is d = 0.28 nm.How high is the voltage applied to
the X-ray tube?

272. Find the wavelength of the short-wave limit of an X-ray continuous
spectrum if electrons approach the anticathode of the tube with
velocity v c= 0.85 , where c is the velocity of light.

273. Find the photoelectric threshold for zinc and the maximum velocity of
photoelectrons liberated from its surface by electromagnetic radiation
with wavelength 250 nm.

274. Illuminating the surface of a certain metal alternately with light of
wavelength λ µ1 = 0.35 m and λ µ2 = 0.54 m, it was found that the
corresponding maximum velocities of photoelectrons differ by a factor
η = 2.0. Find the work function of that metal.

275. Up to what maximum potential will a copper ball, remote from all
other bodies, be charged when irradiated by electromagnetic radiation
of wavelength λ = 140 nm?

276. Find the maximum kinetic energy of photoelectrons liberated from the
surface of lithium by electromagnetic radiation whose electric
component varies with time as E a t t= +( cos ) cos ,1 0ω ω where a is a
constant, ω = × −6.0 s1014 1 and ω0

15 110= × −3.60 s .

277. Electromagnetic radiation of wavelength λ µ= 0.30 m falls on a

photocell operating in the saturation mode. The corresponding
spectral sensitivity of the photocell is J = 4.8 mA/ W.Find the yield of
phtoelectrons, i.e., the number of photoelectrons produced by each
incident photon.

278. There is a vacuum photocell whose one electrode is made of cesium
and the other of copper. Find the maximum velocity of photoelectrons
approaching the copper electrode when the cesium electrode is
subjected to electromagnetic radiation of wavelength 0.22 mµ and the
electordes are shorted outside the cell.

279. A photoelectric current emerging in the circuit of a vacuum photocell
when its zinc electrode is subjected to electromagnetic radiation of
wavelength 262 nm is cancelled if an external decelerating voltage 1.5
V is applied. Find the magnitude and polarity of the outer contact
potential difference of the given photocell.

280. Compose the expression for a quantity whose dimension is length,
using velocity of light c, mass of a particle m, and Planck’s consant h.
What is that quantity?
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281. Using the conservation laws, demonstrate that a free electron cannot
absorb a photon completely.

282. Explain the following features of Compton scattering of light by
matter:
(a) the increase in wavelength ∆ λ is independent of the nature of the

scattering substance;
(b) the intensity of the displaced component of scattered light grows

with the increasing angle of scattering an with the diminishing
atomic number of the substance;

(c) the presence of a non-displaced component in the scattered
radiation.

283. A narrow monochromatic X-ray beam falls on a scattering substance.
The wavelengths of radiation scattered at angles θ1 60= °and θ2 120= °
differ by a factor η = 2.0.Assuming the free electrons to be responsible
for the scattering, find the incident radiation wavelength.

284. A photon with energy hω =1.00 MeV is scattered by a stationary free

electron. Find the kinetic energy of a Compton electron if the photon’s
wavelength changed by η = 25% due to scattering.

285. A photon of wavelength λ = 6.0 pm is scattered at right angles by a

stationary free electron. Find:
(a) the frequency of the scattered photon;
(b) the kinetic energy of the Compton electron.

286. A photon with energy hω =250 keV is scattered at an angle θ = °120 by

a stationary free electron. Find the energy of the scattered photon.

287. A photon with momentum p c= 1.02 MeV/ , where c is the velocity of

light, is scattered by a stationary free electron, changing in the process
its momentum to the value p c′ = 0.255 MeV/ . At what angle is the
photon scattered?

288. A photon is scattered at an angleθ = °120 by a stationary free electron.

As a result, the electron acquires a kinetic energy T = 0.45 MeV. Find
the energy that the photon had prior to scattering.

289. Find the wavelength of X-ray radiation if the maximum kinetic energy
of Compton electrons is Tmax = 0.19 MeV.

290. A photon with energy hω =0.15 MeV is scattered by a stationary free

electron changing its wavelength by ∆λ = 3.0 pm. Find the angle at
which the Compton electron moves.

291. A photon with energy exceeding η = 2.0 times the rest energy of an

electron experienced a head-on collision with a stationary free
electron. Find the curvature radius of the trajectory of the Compton
electron in a magnetic field B T= 0.12 . The compton electron is
assumed to move at right angles to the direction of the field.

292. Having collided with a relativistic electron, a photon is deflected
through an angle θ = °60 while the electron stops. Find the Compton
displacement of the wavelength of the scattered photon.
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6.1 Scattering of particles. Rutherford-Bohr Atom
● Angle θ at which a charged particle is deflected by the Coulomb field of a

stationary atomic nucleus is defined by the formula:

tan ,
θ
2 2

1 2= q q

bT
…(6.1a)

where q1 and q2 are the charges of the particle and the nucleus, b is the
aiming parameter, T is the  kinetic energy of a striking particle.

● Rutherford formula. The relative

number of particles scattered into an

elementary solid angle dΩ at an angle θ
to their initial propagation direction:

dN

N
n

q q

T

d= 





1 2
2

44 2

Ω
sin ( / )

,
θ

…(6.1b)

where n is the number of nuclei of the

foil per unit area of its surface,

d d dΩ = φsin .θ θ
● Generalized Balmer formula (Fig. 6.1):

ω = −








RZ

n n

2

1
2

2
2

1 1
, R

me

n
=

4

32
, …(6.1c)

where ω is the transition frequency (in s−1) between energy levels with

quantum numbers n1 and n2, R is the Rydberg constant, Z is the serial

number of a hydrogen-like ion.

1. Employing Thomson’s model, calculate the radius of a hydrogen atom
and the wavelength of emitted light if the ionization energy of the atom
is known to be equal to E = 13.6 eV.

2. An alpha particle with kinetic energy 0.27 MeV is deflected through an
angle of 60° by a golden foil. Find the corresponding value of the
aiming parameter.

3. To what minimum distance will an alpha particle with kinetic energy
T = 0.40 MeV approach in the case of a head-on collision to

Paschen series

Balmer series

Lyman series
1

2

3

4

n

Fig. 6.1

*All the formulas in this Part are given  in the Gaussian system of units.
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(a) a stationary Pb nucleus;
(b) a stationary free Li7 nucleus?

4. An alpha particle with kinetic energy T = 0.50 MeV is deflected

through an angle of θ = °90 by the Coulomb field of a stationary Hg
nucleus. Find:
(a) the least curvature radius of its trajectory;
(b) the minimum approach distance between the particle and the

nucleus.

5. A proton with kinetic energy T and aiming parameter b was deflected
by the Coulomb field of a stationary Au nucleus. Find the momentum
imparted to the given nucleus as a result of scattering.

6. A proton with kinetic energy T = 10 MeV flies past a stationary free

electron at a distance b = 10 pm. Find the energy acquired by the
electron, assuming the proton’s trajectory to be rectilinear and the
electron to be practically motionless as the proton flies by.

7. A particle with kinetic energy T is deflected by a spherical potential
well of radius R and depth U0, i.e. by the field in which the potential
energy of the particle takes the form

U
U

r R

r R
=

−
>
<





0

0

for

for

,

,

where r is the distance from the centre of the well. Find the
relationship between the aiming parameter b of the particle and the
angle θ through which it deflects from the initial motion direction.

8. A stationary ball of radius R is irradiated by a parallel stream of
particles whose radius is r. Assuming the collision of a particle and the
ball to be elastic, find:
(a) the deflection angle θ of a particle as a function of its aiming

parameter b;
(b) the fraction of particles which after a collision with the ball are

scattered into the angular interval between θ and θ θ+ d ;
(c) the probability of a particle to be deflected, after a collision with

the ball, into the front hemisphere θ π<



2
.

9. A narrow beam of alpha particles with kinetic energy 1.0 MeV falls
normally on a platinum foil 1.0 µm thick. The scattered particles are
observed at an angle of 60° to the incident beam direction by means of

a counter with a circular inlet area 1.0 cm2 located at the distance
10 cm from the scattering section of the foil. What fraction of scattered
alpha particles reaches the counter inlet?

10. A narrow beam of alpha particles with kinetic energy T = 050. MeV and

intensity I = ×50 103. particles per second falls normally on a golden

foil. Find the thickness of the foil if at a distance r = 15 cm, form, a
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scattering section of that foil the flux density of scattered particles at the

angle θ = °60 to the incident beam is equal to J = 40 particles/ ( )cm - s2 .

11. A narrow beam of alpha particles falls normally on a silver foil behind
which a counter is set to register the scattered particles. On
substitution of platinum foil of the same mass thickness for the silver
foil, the number of alpha particles registered per unit time increased
η = 152. times. Find the atomic number of platinum,assuming the
atomic number of silver and the atomic masses of both platinum and
silver to be known.

12. A narrow beam of alpha particles with kinetic energy T = 050. MeV

falls normally on a golden foil whose mass thickness is
ρd = 15. mg / cm2. The beam intensity is I0 = ×5.0 106 particles per

second. Find the number of alpha particles scattered by the foil during
a time interval τ = 30 min into the angular interval:
(a) 59-61°; (b) over θ0 60= °.

13. A narrow beam of protons with velocity v = ×6 106 m/s falls normally

on a silver foil of thickness d = 1.0 m.µ Find the probability of the
protons to be scattered into the rear hemisphere ( )θ > °90 .

14. A narrow beam of alpha particles with kinetic energy T = 600 keV falls

normally on a golden foil incorporating n = ×1.1 1019 nuclei/cm2. Find

the fraction of alpha particles scattered through the anglesθ θ< = °0 20 .

15. A narrow beam of protons with kinetic energy T = 1 4. MeV falls

normally on a brass foil whose mass thickness ρd = 15. mg / cm2. The

weight ratio of copper and zinc in the foil is equal to 7:3 respectively.
Find the fraction of the protons scattered through the angles exceeding
θ0 30= °.

16. Find the effective cross section of a uranium nucleus corresponding to
the scattering of alpha particles with kinetic energy T = 1.5 MeV
through the angles exceeding θ0 60= °.

17. The effective crosssection of a gold nucleus corresponding to the
scattering of monoenergetic alpha particles within the angular interval
from 90° to 180° is equal to ∆σ = 050. kb. Find:
(a) the energy of alpha particles;
(b) the differential cross section of scattering d dσ/ Ω ( )kb/sr

corresponding to the angle θ = °60 .

18. In accordance with classical electrodynamics as electron moving with
acceleration w loses its energy due to radiation as

dE

dt

e

c
w= − 2

3

2

3
2 ,

where e is the electron charge, c is the velocity of light. Estimate the
time during which the energy of an electron performing almost
harmonic oscillations with frequency ω = × −5 1015 1s will decrease

η = 10 times.
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19. Making use of the formula of the foregoing problem, estimate the time
during which an electron moving in a hydrogen atom along a circular
orbit of radius r = 50 pm would have fallen onto the nucleus. For the
sake of simplicity assume the vector w to be permanently directed
toward the centre of the atom.

20. Demonstrate that the frequency ω of a photon emerging when an
electron jumps between neighbouring circular orbits of a
hydrogen-like ion satisfies the inequality ω ω ωn n> > + 1. where ωn and
ωn + 1 are the frequencies of revolution of that electron around the
nucleus along the circular orbits. Make sure that as n → ∞ the
frequency of the photon ω ω→ n.

21. A particle of mass m moves along a circular orbit in a centro-
symmetrical potential field U r kr( ) /= 2 2. Using the Bohr quantization

condition, find the permissible orbital radii and energy levels of that
particle.

22. Calculate for a hydrogen atom and a He+ ion:
(a) the radius of the first Bohr orbit and the velocity of an electron

moving along it;
(b) the kinetic energy and the binding energy of an electron in the

ground state;
(c) the ionization potential, the first excitation potential and the

wavelength of the resonance line ( )n n′ = → =2 1 .

23. Calculate the angular frequency of an electron occupying the second
Bohr orbit of He+ ion.

24. For hydrogen-like systems find the magnetic moment µn

corresponding to the motion of an electron along the n-th orbit and the
ratio of the magnetic and mechanical moments µn nM/ . Calculate the
magnetic moment of an  electron occupying the first Bohr orbit.

25. Calculate the magnetic field induction at the centre of a hydrogen
atom caused by an electron moving along the first Bohr orbit.

26. Calculate and draw on the wavelength scale the spectral intervals in
which the Lyman, Balmer, and Paschen series for atomic hydrogen are
confined. Show the visible portion of the spectrum.

27. To what series does the spectral line of atomic hydrogen belong if its
wave number is equal to the difference between the wave numbers of
the following two lines of the Balmer series: 486.1 and 410.2 nm? What
is the wavelength of that line?

28. For the case of atomic hydrogen find:
(a) the wavelengths of the first three lines of the Balmer series;
(b) the minimum resolving power λ /δλ of a spectral instrument

capable of resolving the first 20 lines of the Balmer series.

29. Radiation of atomic hydrogen falls normally on a diffraction grating of
width l = 66. mm. The 50th line of the Balmer series in the observed
spectrum is close to resolution at a diffraction angle θ
(in accordance with Rayleigh’s criterion). Find that angle.
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30. What element has a hydrogen-like spectrum whose lines have
wavelengths four times shorter than those of atomic hydrogen?

31. How many spectral lines are emitted by atomic hydrogen excited to
the n-th energy level?

32. What lines of atomic hydrogen absorption spectrum fall within the
wavelength range from 94.5 to 130.0 nm?

33. Find the quantum number n corresponding to the excited state of He+

ion if on transition to the ground state that ion emits two photons in
succession with wavelengths 108.5 and 30.4 nm.

34. Calculate the Rydberg constant R if He+ ions are known to have the
wavelength difference between the first (of the longest wavelength)
lines of the Balmer and Lyman series equal to ∆λ = 1337. nm.

35. What hydrogen-like ion has the wavelength difference between the
first lines of the Balmer and Lyman series equal to 59.3 nm?

36. Find the wavelength of the first line of the He+ ion spectral series
whose interval between the extreme lines is ∆ω = × −518 1015 1. s .

37. Find the binding energy of an electron in the ground state of
hydrogen-like ions in whose spectrum the third line of the Balmer
series is equal to 108.5 nm.

38. The binding energy of an electron in the ground state of He atom is
equal to E0 246= . eV. Find the energy required to remove both
electrons from the atom.

39. Find the velocity of photoelectrons liberated by electromagnetic
radiation of wavelength λ = 180. nm from stationary He+ ions in the

ground state.

40. At what minimum kinetic energy must a hydrogen atom move for its
inelastic head-on collision with another, stationary, hydrogen atom to
make one of them capable of emitting a photon? Both atoms are
supposed to be in the ground state prior to the collision.

41. A stationary hydrogen atom emits a photon corresponding to the first
line of the Lyman series. What velocity does the atom acquire?

42. From the conditions of the foregoing problem find how much (in per
cent) the energy of the emitted photon differs from the energy of the
corresponding transition in a hydrogen atom.

43. A stationary He+ ion emitted a photon corresponding to the first line of
the Lyman series. That photon liberated a photoelectron from a
stationary hydrogen atom in the ground state. Find the velocity of the
photoelectron.

44. Find the velocity of the excited hydrogen atoms if the first line of the
Lyman series is displaced by ∆λ = 020. nm when their radiation is
observed at an angle θ = °45 to their motion direction.

45. According to the Bohr-Sommerfeld postulate the periodic motion of a
particle in a potential field must satisfy the following quantization
rule:
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pdq n=∫ 2πh .

where q and p are generalized coordinate and momentum of the
particle, n are integers. Making use of this rule, find the permitted
values of energy for a particle of mass m moving.
(a) in a unidimensional rectangular potential well of width l with

infinitely high walls;
(b) along a circle of radius r;
(c) in a unidimensional potential fieldU x= α 2 2/ , whereα is a positive

constant;
(d) along a round orbit in a central field, where the potential energy of

the particle is equal to U r= − α / (α is a  positive constant).

46. Taking into account the motion of the nucleus of a hydrogen atom,
find the expressions for the electron’s binding energy in the ground
state and for the Rydberg constant. How much (in per cent) do the
binding energy and the Rydberg constant, obtained without taking
into account the motion of the nucleus, differ from the more accurate
corresponding values of these quantities?

47. For atoms of light and heavy hydrogen (H and D) find the difference
(a) between the binding energies of their electrons in the ground state;
(b) between the wavelengths of first lines of the Lyman series.

48. Calculate the separation between the particles of a system in the
ground state, the corresponding binding energy, and the wavelength of
the first line of the Lyman series, if such a system is
(a) a mesonic hydrogen atom whose nucleus is a proton (in a mesonic

atom an electron is replaced by a meson whose charge is the same
and mass is 207 that of an electron):

(b) a positronium consisting of an electron and a position revolving
around their common centre of masses.

6.2. Wave Properties of Particles.
Schrodinger Equation

● The de Broglie wavelength of a particle with momentum p:

λ π= 2 h

p
. …(6.2a)

● Uncertainty principle:

∆ ∆x px⋅ ≥ h. …(6.2b)

● Schrödinger time-dependent and time-independent equations:

i
t

h

m
Uh = ∂

∂
= − ∇ +ψ ψ ψ

2
2

2
,

∇ φ + − =2

2

2
0

m

h
E U( ) ,ψ …(6.2c)
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where ψ is the total wave function, ψ is its coordinate part, ∇ 2 is the Laplace

operator, E and U are the total and potential energies of the particle. In
spherical coordinates:

∇ = ∂
∂

+ ∂
∂

+ ∂
∂

∂
∂







+ ∂
∂

2
2

2 2 2 2

22 1 1

r r r r rsin
sin

sinθ θ
θ

θ θ φ2
. …(6.2d)

● Coefficient of transparency of a potential barrier V x( ):

D
n

m V E dx
x

x
≈ − −



∫exp ( ) ,

2
2

1

2
…(6.2e)

where x1 and x2 are the coordinates of the points between which V E> .

49. Calculate the de Broglie wavelengths of an electron, proton, and
uranium atom, all having the same kinetic energy 100 eV.

50. What amount of energy should be added to an electron to reduce its
de Broglie wavelength from 100 to 50 pm?

51. A neutron with kinetic energy T = 25 eV strikes a stationary deuteron

(heavy hydrogen nucleus). Find the de Broglie wavelengths of both
particles in the frame of their centre of inertia.

52. Two identical non-relativisitc particles move at right angles to each
other, possessing de Broglie wavelengths λ1 and λ2.Find the de Broglie
wavelength of each particle in the frame of their centre of inertia.

53. Find the de Broglie wavelength of hydrogen molecules, which
corresponds to their most probable velocity at room temperature.

54. Calculate the most probable de Broglie wavelength of hydrogen
molecules being in thermodynamic equilibrium at room temperature.

55. Derive the expression for a de Broglie wavelength λ of a relativistic
particle moving with kinetic energy T. At what values of T does the
error in determining λ using the non-relativistic formula not exceed
1% for an electron and a proton?

56. At what value of kinetic energy is the de Broglie wavelength of an
electron equal to its Compton wavelength?

57. Find the de Broglie wavelength of relativistic electrons reaching the
anticathode of an X-ray tube if the short wavelength limit of the
continuous X-ray spectrum is equal to λsh = 10.0 pm?

58. A parallel stream of monoenergetic electrons falls normally on a
diaphragm with narrow square slit of width b = 1.0 m.µ Find the
velocity of the electrons if the width of the central diffraction
maximum formed on a screen located at a distance l = 50 cm from the
slit is equal to ∆x = 0.36 mm.

59. A parallel stream of electrons accelerated by a potential difference
V = 25 V falls normally on a diaphragm with two narrow slits
separated by a distance d = 50 µm. Calculate the distance between
neighbouring maximum of the diffraction pattern on a screen located
at a distance l = 100 cm from the slits.
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60. A narrow stream of monoenergetic electrons falls at an angle of
incidence θ = °30 on the natural facet of an aluminium single crystal.
The distance between the neighbouring crystal planes parallel to that
facet is equal to d = 0.20 nm. The maximum mirror reflection is
observed at a certain accelerating voltage V0. Find V0 if the next
maximum mirror reflection is known to be observed when the
accelerating voltage is increased η = 2.25 times.

61. A narrow beam of monoenergetic electrons falls normally on the
surface of a Ni single crystal. The reflection maximum of fourth order
is observed in the direction forming an angleθ = °55 with the normal to
the surface at the energy of the electrons equal toT = 180 eV.Calculate
the corresponding value of the interplanar distance.

62. A narrow stream of electrons with kinetic energy T = 10 keV passes

through a polycrystalline aluminium foil, forming a system of
diffraction fringes on a screen. Calculate the interplanar distance
corresponding to the reflection of third order from a certain system of
crystal planes if it is responsible for a diffraction ring of diameter
D = 3.20 cm. The distance between the foil and the screen is
l = 10.0 cm.

63. A stream of electrons accelerated by a potential difference V falls on
the surface of a metal whose inner potential is Vi = 15 V Find:
(a) the refractive index of the metal for the electrons accelerated by a

potential difference V = 150 V;
(b) the values of the ratio V Vi/ at which the refractive index differs

from unity by not more than η = 1.0%.

64. A particle of mass m is located in a unidimensional square potential
well with infinitely high walls. The width of the well is equal to l. Find
the permitted values of energy of the particle taking into account that
only those states of the particle’s motion are realized for which the
whole number of de Broglie half-waves are fitted within the given
well.

65. Describe the Bohr quantum conditions in terms of the wave theory:
demonstrate that an electron in a hydrogen atom can move only along
those round orbits which accommodate a whole number of de Broglie
waves.

66. Estimate the minimum errors in determining the velocity of an
electron, a proton, and a ball of mass of 1 mg if the coordinates of the
particles and of the centre of the ball are known with uncertainly1 µm.

67. Employing the uncertainty principle, evaluate the indeterminancy of
the velocity of an electron in a hydrogen atom if the size of the atom is
assumed to be l = 0.10 nm. Compare the obtained magnitude with the
velocity of an electron in the first Bohr orbit of the given atom.

68. Show that for the particle whose coordinate uncertainty is ∆x = λ π/ ,2

where λ is its de Broglie wavelength, the velocity uncertainty is of the
same order of magnitude as the particle’s velocity itself.
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69. A free electron was initially confined within a region with linear
dimensions l = 0.10 nm.Using the uncertainty principle, evaluate the
time over which the width of the corresponding train of waves
becomes η = 10 times as large.

70. Employing the uncertainty principle, estimate the minimum kinetic
energy of an electron confined within a region whose size is
l = 0.20 nm.

71. An electron with kinetic energy T ≈ 4eV is confined within a region

whose linear dimension is l = 1 µm. Using the uncertainty principle,
evaluate the relative uncertainty of its velocity.

72. An electron is located in a unidimensional square potential well with
infinitely high walls. The width of the well is l. From the uncertainty
principle estimate the force with which the electron possessing the
minimum permitted energy acts on the walls of the well.

73. A particle of mass m moves in a unidimensional potential field
U kx= 2 2/ (harmonic oscillator). Using the uncertainty principle,

evaluate the minimum permitted energy  of the particle in that field.

74. Making use of the uncertainty principle, evaluate the minimum
permitted energy of an electron in a hydrogen atom and its
corresponding apparent distance from the nucleus.

75. A parallel stream of hydrogen atoms with velocity v = 600 m/s falls

normally on a diaphragm with a narrow slit behind which a screen is
placed at a distance l = 1.0 m. Using the uncertainty principle,
evaluate the width of the slit δ at which the width of its image on the
screen is minimum.

76. Find a particular solution of the time-dependent Schrödinger equation
for a freely moving particle of mass m.

77. A particle in the ground state is located in a unidimensional square
potential well of length l with absolutely impenetrable walls( ).0 < <x l

Find the probability of the particle staying within a region
1

3

2

3
l x l≤ ≤ .

78. A particle is located in a unidimensional square potential well with
infinitely high walls. The width of the well is l. Find the normalized
wave functions of the stationary states of the particle, taking the
midpoint of the well for the origin of the x coordinate.

79. Demonstrate that the wave functions of the stationary states of a
particle confined in a unidimensional potential well with infinitely

high walls are orthogonal, i.e. they satisfy the condition ψ ψ
0

1
0∫ ′ =

n
n dx

if n n′ ≠ . Here l is the width of the well, n are integers.

80. An electron is located in a unidimensional square potential well with
infinitely high walls. The width of the well equal to l is such that the
energy levels are very dense. Find the density of energy levels dN dE/ ,
i.e., their number per unit energy interval, as a function of E. Calculate
dN dE/ for E = 10. eV if l = 10. cm.
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81. A particle of mass m is located in a two-dimensional square potential
well with absolutely impenetrable walls. Find:
(a) the particle’s permitted energy values if the sides of the well are l1

and l2;
(b) the energy values of the particle at the first four levels if the well

has the shape of a square with side l.

82. A particle is located in a two-dimensional square potential well with
absolutely impenetrable walls ( ,0 < <x a 0 < <y b). Find the
probability of the particle with the lowest energy to be located within a
region 0 3< <x a/ .

83. A particle of mass m is located in a three-dimensional cubic potential
well with absolutely impenetrable walls. The side of the cube is equal
to a. Find:
(a) the proper values of energy of the particle;
(b) the energy difference between the third and fourth levels;
(c) the energy of the sixth level and the number of states (the degree of

degeneracy) corresponding to that level.

84. Using the Schrödinger equation, demonstrate that at the point where
the potential energy U x( ) of a particle has a finite discontinuity, the
wave function remains smooth, i.e., its first derivative with respect to
the coordinate is continuous.

85. A particle of mass m is located in a
unidimensional potential field
U x( ) whose shape is shown in
Fig. 6.2, where U( ) .0 = ∞ Find :
(a) the equation defining the

possible values of energy of
the particle in the region
E U< 0;reduce that equation to
the form

sin / ,kl kl ml U= ± h
2 2

02

where,k mE= 2 / .h Solving this equation by graphical means,

demonstrate that the possible values of energy of the particle form
a discontinuous spectrum;

(b) the minimum value of the quantity l U2
0 at which the first energy

level appears in the region E U< 0. At what minimum value of l U2
0

does the nth level appear?

86. Making use of the solution of the foregoing problem, determine the
probability of the particle with energy E U= 0 2/ to be located in the

region x l> , if l U
m

2
0

2 23

4
= 



π h

.
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87. Find the possible values of energy of a particle of mass m located in a
spherically symmetrical potential well U r( ) = 0 for r r< 0 and U r( ) = ∞
for r r= 0, in the case when the motion of the particle is described by a
wave function ψ( )r depending only  on r.

Instruction. When solving the Schrödinger equation, make the
substitution ψ χ( ) ( )/ .r r r=

88. From the conditions of the foregoing problem find:
(a) normalized eigenfunctions of the particle in the states for which

ψ( )r depends only on r;

(b) the most probable value rpr for the ground state of the particle and
the probability of the particle to be in the region r rpr< .

89. A particle of mass m is located in a spherically symmetrical potential
well U r( ) = 0 for r r< 0 and U r U( ) = 0 for r r> 0.
(a) By means of the substitution ψ χ( ) ( )/r r r= find the equation

defining the proper values of energy E of the particle for E U< 0,
when its motion is described by a wave function ψ( )r depending
only on r. Reduce that equation to the form

sin / ,kr kr mr U0 0
2

0
2

02= ± h where k mE= 2 / .h

(b) Calculate the value of the quantity r U0
2

0 at which the first level

appears.

90. The wave function of a particle of mass m in a unidimensional

potential field U x kx( ) /= 2 2 has in the ground state the form

ψ α( ) ,x A x= −e
2

where A is a normalization factor and α is a positive

constant. Making use of the Schrödinger equation, find the constant α
and the energy E of the particle in this state.

91. Find the energy of an electron of a hydrogen atom in a stationary state

for which the wave function takes the form ψ α( ) ( ) ,r A ar r= + −1 e where

A, a, and α are constants.

92. The wave function of an electron of a hydrogen atom in the ground

state takes the form ψ( ) ,/r A r r= −e 1 where A is a certain constant, r1 is the

first Bohr radius. Find:
(a) the most probable distance between the electron and the nucleus;
(b) the mean value of modulus of the Coulomb force acting on the

electron;
(c) the mean value of the potential energy of the electron in the field of

the nucleus.

93. Find the mean electrostatic potential produced by an electron in the
centre of a hydrogen atom if the electron is in the ground state for

which the wave function is ψ( ) / ,r A r r= −e 1 where A is a certain constant,

r1 is the first Bohr radius.
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94. Particles of mass m and energy E

move from the left to the potential

barrier shown in Fig. 6.3. Find:

(a) the reflection coefficient R of the

barrier for E U> 0;

(b) the effective penetration depth of

the particles into the region x > 0

for E U< 0, i.e., the distance from

the barrier boundary to the point

at which the probability of finding a particle decreases e-fold.

95. Employing Eq. (6.2e), find the probability D of an electron with

energy E tunnelling through a potential barrier of width l and heightU0

provided the barrier is shaped as shown:

(a) in Fig. 6.4;

(b) in Fig. 6.5.

96. Using Eq. (6.2e), find the probability D of a particle of mass m and

energy E tunnelling through the potential barrier shown in Fig. 6.6,

where U x U x l( ) ( / ).= −0
2 21

6.3 Properties of atoms. spectra
● Spectral labelling of terms: x

JL( ) , where x S= +2 1 is the multiplicity, L, S, J

are quantum numbers,

L = 0 1 3 4 5 6, , , , , ,2, K

( ) : , , , , , , ,L S P D F G H I K

● Terms of alkali metal atoms:

T
R

n
=

+( )
,

α 2
…(6.3a)

where R is the Rydberg constant, α is the Rydberg correction.

Fig. 6.7 illustrates the diagram of a lithium atom terms.

● Angular momenta of an atom:

M L LL = +h ( ),1 …(6.3b)

with similar expressions for MS and M J .
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● Hund rules:
(1) For a certain electronic configuration, the terms of the largest S

value are the lowest in energy, and among the terms ofSmax that of the largest
L usually lies lowest;

(2) For the basic (normal) term J L S= −| |if the subshell is less than
half-filled, and J L S= + in the  remaining cases.

● Boltzmann’s formula:
N

N

g

g

E E RT2

1

2

1

2 1= − −e ( )/ , …(6.3c)

where g1 and g2 are the statistical weights (degeneracies) of the
corresponding levels.

● Probabilities of atomic transitions per unit time between level 1 and a higher
level 2 for the cases of spontaneous radiation, induced radiation, and
absorption:

P A
21 21
sp = , P B u21 21

ind = ω, P B uabs
12 12= ω, …(6.3d)

where A21, B21, B12 are Einstein coefficients, uω is the spectral density of
radiation corresponding to frequency ω of transition between the given
levels.

● Relation between Einstein coefficients:

g B g B1 12 2 21= , B
c

A21

2 3

3 21= π
ωh

, …(6.3e)

● Diagram showing formation of X-ray spectra (Fig. 6.8).
● Moseley’s law for K α lines:

ω
α σK R Z= −3

4

2( ) , …(6.3f)

where σ is the correction constant which is equal to unity for light elements.
● Magnetic moment of an atom and Lande g factor:

µ µ= +g J J B( ) ,1 g
J J S S L L

J J
= + + + + − +

+
1

1 1 1

2 1

( ) ( ) ( )

( )
…(6.3g)
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● Zeeman splitting of spectral lines in a weak magnetic field:

∆ω µ= −( ) / .m g m g BB1 1 2 2 h …(6.3h)

● With radiation directed along the magnetic field, the Zeeman components
caused by the transition m m1 2= are absent.

97. The binding energy of a valence electron in a Li atom in the states 2S

and 2P is equal to 5.39 an 3.54 eV respectively. Find the Rydberg
corrections for S and P terms of the atom.

98. Find the Rydberg correction for the 3P term of a Na atom whose first
excitation potential is 2.10 V and whose valence electron in the normal
3S state has the binding energy 5.14 eV.

99. Find the binding energy of a valence electron in the ground state of a Li
atom if the wavelength of the first line of the sharp series is known to
be equal to λ1 813= nmand the short-wave cut-off wavelength of that
series to λ2 350= nm.

100. Determine the wavelengths of spectral lines appearing on transition of
excited Li atoms from the state 3S down to the ground state 2S . The
Rydberg corrections for the S and P terms are –0.41 and –0.04.

101. The wavelengths of the yellow doublet components of the resonance
Na line caused by the transition 3 3P S→ are equal to 589.00 and
589.56 nm. Find the splitting of the 3P term in eV units.

102. The first line of the sharp series of atomic cesium is a doublet with
wavelengths 1358.8 and 1469.5 nm. Find the frequency intervals (in
rad/s units) between the components of the sequent lines of that series.

103. Write the spectral designations of the terms of the hydrogen atom
whose electron is in the state with principal quantum number n = 3.

104. How many and which values of the quantum number J can an atom
possess in the state with quantum numbers S and L equal respectively
to
(a) 2 and 3; (b) 3 and 3; (c) 5/2 and 2?

105. Find the possible values of total angular momenta of atoms in the

states 4P and 5D.

106. Find the greatest possible total angular momentum and the
corresponding spectral designation of the term
(a) of a Na atom whose valence electron possesses the principal

quantum number n = 4;

(b) of an atom with electronic configuration 1 2 32s p d.

107. It is known that in F and D states the number of possible values of the
quantum number J is the same and equal to five. Find the spin angular
momentum in these states.

108. An atom is in the state whose multiplicity is three and the total angular

momentum is h 20. What can the corresponding quantum number L

be equal to?
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109. Find the possible multipicities x of the terms of the types
(a) x D2; (b) x P3 2/ ; (c) x F1.

110. A certain atom has three electrons (s, p, and d), in addition to filled
shells, and is in a state with the greatest possible total mechanical
moment for a given configuration. In the corresponding vector model
of the atom find the angle between the spin momentum and the total
angular momentum of the given atom.

111. An atom possessing the total angular momentum h 6 is in the state

with spin quantum number S = 1. In the corresponding vector model
the angle between the spin momentum and the total angular
momentum is θ = °73.2 . Write the spectral symbol for the term of that
state.

112. Write the spectral symbols for the terms of a two-electron system
consisting of one p electron and one d electron.

113. A system comprises an atom in 2
3 2P / state and a d electron. Find the

possible spectral terms of that system.

114. Find out which of the following transitions are forbidden by the
selection rules; 2

3 2
2

1 2D P/ / ,→ 3
1

2
1 2P S→ / , 3

3
3

2F P→ . 4
1 2

4
5 2F D/ / .→

115. Determine the overall degeneracy of a3D state of a Li atom. What is the
physical meaning of that value?

116. Find the degeneracy of the states 2P,3D,and 4F possessing the greatest

possible values of the total angular momentum.

117. Write the spectral designation of the term whose degeneracy is equal
to seven and the quantum numbers L and S are interrelated as L S= 3 .

118. What element has the atom whose K, L, and M shells and 4s subshell
are filled completely and 4p subshell is half-filled?

119. Using the Hund rules, find the basic term of the atom whose partially
filled subshell contains.

(a) three p electrons; (b) four p electrons.

120. Using the Hund rules, find the total angular momentum of the atom in
the ground state whose partially filled subshell contains

(a) three d electrons; (b) seven d electrons.

121. Making use of the Hund rules, find the number of electrons in the only
partially filled subshell of the atom whose basic term is

(a) 3
2F ; (b) 2

3 2P / ; (c) 6
5 2S / .

122. Using the Hund rules, write the spectral symbol of the basic term of
the atom whose only partially filled subshell
(a) is filled by 1/3, and S = 1;
(b) is filled by 70%; and S = 3/2.

123. The only partially filled subshell of a certain atom contains three
electrons, the basic term of the atom having L = 3. Using the Hund
rules, write the spectral symbol of the ground state of the given atom.
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124. Using the Hund rules, find the magnetic moment of the ground state of
the atom whose open subshell is half-filled with five electrons.

125. What fraction of hydrogen atoms is in the state with the principal
quantum number n = 2 at a temperature T = 3000 K?

126. Find the ratio of the number of atoms of gaseous sodium in the state3P
to that in the ground state 3S at a temperature T = 2400 K.The spectral
line corresponding to the transition 3 3P S→ is known to have the
wavelength λ = 589 nm.

127. Calculate the mean lifetime of excited atoms if it is known that the
intensity of the spectral line appearing due to transition to the ground
state diminishes by a factor η = 25 over a distance l = 2.5 mmalong the
stream of atoms whose velocity is v = 600 m/s.

128. Rarefied Hg gas whose atoms are practically all in the ground state was
lighted by a mercury lamp emitting a resonance line of wavelength
λ = 253.65 nm. As a result, the radiation power of Hg gas at that
wavelength turned out to be P = 35 mW. Find the number of atoms in
th state of resonance excitation whose mean lifetime is τ µ= 0.15 s.

129. Atomic lithium of concentration n = × −3.6 cm1016 3 is at a temperature

T = 1500 K. In this case the power emitted at the resonant line’s
wavelength λ = 671 nm( )2 2P S→ per unit volume of gas is equal to
P = 0.30 W/cm3. Find the mean lifetime of Li atoms in the resonance

excitation state.

130. Atomic hydrogen is in thermodynamic equilibrium with its radiation.
Find:
(a) the ratio of probabilities of induced and spontaneous radiations of

the atoms from the level 2P at a temperature T = 3000 K;
(b) the temperature at which these probabilities become equal.

131. A beam of light of frequency ω, equal to the resonant frequency of

transition of atoms of gas, passes through that gas heated to
temperature T. In this case hω >>kT . Taking into account induced
radiation, demonstrate that the absorption coefficient of the gas x

varies as x x kT= − −
0 1( ),/e hω where x0 is the absorption coefficient for

T → 0.

132. The wavelength of a resonant mercury line is λ = 253.65 nm. The

mean lifetime of mercury atoms in the state of resonance excitation is
τ µ= 0.15 s. Evaluate the ratio of the Doppler line broadening to the
natural linewidth at a gas temperature T = 300 K.

133. Find the wavelength of the K α line in copper ( )Z = 29 if the wavelength

of the K α line in iron ( )Z = 26 is known to be equal to 193 pm.

134. Proceeding from Moseley’s law find:
(a) the wavelength of the K α line in aluminium and cobalt:
(b) the difference in binding energies of K and L electrons in

vanadium.
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135. How many elements are there in a row between those whose
wavelengths of K α lines are equal to 250 and 179 pm?

136. Find the voltage applied to an X-ray tube with nickel anticathode if
the wavelength difference between the K α line and the short-wave
cut-off of the continuous X-ray spectrum is equal to 84 pm.

137. At a certain voltage applied to an X-ray tube with aluminium
anticathode the short -wave cut-off wavelength of the continuous
X-ray spectrum is equal to 0.50 nm. Will the K series of the
characteristic spectrum whose excitation potential is equal to 1.56 kV
be also observed in this case?

138. When the voltage applied to an X-ray tube increased fromV1 10= kV to

V2 20= kV, the wavelength interval between the k∞ line and the
short-wave cut-off of the continuous X-ray spectrum increases by a
factor n = 3.0. Find the atomic number of the element of which the
tube’s anticathode is made.

139. What metal has in its absorption spectrum the difference between the
frequencies of X-ray K and L absorption edges equal to
∆ω = × −6.85 s1018 1 ?

140. Calculate the binding energy of a K electron in vanadium whose L
absorption edge has the wavelength λ L = 2.4 nm.

141. Find the binding energy of an L electron in titanium if the wavelength
difference between the first line of the K series and its short-wave
cut-off is ∆λ = 26 pm.

142. Find the kinetic energy and the velocity of the photoelectrons
liberated by K α radiation of zinc from the K shell of iron whose K band
absorption edge wavelength is λ K = 174 pm.

143. Calculate the Lande g factor for atoms
(a) in S states; (b) in singlet states.

144. Calculate the Lande g factor for the following terms:
(a) 6

1 2F / ; (b) 4
1 2D / ; (c) 5

2F ; (d) 5
1P ; (e) 3

0P .

145. Calculate the magnetic moment of an atom (in Bohr magnetons)
(a) in 1F state;
(b) in 2

3 2D / state;

(c) in the state in which S = 1, L = 2, and Lande factor g = 4 3/ .

146. Determine the spin angular momentum of an atom in the state D2 if the

maximum value of the magnetic moment projection in that state is
equal to four Bohr magnetons.

147. An atom in the state with quantum numbers L = 2,S = 1 is located in a

weak magnetic field. Find its magnetic moment if the least possible
angle between the angular momentum and the field direction is
known to be equal to 30°.
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148. A valence electron in a sodium atom is in the state with principal
quantum number n = 3, with the total angular momentum being the
greatest possible. What is its magnetic moment in that state?

149. An excited atom has the electronic configuration 1 2 22 2s s pzd being in

the state with the greatest possible total angular momentum. Find the
magnetic moment of the atom in that state.

150. Find the total angular momentum of an atom in the state with S = 3 2/

and L = 2 if the magnetic moment is known to be equal to zero.

151. A certain atom is in the state in which S = 2, the total angular

momentum M = 2h, and the magnetic moment is equal to zero. Write

the spectral symbol of the corresponding term.

152. An atom in the state 2
3 2P / is located in the external magnetic field of

induction B = 1.0 kG. In terms of the vector model find the angular
precession velocity of the total angular momentum of that atom.

153. An atom in the state 2
1 2P / is located on the axis of a loop of radius

r = 5 cm carrying a current I = 10 A. The distance between the atom
and the centre of the loop is equal to the radius of the latter. How great
may be the maximum force that the magnetic field of that current
exerts on the atom?

154. A hydrogen atom in the normal state is located at a distance r = 2.5 cm

from a long straight conductor carrying a current I = 10 A. Find the
force acting  on the atom.

155. A narrow stream of vanadium atoms in the ground state 4
3 2F / is passed

through a transverse strongly inhomogeneous magnetic field of length
l1 = 5.0 cm as in the Stern-Gerlach experiment. The beam splitting is
observed on a screen located at a distance l2 15= cmfrom the magnet.
The kinetic energy of the atoms is T = 22 MeV. At what value of the
gradient of the magnetic field induction B is the distance between the
extreme components of the split beam on the screen equal to
δ =2.0 mm?

156. Into what number of sublevels are the following terms split in a weak
magnetic field:

(a) 3
0P ; (b) 2

5 2F / ; (c) 4
1 2D / ?

157. An atom is located in a magnetic field of induction B = 2.50 kg. Find

the value of the total splitting of the following terms (expressed in eV
units):
(a) 1D; (b) 3

4F .

158. What kind of Zeeman effect, normal or anomalous,is observed in a
weak magnetic field in the case of spectral lines caused by the
following transitions:
(a) 1 1P S→ ; (b) 2

5 2
2

3 2D P/ / ;→ (c) 3
1

3
0D P→ ; (d) 5

5
5

4I H→ ?
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159. Determine the spectral symbol of an atomic singlet term if the total
splitting of that term in a weak magnetic field of induction B = 3.0 kG
amounts to ∆E = 104 µeV.

160. It is known that a spectral line λ = 612 nm of an atom is caused by a

transition between singlet terms. Calculate the interval ∆λ between
the extreme components of that line in the magnetic field with
induction B = 10.0 kG.

161. Find the minimum magnitude of the magnetic field induction B at
which a spectral instrument with resolving power λ /δλ = ×1.0 105 is

capable of resolving the components of the spectral line λ = 536 nm
caused by a transition between singlet terms. The observation line is at
right angles to the magnetic field direction.

162. A spectral line caused by the transition 3
1

3
0D P→ experiences the

Zeeman splitting in a weak magnetic field. When observed at right
angles to the magnetic field, the interval between the neighbouring
components of the split line is ∆ω = × −1.32 s1010 1. Find the magnetic

field induction B at the point where the source is located.

163. The wavelengths of the Na yellow doublet ( )2 2P S→ are equal to

589.59 and 589.00 nm. Find:
(a) the ratio of the intervals between neighbouring sublevels of the

Zeeman splitting of the terms 2
3 2P / and 2

1 2P / in a weak magnetic

field;
(b) the magnetic field induction B at which the interval between

neighbouring sublevels of the Zeeman splitting of term 2
3 2P / is

η = 50 times smaller than the natural splitting of the term 2P.

164. Draw a diagram of permitted transitions between the terms 2
3 2P / and

2
1 2S / in a weak magnetic field. Find the displacements (in rad/s units)

of Zeeman components of that line in a magnetic field B = 4.5 kg.

165. The same spectral line undergoing anomalous
Zeeman splitting is observed in direction 1 and,
after reflection from the mirror M (Fig. 6.9), in
direction 2. How many Zeeman components are
observed in both directions if the spectral line is
caused by the transition.
(a) 2

3 2
2

1 2P S/ / ;→ (b) 3
2

3
1P S→ ?

166. Calculate the total splitting ∆ω of the spectral
line 3

3
3

2D P→ in a weak magnetic field with induction B = 3.4 kG.

6.4 Molecules and Crystals
● Rotational energy of a diatomic molecule:

E
h

I
J JJ = +

2

2
1( ), …(6.4a)

where I is the molecule’s moment of inertia.
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● Vibrational energy of a diatomic molecule;

E h vv = +





ω 1

2
. …(6.4b)

where ω is the natural frequency of oscillations of the molecule.
● Mean energy of a quantum harmonic oscillator at a temperature T :

E
e kT

= +
−

h h

h

ω ω
ω2 1/

. …(6.4c)

● Debye formula for molar vibrational energy of a crystal:

U R
T x dx

e x

T
= + 



 −













∫9
1

8 1

4 3

0
θ

θ
θ/

, …(6.4d)

where θ is the Debye temperature,

θ ω= h max / .k …(6.4e)

● Molar vibrational heat capacity of a crystal for T << θ:

C R
T= 





12

5

4
3

π
θ

. …(6.4f)

● Distribution of free electrons in metal in the vicinity of the absolute zero;

dn
m

E dE= 2 3 2

2 3

/

,
π h

…(6.4g)

where dn is the concentration of electrons whose energy falls within the
interval E, E dE+ . The energy E is counted off the bottom of the conduction
band.

● Fermi level at T = 0 :

E
m

nF = h
2

2 2 3

2
3( ) ,/π …(6.4h)

where n is the concentration of free electrons in metal.

167. Determine the angular rotation velocity of an S2 molecule promoted to

the first excited rotational level if the distance between its nuclei is
d = 189 pm.

168. For an HCl molecule find the rotational quantum numbers of two
neighbouring levels whose energies differ by 7.86 meV. The nuclei of
the molecule are separated by the distance of 127.5 pm.

169. Find the angular momentum of an oxygen molecule whose rotational
energy is E = 2.16 meV and the distance between the nuclei is
d = 121 pm.

170. Show that the frequency intervals between the neighbouring spectral
lines of a true rotational spectrum of a diatomic molecule are equal.
Find the moment of inertia and the distance between the nuclei of a
CH molecule if the intervals between the neighbouring lines of the
true rotational spectrum of these molecules are equal to

∆ω = × −5.47 s1012 1.
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171. For an HF molecule find the number of rotational levels located
between the zeroth and first excited vibrational levels assuming
rotational states to be independent of vibrational ones. The natural
vibration frequency of this molecule is equal to 7.79 rads× −1014 1, and

the distance between the nuclei is 91.7 pm.

172. Evaluate how many lines there are in a true rotational spectrum of CO
molecules whose natural vibration frequency is ω = × −4.09 s1014 1

and moment of inertia I = × −1.44 g-cm .210 39

173. Find the number of rotational levels per unit energy interval, dN dE/ ,

for a diatomic molecule as a function of rotational energy E. Calculate
that magnitude for an iodine molecule in the state with rotational
quantum number J = 10. The distance between the nuclei of that
molecule is equal to 267 pm.

174. Find the ratio of energies required to excite a diatomic molecule to the
first vibrational and to the first rotational level. Calculate that ratio for
the following molecules:

Molecule ω,1014 1s− d, pm

(a) H2 8.3 74

(b) HI 4.35 160

(c) I2 0.40 267

Here ω is the natural vibration frequency of a molecule, d is the
distance between nuclei.

175. The natural vibration frequency of a hydrogen molecule is equal to
8.25 s× −1014 1, the distance between the nuclei is 74 pm. Find the ratio

of the number of these molecules at the first excited vibrational level
( )v = 1 to the number of molecules at the first excited rotational level
( )J = 1 at a temperature T = 875 K. It should be remembered that the
degeneracy of rotational levels is equal to 2 1J + .

176. Derive Eq. (6.4c), making use of the Boltzmann distribution. From
Eq. (6.4c) obtain the expression for molar vibration heat capacityCV vib

of diatomic gas. Calculate CV vib for Cl2 gas at the temperature 300 K.
The natural vibration frequency of these molecules is equal to
1.064 s× −1014 1.

177. In the middle of the rotation-vibration band of emission spectrum of
HCl molecule, where the “zeroth” line is forbidden by the selection
rules, the interval between neighbouring lines is ∆ω = × −0.79 s1013 1.

Calculate the distance between the nuclei of an HCl molecule.

178. Calculate the wavelengths of the red and violet satellites, closest to the
fixed line, in the vibration spectrum of Raman scattering by F2

molecules if the incident light wavelength is equal to λ 0 = 404.7 nm
and the natural vibration frequency of the molecule is
ω = × −2.15 s1014 1.

252 | Atomic and Nuclear Physics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


179. Find the natural vibration frequency and the quasielastic force
coefficient of an S2 molecule if the wavelengths of the red and violet
satellites, closest to the fixed line, in the vibration spectrum of Raman
scattering are equal to 346.6  and 330.0 nm.

180. Find the ratio of intensities of the violet and red satellites, closest to
the fixed line, in the vibration spectrum of Raman scattering by Cl2
molecules at a temperature T = 300 K if the natural vibration
frequency of these molecules is ω = × −1.06 s1014 1.By what factor will

this ratio change if the temperature is doubled?

181. Consider the possible vibration modes in the following linear
molecules:
(a) CO2 (O—C—O); (b) C H2 2 (H—C—C—H).

182. Find the number of natural transverse vibrations of a string of length l
in the frequency interval fromωtoω ω+d if the propagation velocity of
vibrations is equal to v. All vibrations are supposed to occur in one
plane.

183. There is a square membrane of area S. Find the number of natural
vibrations perpendicular to its plane in the frequency interval from ω
to ω ω+d if the propagation velocity of vibrations is equal to v.

184. Find the number of natural transverse vibrations of a rightangled
parallelepiped of volume V in the frequency interval fromωtoω ω+d if
the propagation velocity of vibrations is equal to v.

185. Assuming the propagation velocities of longitudinal and transverse
vibrations to be the same and equal to v, find the Debye temperature
(a) for a unidimensional crystal, i.e., a chain of identical atoms,

incorporating n0 atoms per unit length;
(b) for a two-dimensional crystal, i.e., a plane square grid consisting of

identical atoms, containing n0 atoms per unit area;
(c) for a simple cubic lattice consisting of identical atoms, containing

n0 atoms per unit volume.

186. Calculate the Debye temperature for iron in which the propagation
velocities of longitudinal and transverse vibrations are equal to 5.85
and 3.23 km/s respectively.

187. Evaluate the propagation velocity of acoustic vibrations in aluminium
whose Debye temperature is θ =396 K.

188. Derive the formula expressing molar heat capacity of a
unidimensional crystal, a chain of identical atoms, as a function of
temperature T if the Debye temperature of the chain is equal to θ.
Simplify the obtained expression for the case T >> θ.

189. In a chain of identical atoms the vibration frequency ω depends on
wave number k as ω ω= max sin ( / ),ka 2 where ωmax is the maximum
vibration frequency, k = 2π λ/ is the wave number corresponding to
frequency ω, a is the distance between neighbouring atoms. Making
use of this dispersion relation, find the dependence of the number of
longitudinal vibrations per unit frequency interval on ω, i.e., dN d/ ,ω if

Atomic and Nuclear Physics | 253

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


the length of the chain is l. Having obtained dN d/ ,ω find the total
number N of possible longitudinal vibrations of the chain.

190. Calculate the zero-point energy per one gram of copper whose Debye
temperature is θ =330 K.

191. Fig. 6.10 shows heat capacity of a crystal vs temperature in terms of the
Debye theory. Here Ccl is classical heat capacity, θ is the Debye
temperature. Using this plot, find:

(a) the Debye temperature for silver if at a temperature T = 65 K its

molar heat capacity is equal to 15 J /(mol-K);

(b) the molar heat capacity of aluminium at T = 80 K if at T = 250 K it

is equal to 22.4 J /(mol-K);

(c) the maximum vibration frequency for copper whose heat capacity

at T = 125 K differs from the classical value by 25%.

192. Demonstrate that molar heat capacity of a crystal at a temperature

T << θ, where θ is the Debye temperature, is defined by Eq. (6.4f).

193. Can one consider the temperatures 20 and 30 K as low for a crystal

whose heat capacities at these temperatures are equal to 0.226 and

0.760 J /(mol K)?⋅
194. Calculate the mean zero-point energy per one oscillator of a crystal in

terms of the Debye theory if the Debye temperature of the crystal is

equal to θ.

195. Draw the vibration energy of a crystal as a function of frequency

(neglecting the zero-point vibrations). Consider two cases: T = θ/2and

T = θ/ ,4 where θ is the Debye temperature.

196. Evaluate the maximum values of energy and momentum of a photon

(acoustic quantum) in copper whose Debye temperature is equal to

330 K.
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197. Employing Eq. (6.4g), find at T = 0;

(a) the maximum kinetic energy of free electrons in a metal if their
concentration is equal to n;

(b) the mean kinetic energy of free electrons if their maximum kinetic
energy Tmax is known.

198. What fraction (in per cent) of free electrons in a metal at T = 0 has a

kinetic energy exceeding half the maximum energy?

199. Find the number of free electrons per one sodium atom at T = 0 if the

Fermi level is equal to EF = 3.07 eV and the density of sodium is
0.97 g / cm .3

200. Up to what temperature has one to heat classical electronic gas to
make the mean energy of its electrons equal to that of free electrons in
copper at T = 0? Only one free electron is supposed to correspond to
each copper atom.

201. Calculate the interval (in eV units) between neighbouring levels of free
electrons in a metal atT = 0 near the Fermi level, if the concentration of
free electrons is n = × −2.0 cm1022 3 and the volume of the metal is

V = 1.0 cm3.

202. Making use of Eq. (6.4g), find at T = 0 :

(a) the velocity distribution of free electrons;
(b) the rate of the mean velocity of free electrons to their maximum

velocity;

203. On the basis of Eq. (6.4g) find the number of free electrons in a metal at
T = 0 as a function of de Broglie wavelengths.

204. Calculate the electronic gas pressure in metallic sodium, at T = 0, in

which the concentration of free electrons is n = × −2.5 cm1022 3. Use

the equation for the pressure of ideal gas.

205. The increase in temperature of a cathode in electronic tube by
∆T = 1.0 K from the value T = 2000 K results in the increase of
saturation current by η = 1.4%. Find the work function of electron for
the material of the cathode.

206. Find the refractive index of metallic sodium for electrons with kinetic
energy T = 135 eV. Only one free electron is assumed to correspond to
each sodium atom.

207. Find the minimum energy of electron-hole pair formation in an
impurity-free semiconductor whose electric conductance increases
η = 5.0 times when the temperature increases from T1 300= K to
T2 400= K.

208. At very low temperatures the photoelectric threshold short
wavelength in an impurity-free germanium is equal to λ µth = 1.7 m.
Find the temperature coefficient of resistance of this germanium
sample at room temperature.
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209. Fig. 6.11 illustrates logarithmic electric conductance as a function of
reciprocal temperature (T in K units) for some n-type semiconductor.
Using this plot, find the width of the forbidden band of the
semiconductor and the activation energy of donor levels.

210. The resistivity of an impurity-free semiconductor at room temperature
is ρ = ⋅50 Ω cm. It becomes equal to ρ1 40= ⋅Ω cm when the
semiconductor is illuminated with light, and t = 8 ms after switching
off the light source the resistivity becomes equal toρ2 45= ⋅Ω cm.Find
the mean lifetime of conduction electrons and holes.

211. In Hall effect measurements a plate of width h = 10 mm and length

l = 50 mm made of p-type semiconductor was placed in a magnetic
field with induction B = 5.0kG. A potential difference V = 10 V was
applied across the edges of the plate. In this case the Hall field is
VH = 50 mV and resistivity ρ = ⋅2.5 cm.Ω Find the concentration of
holes and hole mobility.

212. In Hall effect measurements in a magnetic field with induction
B = 5.0 kG the transverse electric field strength in an impurity-free
germanium turned out to be η = 10 times less than the longitudinal
electric field strength. Find the difference in the mobilities of
conduction electrons and holes in the given semiconductor.

213. The Hall effect turned out to be not observable in a semiconductor
whose conduction electron mobility was η = 2.0 times that of the hole
mobility. Find the ratio of hole and conduction electron
concentrations in that semiconductor.

6.5 Radioactivity
● Fundamental law of radioactive decay:

N N e t= −
0

λ , …(6.5a)

● Relation between the decay constant λ, the mean lifetime τ,and the half-life T:

λ
τ

= =1 2ln
.

T
…(6.5b)

● Specific activity is the activity of a unit mass of a radioisotope.
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214. Knowing the decay constant λ of a nucleus, find:
(a) the probability of decay of the nuclei during the time from 0 to t;
(b) the mean lifetime τ of the nucleus.

215. What fraction of the radioactive cobalt nucleus whose half-life is
71.3 days decays during a month?

216. How many beta-particles are emitted during one hour by1.0 gµ of Na24

radionuclide whose half-life is 15 hours?

217. To investigate the beta-decay of Mg23 radionuclide, a counter was

activated at the moment t = 0. It registered N1 beta-particles by a
moment t1 = 2.0 s, and by a moment t t2 13= the number of registered
beta-particles was 2.66 times greater. Find the mean lifetime of the
given nuclei.

218. The activity of a certain preparation decreases 2.5 times after 7.0 days.
Find its half-life.

219. At the initial moment the activity of a certain radionuclide totalled
650 particles per minute. What will be the activity of the preparation
after half its half-life period?

220. Find the decay constant and the mean lifetime of Co55 radionuclide if
its activity is known to decrease 4.0% per hour. The decay product is
nonradioactive.

221. A U238 preparation of mass 1.0 g emits 1.24 × 104 alpha particles per

second. Find the half-life of this nuclide and the activity of the
preparation.

222. Determine the age of ancient wooden items if it is known that the
specific activity of C14 nuclide in them amounts to 3/5 of that in lately
felled trees. The half-life of C14 nuclei is 5570 years.

223. In a uranium ore the ratio of U238 nuclei to Pb206 nuclei is η = 2.8.

Evaluate the age of the ore, assuming all the lead Pb206 to be a final
decay product of the uranium series. The half-life of U238 nuclei is
4.5 × 109 years.

224. Calculate the specific activities of Na24 and U235 nuclides whose
half-lifes are 15 hours and 7.1 × 108 years respectively.

225. A small amount of solution containing Na24 radionuclide with activity
A = ×2.0 103 disintegrations per second was injected in the

bloodstream of a man. The activity of 1 3cm of blood sample taken

t = 5.0 hours later turned out to be A′ = 16 disintegrations per minute
per cm3. The half-life of the radionuclide is T = 15 hours. Find the

volume of the man’s blood.

226. The specific activity of a preparation consisting of radio-active Co58

and non-radioactiveCo59 is equal to2.2 × 1012 dis/(s g).⋅ The half-life of

Co58 is 71.3 days. Find the ratio of the mass of radioactive cobalt in that
preparation to the total mass of the preparation (in per cent).
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227. A certain preparation includes two beta-active components with
different half-lifes. The measurements resulted in the following
dependence of the natural logarithm of preparation activity on time t
expressed in hours:

t 0 1 2 3 5 7 10 14 20

ln A 4.10 3.60 3.10 2.60 2.06 1.82 1.60 1.32 0.90

Find the half-lifes of both components and the ratio of radioactive
nuclei of these components at the moment t = 0.

228. A P32 radionuclide with half-life T = 14.3 days is produced in a reactor

at a constant rate q = ×2.7 109 nuclei per second. How soon after the

beginning of production of that radionuclide will its activity be equal
to A = ×1.0 109 dis/s?

229. A radionuclide A1 with decay constant λ1 transforms into a

radionuclide A2 with decay constant λ2. Assuming that at the initial
moment the preparation contained only the radionuclide A1, find:
(a) the equation describing accumulation of the radionuclide A2 with

time;
(b) the time interval after which the activity of radionuclide A2

reaches the maximum value.

230. Solve the foregoing problem if λ λ λ1 2= = .

231. A radionuclide A1 goes through the transformation chain

A A A1 2 3→ → (stable) with respective decay constants λ1 and λ2.
Assuming that at the initial moment the preparation contained only
the radionuclide A1 equal in quantity to N10 nuclei, find the equation
describing accumulation of the stable isotope A3..

232. A Bi210 radionuclide decays via the chain

Bi Po Pb (stable),210 210 206

1 2

→ →
λ λ

where the decay constants are λ1
6 110= × − −1.60 s ,λ2

8 110= × − −5.80 s .

Calculate alpha- and beta-activities of the Bi210 preparation of mass
1.00 mg a month after its manufacture.

233. (a) What isotope is produced from the alpha-radioactive Ra226as a
result of five alpha-disintegrations and four β−-disintegrations?

(b) How many alpha- and β−-decays does U238 experience before

turning finally into the stable Pb206 isotope?

234. A stationary Pb206 nucleus emits an alpha-particle with kinetic energy
Tα = 5.77 MeV. Find the recoil velocity of a daughter nucleus. What
fraction of the total energy liberated in this decay is accounted for by
the recoil energy of the daughter nucleus?

235. Find the amount of heat generated by 1.00 mg of a Po210 preparation
during the mean lifetime period of these nuclei if the emitted

258 | Atomic and Nuclear Physics

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


alpha-particles are known to possess the kinetic energy 5.3 MeV and
practically all daughter nuclei are formed directly in the ground state.

236. The alpha-decay of P0210 nuclei (in the ground state) is accompanied
by emission of two groups of alpha-particles with kinetic energies 5.30
and 4.50 MeV. Following the emission of these particles the daughter
nuclei are found in the ground and excited states. Find the energy of
gamma-quanta emitted by the excited nuclei.

237. The mean path length of alpha-particles in air under standard
conditions is defined by the formula R v= × −0.98 cm,10 27

0
3 where

v0 (cm/s) is the initial velocity of an alpha-particle. Using this formula,
find for an alpha-particle with initial kinetic energy 7.0 MeV:
(a) its mean path length;
(b) the average number of ion pairs formed by the given alpha-particle

over the whole path R as well as over its first half, assuming the ion
pair formation energy to be equal to 34 eV.

238. Find the energy Q liberated inβ−- andβ+-decays and in K-capture if the

masses of the parent atom M p, the daughter atom Md and accelectron
m are known.

239. Taking the values of atomic masses from the tables, find the maximum
kinetic energy of beta-particles emitted by Be10 nuclei and the
corresponding kinetic energy of recoiling daughter nuclei formed
directly in the ground state.

240. Evaluate the amount of heat produced during a day by aβ−-active Na24

preparation of mass m = 1.0 mg. The beta-particles are assumed to
possess an average kinetic energy equal to 1/3 of the highest possible
energy of the given decay. The half-life of Na24 is T = 15 hours.

241. Taking the values of atomic masses from the tables, calculate the
kinetic energies of a positron and a neutrino emitted byC11 nucleus for
the case when the daughter nucleus does not recoil.

242. Find the kinetic energy of the recoil nucleus in the positronic decay of
a N13 nucleus for the case when the energy of positrons is maximum.

243. From the tables of atomic masses determine the velocity of a nucleus
appearing as a result of K-capture in a Be7 atom provided the daughter
nucleus turns out to be in the ground state.

244. Passing down to the ground state, excited Ag109 nuclei emit either

gamma quanta with energy 87 keV or K conversion electrons whose
binding energy is 26 keV. Find the velocity of these electrons.

245. A free stationary Ir191 nucleus with excitation energy E = 129 keV

passes to the ground state, emitting a gamma quantum. Calculate the
fractional change of gamma quanta energy due to recoil of the nucleus.

246. What must be the relative velocity of a source and an absorber
consisting of free Ir191 nuclei to observe the maximum absorption of
gamma quanta with energy ε = 129 keV?
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247. A source of a gamma quanta is placed at a height h = 20 m above an

absorber. With what velocity should the source be displaced upward
to counterbalance completely the gravitational variation of gamma
quanta energy due to the Earth’s gravity at the point where the
absorber is located?

248. What is the minimum height to which a gamma quanta source
containing excited Zn67 nuclei has to be raised for the gravitational
displacement of the Mössbauer line to exceed the line width itself,
when registered on the Earth’s surface? The registered gamma quanta
are known to have an energy ε = 93 keV and appear on transition of
Zn67 nuclei to the ground state, and the mean lifetime of the excited
state is τ µ= 14 s.

6.6 Nuclear Reactions
● Binding energy of a nucleus:

E Zm A Z m Mb n= + − −H ( ) , …(6.6a)

where Z is the charge of the nucleus (in units of e), A is the mass number, mH,
mn, and M are the masses of a hydrogen atom, a neutron, and an atom
corresponding to the given nucleus.

In calculations the following formula is more convenient to use:

E Z A Zb n= + − −∆ ∆ ∆H ( ) , …(6.6b)

where ∆H, ∆n, and ∆ are the mass surpluses of a hydrogen atom, a neutron,
and an atom corresponding to the given nucleus.

● Energy diagram of a nuclear reaction

m M M m M Q+ → → ′ + ′ +* …(6.6c)

is illustrated in Fig. 6.12, where m M+ and
m M′ + ′ are the sums of rest masses of

particles before and after the reaction,
~
T and

~
T ′ are the total kinetic energies of particles
before and after the reaction (in the frame of
the centre of inertia), E * is the excitation
energy of the transitional nucleus, Q is the
energy of the reaction, E and E ′ are the
binding energies of the particles m and m′ in
the transitional nucleus, 1, 2, 3 are the energy
levels of the transitional nucleus.

● Threshold (minimum) kinetic energy of an
incoming particle at which an endoergic nuclear reaction

T
m M

M
Qth = +

| | …(6.6d)

becomes possible: here m and M are the masses of the incoming particle and
the target nucleus.

249. An alpha-particle with kinetic energy Tα = 7.0 MeV is scattered

elastically by an initially stationary Li6 nucleus. Find the kinetic
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energy of the recoil nucleus if the angle of divergence of the two
particles is θ = °60 .

250. A neutron collides elastically with an initially stationary deuteron.
Find the fraction of the kinetic energy lost by the neutron
(a) in a head-on collision;
(b) in scattering at right angles.

251. Find the greatest possible angle through which a deuteron is scattered
as a result of elastic collision with an initially stationary proton.

252. Assuming the radius of a nucleus to be equal to R A= 0.133 pm, where

A is its mass number, evaluate the density of nuclei and the number of
nucleons per unit volume of the nucleus.

253. Write missing symbols, denoted by x, in the following nuclear
reactions:
(a) B Be10 2( , ) ;z α
(b) O17 ( , ) ;d n x

(c) Na Ne23 20( , ) ;p x

(d) x p n( , ) .Ar37

254. Demonstrate that the binding energy of a nucleus with mass number A
and charge Z can be found from Eq. (6.6b).

255. Find the binding energy of a nucleus consisting of equal numbers of
protons and neutrons and having and radius one and a half times
smaller than that of Al27 nucleus.

256. Making use of the tables of atomic masses, find:
(a) the mean binding energy  per one nucleon in O16 nucleus;
(b) the binding energy of a neutron and an alpha-particle in a B11

nucleus;
(c) the energy required for separation of an O16 nucleus into four

identical particles.

257. Find the difference in binding energies of a neutron and a proton in a
B11 nucleus. Explain why there is the difference.

258. Find the energy required for separation of a Ne20 nucleus into two
alpha-particles and a C12 nucleus if it is known that the binding
energies per one nucleon in Ne20,He4, andC12 nuclei are equal to 8.03,

7.07, and 7.68 MeV respectively.

259. Calculate in atomic mass units the mass of
(a) a Li8 atom whose nucleus has the binding energy 41.3 MeV;
(b) a C10 nucleus whose binding energy per nucleon is equal to

6.04 MeV.

260. The nuclei involved in the nuclear reaction A A A A1 2 3 4+ → + have

the binding energies E1,E2,E3,and E4.Find the energy of this reaction.

261. Assuming that the splitting of a U235 nucleus liberates the energy of
200 MeV, find:
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(a) the energy liberated in the fission of one kilogram of U235 isotope,
and the mass of coal with calorific value of 30 kJ/g which is
equivalent to that for one kg of U235;

(b) the mass of U235 isotope split during the explosion of the atomic
bomb with 30 kt trotyl equivalent if the calorific value of trotyl is
4.1 kJ/g.

262. What amount of heat is liberated during the formation of one gram of
He4 from deuterium H2 ? What mass of coal with calorific value of
30 kJ/g is thermally equivalent to the magnitude obtained?

263. Taking the values of atomic masses from the tables, calculate the
energy per nucleon which is liberated in the nuclear reaction
Li + H 2He .6 2 4→ Compare the obtained magnitude with the energy

per nucleon liberated in the fission of U235 nucleus.

264. Find the energy of the reaction Li 2He7 + →p 4 if the binding energies

per nucleon in Li7 and He4 nuclei are known to be equal to 5.60 and
7.06 MeV respectively.

265. Find the energy of the reaction N O14 17( , )α p if the kinetic energy of the

incoming alpha-particle is Tα = 4.0 MeV and the proton outgoing at an
angle θ = °60 to the motion direction of the alpha-particle has a kinetic
energy Tp = 2.09 MeV.

266. Making use of the tables of atomic masses, determine the energies of
the following reactions:
(a) Li Be7 7( , ) ;p n

(b) Be Be9 10( , ) ;n γ
(c) Li B7 10( , ) ;α n

(d) O N16 14( , )d α
267. Making use of the tables of atomic masses, find the velocity with

which the products of the reaction B Li10 7( , )n α come apart; the

reaction proceeds via interaction of very slow neutrons with stationary
boron nuclei.

268. Protons striking a stationary lithium target activate a reaction
Li Be7 7( , ) .p n At what value of the proton’s kinetic energy can the

resulting neutron be stationary?

269. An alpha particle with kinetic energy T = 5.3 MeV initiates a nuclear

reaction Be C9 12( , )α n with energy yield Q = +5.7 MeV. Find the

kinetic energy of the neutron outgoing at right angles to the motion
direction of the alpha-particle.

270. Protons with kinetic energy T = 1.0 MeV striking a lithium target

induce a nuclear reaction p + →Li 2He7 4. Find the kinetic energy of

each alpha-particle and the angle of their divergence provided their
motion directions are symmetrical with respect to that of incoming
protons.
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271. A particle of mass m strikes a stationary nucleus of mass M and
activates an endoergic reaction. Demonstrate that the threshold
(minimal) kinetic energy required to initiate this reaction is defined by
Eq. (6.6d).

272. What kinetic energy must a proton possess to split a deuteron H2

whose binding energy is Eb = 2.2 MeV?

273. The irradiation of lithium and beryllium targets by a monoergic stream
of protons reveals that the reaction Li Be 1.65 MeV7 7( , )p n − is

initiated whereas the reaction Be B 1.85 MeV9 9( , )p n − does not take

place. Find the possible values of kinetic energy of the protons.

274. To activate the reaction( , )n α with stationary B11 nuclei, neutrons must

have the threshold kinetic energy Tth = 4.0 MeV. Find the energy of
this reaction.

275. Calculate the threshold kinetic energies of protons required to activate
the reactions ( , )p n and ( , )p d with Li7 nuclei.

276. Using the tabular values of atomic masses, find the threshold kinetic
energy of an alpha particle required to activate the nuclear reaction
Li B7 10( , ) .α n What is the velocity of the B10 nucleus in this case?

277. A neutron with kinetic energy T = 10 MeV activates a nuclear reaction

C Be12 9( , )n α whose threshold is Tth = 6.17 MeV. Find the kinetic

energy of the alpha-particles outgoing at right angles to the incoming
neutrons’ direction.

278. How much, in per cent, does the threshold energy of gamma quantum
exceed the binding energy of a deuteron (Eb = 2.2 MeV) in the reaction
γ + → +H2 n p?

279. A proton with kinetic energyT = 1.5 MeV is captured by a deuteron H2.

Find the excitation energy of the formed nucleus.

280. The yield of the nuclear reaction C N13 14( , )d n has maximum

magnitudes at the following values of kinetic energy Ti of bombarding
deuterons; 0.60, 0.90, 1.55, and 1.80 MeV. Making use of the table of
atomic masses, find the corresponding energy levels of the transitional
nucleus through which this reaction proceeds.

281. A narrow beam of thermal neutrons is attenuated η = 360 times after

passing through a cadmium plate of thicknessd = 0.50 mm.Determine
the effective cross-section of interaction of these neutrons with
cadmium nuclei.

282. Determine how many times the intensity of a narrow beam of thermal
neutrons will decrease after passing through the heavy water layer of
thickness d = 5.0 cm. The effective cross-sections of interaction of
deuterium and oxygen nuclei with thermal neutrons are equal to
σ = 7.0 b and σ2 = 4.2 b respectively.
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283. A narrow beam of thermal neutrons passes through a plate of iron
whose absorption and scattering effective cross-sections are equal to
σa = 2.5 b and σs = 11 b respectively. Find the fraction of neutrons
quitting the beam due to scattering if the thickness of the plate is
d = 0.50 cm.

284. The yield of a nuclear reaction producing radionuclides may be
described in two ways; either by the ratio w of the number of nuclear
reactions to the number of bombarding particles, or by the quantity k,
the ratio of the activity of the formed radionuclide to the number of
bombarding particles. Find:
(a) the half-life of the formed radionuclide, assuming w and k to be

known:
(b) the yield w of the reaction Li Be7 7( , )p n if after irradiation of a

lithium target by a beam of protons (over t = 2.0 hours and with
beam current I = 10 µA) the activity of Be7 became equal to

A = ×1.35 108 dis/s and its half-life to T = 53 days.

285. Thermal neutrons fall normally on the surface of a thin gold foil
consisting of stable Au197 nuclide. The neutron flux density is
J = ×1.0 1010 part. /( ).s cm⋅ 2 The mass of the foil is m = 10 mg. The

neutron capture produces beta-active Au198 nuclei with half-life
T = 2.7 days. The effective capture cross-section is σ = 98 b. Find:
(a) the irradiation time after which the number of Au197 nuclei

decreases by η = 1.0%;
(b) the maximum number of Au198 nuclei that can be formed during

protracted irradiation.

296. A thin foil of certain stable isotope is irradiated by thermal neutrons
falling normally on its surface. Due to the capture of neutrons a
radionuclide with decay constant λ appears. Find the law describing
accumulation of that radionuclide N t( ) per unit area of the foil’s
surface. The neutron flux density is J, the number of nuclei per unit
area of the foil’s surface is n, and the effective cross-section of
formation of active nuclei is σ.

287. A gold foil of mass m = 0.20 g was irradiated during t = 6.0 hours by a

thermal neutron flux falling normally on its surface. Following
τ = 12 hours after the completion of irradiation the activity of the foil
became equal to A = ×1.9 107 dis/s. Find the neutron flux density if

the effective cross-section of formation of a radioactive nucleus is
σ = 96 b, and the half-life is equal to T = 2.7 days.

288. How many neutrons are there in the hundredth generation if the
fission process starts with N0 1000= neutrons and takes place in a
medium with multiplication constant k = 1.05?

289. Find the number of neutrons generated per unit time in a uranium
reactor whose thermal power is P = 100 MW if the average number of
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neutrons liberated in each nuclear splitting is ν = 2.5. Each splitting is
assumed to release an energy E = 200 MeV.

290. In a thermal reactor the mean lifetime of one generation of thermal
neutrons is τ = 1.10 s. Assuming the multiplication constant to be
equal to k = 1.010, find:
(a) how many times the number of neutrons in the reactor, and

consequently its power, will increase over t = 10. min;
(b) the period T of the reactor, i.e., the time period over which its

power increases e-fold.

6.7. Elementary particles
● Total energy and momentum of a relativistic particle;

E m c T= +0
2 , pc T T m c= +( ),2 0

2 …(6.7a)

where T is the kinetic energy of the particle.
● When examining collisions of particles it pays to use the invariant;

E p c m c2 2 2
0
2 4− = . …(6.7b)

where E and p are the total energy and the total momentum of the system
prior to collision, m0 is the rest mass of the formed particle.

● Threshold (minimal) kinetic energy of a particle m striking a stationary
particle M and activating the endoergic reaction m M m m+ → + +1 2 K :

T
m m m M

M
cth = + + − +( ...) ( )

,1 2
2 2

2

2
…(6.7c)

where m, M, m1, m2, K are the rest masses of the respective particles.
● Quantum numbers classifying  elementary particles:

Q, electric charge,

L, lepton charge,

B, haryon charge,

T, isotopeic spin, Tz , its projection,

S, strangeres, S Q B= < > −2 ,

Y, hypercharge, Y B S= + .

● Relation between quantum numbers of strongly interacting particles;

Q T
Y

T
B S

z z= + = + +
2 2

. …(6.7d)

● Interaction of particles obey the laws of conservation of the Q, L and B
charges. In strong interactions the laws of conservation of S (or Y), T, and its
projection Tz are also valid.

291. Calculate the kinetic energies of protons whose momenta are 0.10, 1.0,
and 10 GeV/c, where c is the velocity of light.

292. Find the mean path travelled by pions whose kinetic energy exceeds
their rest energy η = 1.2 times. The mean lifetime of very slow pions is
τ0 = 25.5 ns.
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293. Negative pions with kinetic energy T = 100 MeV travel an average

distance l = 11 m from their origin to decay. Find the proper lifetime of
these poins.

294. There is a narrow beam of negative pions with kinetic energy T equal
to the rest energy of these particles. Find the ratio of fluxes at the
sections of the beam separated by a distance l = 20 m. The proper
mean lifetime of these poins is τ0 = 25.5 ns.

295. A stationary positive pion disintegrated into a muon and a neutrino.
Find the kinetic energy of the muon and the energy of the neutrino.

296. Find the kinetic energy of a neutron emerging as a result of the decay of
a stationary Σ− hyperon ( ).Σ− −→ +n π

297. A stationary positive muon disintegrated into a positron and two
neutrions. Find the greatest possible kinetic energy of the positron.

298. A stationary neutral particle disintegrated into a proton with kinetic
energy T = 5.3 MeV and a negative pion. Find the mass of that particle.
What is its name?

299. A negative pion with kinetic energy T = 50 MeV disintegrated during

its flight into a muon and a neutrino. Find the energy of the neutrino
outgoing at right angles to the pion’s motion direction.

300. A Σ+ hyperon with kinetic energy T1 320= MeV disintegrated during

its flight into a neutral particle and a positive pion outgoing with
kinetic energy Tπ = 42 MeV at right angles to the hyperon’s motion
direction. Find the rest mass of the neutral particle (in MeV units).

301. A neutral pion disintegrated during its flight into two gamma quanta
with equal energies. The angle of divergence of gamma quanta is
θ = °60 . Find the kinetic energy of the pion and of each gamma
quantum.

302. A relativistic particle with rest mass m collides with a stationary
particle of mass M and activates a reaction leading to formation of new
particles: m M m m+ → + +1 2 K , where the rest masses of newly
formed particles are written on the right hand side. Making use of the
invariance of the quantity E p c2 2 2− , demonstrate that the threshold

kinetic energy of the particle m required for this reaction is defined by
Eq. (6.7c).

303. A positron with kinetic energy T = 750 keV strikes a stationary free

electron. As a result of annihilation, two gamma quanta with equal
energies appear. Find the angle of divergence between them.

304. Find the threshold energy of gamma quantum required to form
(a) an electron-positron pair in the field of a stationary electron;
(b) a pair of pions of opposite signs in the field of a stationary proton.

305. Protons with kinetic energy T strike a stationary hydrogen target. Find
the threshold values of T for the following reactions;
(a) p p p p p p+ → + + + ~; (b) p p p p+ → + + π0.
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306. A hydrogen target is bombarded by pions. Calculate the threshold
values of kinetic energies of these pions making possible the following
reactions:
(a) π− + −+ → +p K Σ ; (b) π0 0+ → ++p K Λ .

307. Find the strangeness S and the hypercharge Y of a neutral elementary
particle whose isotopic spin projection isTz = + 1 2/ and baryon charge
B = +1. What particle is this?

308. Which of the following processes are forbidden by the law of
conservation of lepton charge:
(1) n p e→ + +− ν; (4) p e n+ → +− ν;

(2) π µ+ + − +→ + +e e ; (5) µ ν ν+ +→ + +e ~;

(3) π µ ν− −→ + ; (6) K − −→ +µ ν~?

309. Which of the following process are forbidden by the law of
conservation of strangeness;
(1) π− − ++ → +p KΣ ; (4) n p+ → + +Λ Σ0 ;

(2) π− + −+ → +p KΣ ; (5) π− + →n Ξ− + −+ +K K ;

(3) π− + −+ → + +p K K n; (6) K p K K− − ++ → + +Ω 0 ?

310. Indicate the reasons why the following processes are forbidden:
(1) Σ Λ− −→ +0 π ; (4) n p+ → ++Σ Λ0;

(2) π− + −+ → +p K K ; (5) π µ− − + −→ + +e e ;

(3) K K K− − ++ → + +π Ω 0; (6) µ ν νµ
− −→ + +e e

~ ?
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Physical Fundamentals of Mechanics

1. v l= =/2τ 3.0 km per hour.

2. v v v v v v v= + + +2 20 1 2 0 1 2( )/( ).

3. ∆t v t= − =τ ω1 4 15/ s.

4. (a) 10 cm/s; (b) 25 cm/s; (c) t 0 16= s.

5. ( )/| | ( )/| |.r r r r v v v v1 2 1 2 2 1 2 1− − = − −

6. v v v v v′ = + + φ ≈0
2 2

02 40cos km per hour, φ′ = °19 .

7. u
v

v v
=

− ′ −
=

−
0

0
2 2 1 21 1( / ) /

3.0 km per hour.

8. τ τ η / ηA B/ = − =2 1 1.8

9. θ π= + = °arcsin ( / ) / .1 2 120n

10. l v t= − =0 2 1 22( sin )θ m.

11. l v v v v g= + =( ) /1 2 1 2 2.5 m.

12. t a v= 2 3/ .

13. It is seen from Fig. 1a that the points A and B converge with velocity v u− cos α,

where the angle α varies with time. The points merge provided the following

two conditions are met:

( cos ) ,v u dt l− =∫ α
τ

0
v dt ucos ,α τ

τ
=∫0

where τ is the sought time. It follows from these two equations that.

τ = −vl v u/( ).2 2

14. x x l t1 2 2− = − + =ωτ τ( / ) 0.24 km. Towards the train with velocity

V = 4.0 m/s.

15. (a) 0.7 s; (b) 0.7 and 1.3 m respectively.

16. t
v l v l

v v
m = +

+
1 1 2 2

1
2

2
2

, l
l v l v

v v
min

| |
.= −

+
1 2 2 1

1
2

2
2
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17. CD l= −/ .η2 1

18. See. Fig. 1b.

19. (a) v R= =π τ/ 50 cm/s; (b) | | /v R= =2 32τ cm/s;

(c) | | / .w = =2 102 2π τR cm/s

20. (a) v a= −( ),1 2αt w a= − =2α constant; (b) ∆t = 1/ ,α x a= / .2α
21. (a) x v t t= −0 1 2( / ),τ x = 0.24, 0 and –4.0 m;

(b) 1.1, 9 and 11 s;

(c) s
t v t

t v t

t

t
=

−

+ −




≤
≥

( / )

[ ( / ) ] /

for

for

,

.

1 2

1 1 2

0

2
0

τ

τ
τ
τ

24 and 34 cm respectively

22. (a) v t= α2 /2, ω α= 2 2/ ; (b) v s= α /2.

23. (a) s a v= ( / ) ;/2 3 0
3 2 (b) t v a= 2 0 / .

24. (a) y x b a= − 2 2/ ; (b) v i j= −a bt2 , w j= − 2b , v a b t= +2 2 24 ,w b= 2 ;

(c) tan / ;α = a bt2 (d) v i j= −a bt . | | .v = +a b t2 2 2

25. (a) y x x a= − 2α / ; (b) v a t= + −1 1 2 2( ) ,α w a= =2α constant;

(c) t 0 1= / .α
26. (a) s a= ωτ; (b) π/2.

27. v a w b0
21 2= +( ) / .

28. (a) r v= +0
2 2t gt / ; (b) v v

t
gt= +0 /2 v v v= −0 0

2g g g( )/ .

29. (a) τ α;= 2 0( / ) sinv g (b) h v g= ( / ) sin ,0
2 22 α l v g= ( / ) sin ,0

2 2α α = °76 ;

(c) y x g v x= −tan ( / cos ) ;α α2 0
2 2 2

(d) R v g1 0
2= / cos ,α R v g2 0

2 2= ( / ) cos .α
30. See Fig. 2.

31. l h= 8 sin .α
32. 0.41 or 0.71 min latter, depending on the initial angle.

33. ∆t
v

g
= −

+
=2

110 1 2

1 2

sin ( )

cos cos

θ θ
θ θ

s.

34. (a) x a v y= ( / ) ;2 0
2

(b) w av= 0,w a y ay vτ = +2
0

21/ ( / ) ,w av ay vn = +2 0
21/ ( / ) .

35. (a) y b a x= ( / ) ;2 2 (b) R v w v w w a b xb an= = − = +2 2 2 2 2 3 21/ ( / ) [ ( / ) ] ./
τ

36. v ax= 2 .
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37. w a n= + =1 4 2 2( ) .π 0.8 m/s

38. (a) v v v t R v e R= + = −
0 0 0

81( / ) ;/ (b) w v Re v Rs R= =2 20
2 2 2/ / ./

39. tan / .α = 2s R

40. (a) w a R0
2 2 2= =ω / ,2.6 m/s w aa = =ω2 23.2 m/s ;

(b) w a R amin ( / ) ,= − =ω2 2 21 2 2.5 m/s l a R am = ± − = ±1 22 2/ 0.37 m.

41. R a bs= 3 2/ ,w bs a= +1 4 2 3 2( / ) .

42. (a) ω = 2 2av , R a= 1 2/ ; (b) ω = bv a2 2/ , R a b= 2 / .

43. v R= =2 ω 0.40 m/s,w R= =4 2ω 0.32 m/s .2

44. w v t a t= + =( / ) .1 4 2 4 20.7 m/s

45. ω π= = ×2 103nv l/ 2.0 rad /s.

46. (a) ω = =2 3 4a/ rad /s, β = =3 6ab rad /s ;2

(b) β = =2 3 12ab 4rad /s .2

47. t a= =( / ) tan4 73 α s.

48. ω ω= 0 3/ .

49. (a) φ = − −( ) / ;1 0e aat ω (b) ω ω= −
0e

at.

50. ω βz = ± φ2 0 sin , See Fig. 3.

51. (a) y v x= 2 /β (hyperbola);

(b) y wx= 2 /ω (parabola).

52. (a) w v RA = =2 / ,2.0 m/s2 the vector w A is

permanently directed to the centre of the wheel;

(b) s R= =8 4.0 m.

53. (a) v wtA = =2 10.0 cm/s, v wtB = =2 7.1 cm/s,

v 0 0= ;

(b) w w wt RA = + =2 1 22 2 2( / ) ,5.6 cm/s

w wt RB = + − =1 1 2 2 2( / ) ,2.5cm/s w w t R0
2 2 2= =/ .2.5cm/s

54. R rA = 4 , R rB = 2 2 .

55. ω ω ω= + =1
2

2
2 5 rad /s,β ω ω= =1 2

212 rad /s .

56. (a) ω = + =at bt a1 82( / ) ,rad /s β = + =a bt a1 2 2( / ) 1.3 rad /s ;2 (b) 17°.

57. (a) ω α= =v R/ cos 2.3 rad /s, 60°; (b) β α= =( / ) tanv R 2 2.3 rad /s .2

58. ω ω β ω= + =0 0 0
21 ( / )t 0.6 rad /s,β β ω= + =0 0

2 2 21 t 0.2 rad /s .

59. ∆m mw g w= +2 /( ).

60. w g= − +
+ +

m k m m

m m m

0 1 2

0 1 2

( )
, T

k m

m m m
m g= +

+ +
( )

.
1 0

0 1 2
2

61. (a) F
k k m m g

m m
= −

+
( ) cos

;1 2 1 2

1 2

α
(b) tan .α min = +

+
k m k m

m m
1 1 2 2

1 2

62. k = − + =[( )/( )] tanη η α2 21 1 0.16.

63. (a) m m k2 1/ sin cos ;> +α α (b) m m k2 1/ sin cos ;< −α α
(c) sin cos / sin cos .α α α α− < < +k m m k2 1
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64. w g .2 1= − − + =( sin cos )/( )η α α ηk 0.05g

65. When t t≤ 0, the accelerations

w w at m m1 2 1 2= = +/( );when t t≥ 0w kgm m1 2 1= / ,
w at km g m2 2 2= −( )/ . Here t kgm m m am0 2 1 2= +( )/ .
See Fig. 4.

66. tan / ,2 1α = − k α = °49 ; t min = 1.0 s.

67. tan ;β = k t mg k kmin (sin cos )/ .= + +α α 1 2

68. (a) v
mg

a
=

2

22

cos

sin
;

α
α

(b) s
m g

a
=

2 3

2 36

cos

sin
.

α
α

69. v g a= ( / ) sin .2 3 α

70. τ = +2 3l w kg/( ).

71. (a) w
w

1
1 2 2 0

1 2

2= − +
+

( )
,

m m g m

m m
w g w1

1 2

1 2
0′ = −

+
−m m

m m
( );

(b) F g w=
+

−4 1 2

1 2
0

m m

m m
( ).

72. w = − +2 2 4 1g ( sin )/( ).η α η

73. w g1
1 2 0 1 2

1 2 0 1 2

4

4
= + −

+ +
m m m m m

m m m m m

( )

( )
.

74. F lmM M m tfr = −2 2/( ) .

75. t l g= + − =2 4 3 2( )/ ( )η η 1.4 s.

76. H h= + =6 4η η/( ) 0.6 m.

77. w gA = +/( cot ),1 2η α w gB = +/(tan cot ).α η α
78. w g k M m= + +2 2/( / ).

79. w g k kmin ( )/( ).= − +1 1

80. w g k kmax ( cot )/(cot )= + −1 α α

81. w g m m= +sin cos /(sin / ).α α α2
1 2

82. w
mg

M m
=

+ −
sin

( cos )
.

α
α2 1

83. (a) | | / ;F = 2 2 2mv Rπ (b) | | .F = mw τ

84. 2.1, 0.7 and 1.5 kN.

85. (a) w g= +1 3 2cos ,θ T mg= 3 cos ;θ (b) T mg= 3;

(c) cos / ,θ = 1 3 θ = °54.7 .

86. ≈ °53

87. θ = ≈ °arc cos ( / ) ,2 3 48 v gR= 2 3/ .

88. ε ω= −1 12/( / ).x m Is independent of the rotation  reaction.

89. r R= /2, v kgRmax / .= 1 2

90. s R kg w= − =1 2 1 602/ ( / )τ m.

91. v kg a≤ α / .

92. T R g mg= +(cot / ) / .θ ω π2 2
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93. (a) Let us examine a small element of the thread in
contact with the pulley (Fig. 5). Since the element is
weightless, dT dF kdFfr n= = and dF T dn = α.
Hence, dT T kd/ .= α Integrating this equation, we
obtain k = (ln )/ ;η π0 (b) w g= − +( )/( ).η η η η0 0

94. F mv R= ( / ) cos .0
2 2 α

95. F r= − mω2 , where r is the radius vector of the

particle relative to the origin of coordinats;

F m x y= +ω2 2 2 .

96. (a) ∆p = mgt; (b) | | ( )/ .∆p v= −2 0m g g

97. (a) p a= τ3 6/ ; (b) s a m= τ 4 12/ ,

98. s t t F m= −( sin ) / ,ω ω ω0
2 see Fig. 6.

99. t = π /ω; s F m= 2 0
2/ ;ω v F mmax / .= 0 ω

100. (a) v v e tr m= −
0

/ , t → ∞;

(b) v v sr m= −0 / , s
mv

r
total = 0 ;

(c) v v= −
0

1η
η ηln

.

101. t
h v v

v v v v
= −( )

ln ( / )
.0

0 0

102. s
a

= 2
tan ,α v

g

a
max sin tan ,= α α

Instruction. To reduce the equation to the form which is convenient to
integrate, the acceleration must be represented as dv dt/ and then a change of
variables made according to the formula dt dx v= / .

103. s a t t m= −1 6 0
3/ ( ) / . where t kmg a0 = / is the moment of time at which the

motion starts. At t t≤ 0 the distance is s = 0.

104. v v kv mg′ = +0 0
21/ / .

105. (a) v F m t= ( / )|sin ( / )|;2 2ω ω (b) ∆s F m= 8 2/ ,ω v F m= 4 / .π ω

106. v v= + φ0 1/( cos ). Instruction. Here w wt x= − , and therefore

v v x= − + constant. From the initial condition it follows that constant = v 0.
Besides, v vx = φcos .

107. w l R Rg l= −[ cos ( / )] / .1

108. (a) v gR= 2 3/ ; (b) cos
( )

,θ
η η

η
0

2

2

2 5 9

3 1
=

+ +
+

where η = w g0 / ,θ0 17≈ °.

109. For n < 1, including negative values.

110. When ω2R g> , there are two steady equilibrium positions: θ1 0= and

θ ω2
2= across ( / ).g R When ω2R g< , there is only one equilibrium position :

θ1 0= . As long as there is only one lower equilibrium position, it is steady.
Whenever the second equilibrium position appears (which is permanently
steady) the lower one becomes unsteady.

111. h s v≈ φ =( / ) sinω 2 7 cm,whereωis the angular velocity of the Earth’s rotation.

112. F m g r v= + + ′ =2 4 2 22 8ω ω( ) N.
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113. F m r v rcor = + =2 12
0

2ω /ω( ) 2.8 N.

114. (a) w R′ = ω2 ; (b) F m r R rin = −ω2 22 1( / ) ,

115. F m Rcf = =ω2 5 9 8/ N, F m R g Rcor = + =2 5 5 8 3 172 2/ /ω ω N.

116. (a) F mv= φ =2 ω sin 3.8 kN, on the right rail; (b) along the parallel from the

east to the west with the velocity v R= φ ≈1

2
420ω cos km per hour. Here ω is

the angular rotation velocity of the Earth about its axis, R is its radius.

117. Will deviate to the east by the distance x h h g≈ =2

3
2 24ω / cm. Here ω is the

angular velocity of the Earth’s rotation about its axis.

118. A = − = −F r r J.( )2 1 17

119. A ma t= 4 2 8/ .

120. F as s R= +2 1 2( / ) .

121. A mg h kl= +( ).

122. A kmgl k= − − = −/( cot )1 α 0.05 J

123. F m m kgmin ( / ) .= +1 2 2

124. A mgl= − − = −( ) /1 2η η 1.3 J.

125. P = 0, P mg gt v= −( sin ).0 α

126. P mRat= , P mRat= /2.

127. (a) P kmgv= − = −0 2 2/ ;W (b) P mv gmax / .= − 1 2 0
2 α

128. A m r r= − =1 2 2
2
2

1
2/ ( )ω 0.20 J.

129. A k lmin / ( ) ,= 1 2 2∆ where k k k k k= +1 2 1 2/( ).

130. A mg a= 3 4/ , ∆U mg a= / .2

131. (a) r a b0 2= / , steady;

(b) F b amax / ,= 2 227 ] see Fig. 7.

132. (a) No; (b) ellipses whose ratio of semiaxes is
a b/ ;= β /α also ellipses, but with a b/ .= β /α

133. The latter field is potential.

134. s v g k= +0
2 2/ (sin cos ),α α

A mv k k= − +0
2 2/ ( tan ).α

135. h H= / ;2 s Hmax .=
136. v gh= 2 3 3/ / .

137. v glmin ;= 5 T mg= 3 .

138. t l v R= 0
2

02/ .

139. ∆l kl mg mg k= + +( / ) / .1 1 2

140. v gl= =19 320 / 1.7 m/s.

141. A
kmgl

k
= −

+
=0

2

1 cos

(sin cos ) cos

θ
θ θ θ

0.09 J.

142. A xl= + −0
2 21 2 1η η η( )/ ( ) , where η ω= m x2 / .

143. wC g m m m m= − +( ) /( ) .1 2
2

1 2
2
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145. r g= =( / ) tanω θ2 0.8 cm,T mg= =/cos θ 5 N.

146. (a) F mg l gfr = + =[sin ( / ) cos ]α ω α2 6 N.

(b) ω α α<< − + =g k l k( tan )/ ( tan )1 2 rad /s.

147. (a) V v v= + +( )/( );m m m m1 1 2 2 1 2

(b) T v= −µ( ) / ,v1 2
2 2 where µ = +m m m m1 2 1 2( ).

148. E E mV= +~ 2 /2.

149.
~

( )/E v v= +µ 1
2

2
2 2, where µ = +m m m m1 2 1 2/( ).

150. p p= +0 mgt, where p v v0 1 2 2= +m m . m m m= +1 2; r /2,C v t gt= +0
2

where v v v0 1 1 2 2 1 2= + +( )/( ).m m m m

151. v x xm m mC = +2 1 2/( ).

152. (a) l l F xmax / ,= +0 l lmin ;= 0 (b) l l m F x m mmax / ( ),= + +0 1 1 22 l lmin .= 0

153. (a) ∆l mg x> 3 / ; (b) h x l mg mg x mg x= + =( / ) / / .1 8 82∆
154. v v1 = − −m M m( ), v v2 = −M M m/ ( ).

155. v
m

M m
rear v u= −

+0 ; v v uform = +
+

0 2

mM

M m( )
.

156. (1) v u1
2

2
= −

+
m

M m
;

(2) v u2 = − +
+ +

m M m

M m M m

( )

( )( )
,

2 3

2

v

v

m

M m
2

1

1
2

1= +
+

>
( )

.

158. ∆p m gh= + − =2 1 1( )/( )η η 0.2 kg -m/s.

159. (a) l l= −
+

′m

M m
; (b) F

v= −
+

′mM

M m

d

dt
.

160. l l= ′m M/ .2

161. τ α α α= −( cos sin )/ sin .p M gl Mg2

162. (a) v M m gl= ( / ) sin ( / );2 2θ (b) η ≈ −1 m M/ .

163. h Mv g M m= +2 2/ ( ).

164. (1) A gh= − µ , where µ = +mM m M/( ); (2) Yes.

166. v i j k= + −1.0 2.0 4.0 , v ≈ 4.6 m/s.

167. ∆T = − −µ( )v v1 2
2 /2, where µ = +m m m m1 2 1 2/( ).

168. (a) η = +2 1 1 2m m m/( ); (b) η = +4 1 2 1 2
2m m m m/( ) .

169. (a) m m1 2 1 3/ / ;= (b) m m1 2 1 2/ cos= + =θ 2.0.

170. η α= =1 2 2/ cos 0.25.

171. v vmax ( ( ))= + − =1 2 1η 1.0 km per second.

172. Will continue moving in the same direction, although this time with the
velocity v v′ = − −( ) /1 1 2η 2. For η << 1 the veloity v v′ ≈ =η /2 5cm/s.

173. ∆T T m M m M/ ( / ) tan / %.= + + − = −1 1 402 θ

174. (a) p v v= +µ 1
2

2
2 ; (b) T v v= +1 2 1

2
2
2/ ( ).µ Here µ = +m m m m1 2 1 2/( ).

175. sin / .maxθ = m m2 1

176. v v′ = − − −( )/( ).2 62 2η η Respectively at smaller η, equal, or greater than 2.
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178. Suppose that at a certain moment t the rocket has the mass m and the velocity v
relative to the referene frame employed. Consider the inertial reference frame
moving with the same velocity as the rocket has at a given moment. In this
reference frame the momentum increment that the system “rocket-ejected
portion of gas” acquires during the time dt is equal to
d m d dt dtp v u F= + ⋅ =µ . What follows is evident.

179. v u= − ln ( / ).m m0

180. m m e wt u= −
0

/ .

181. α = ( / ) ln ( / ).v v m m0 0

182. v
F=

−µ µ
ln ,

m

m l
0

0

w
F=
−m t0 µ

,

183. v F= +t m t m/ ( / ),0 01 µ w F/= +m t m0 0
21( / ) .µ

184. v gh l h= 2 ln ( / ).

185. N b= 2 ab .

186. M mgv t= 1 2 0
2/ cos ;α M mv g= = ⋅( / ) sin cos0

3 22 37α α kg m /s.2

187. (a) Relative to all points of the straight line drawn at right angles to the wall
through the point O;

(b) | | cos .∆M = 2 mvl α
188. Relative to the centre of the circle.

| | ( / ) / .∆M = −2 1 2 2g l mglω ω

189. | |∆M = hmV

190. M m v t= ω 0
2 2

191. m kr v= 2 1
2

2
2/ .

192. v gl0 2= /cos .θ

193. F m r r= ω0
2

0
4 3/ .

194. M Rmgtτ = .

195. M Rmgt= sin .α Will not change.

196. M M r p′ = − [ ].0 In the case when p = 0, i.e., in the frame of the centre of inertia.

198.
~

/ .M lmv= 1 3 0

199. ε ≈max /mv xl0
2

0
2 . The problem is easier to solve in the frame of the centre of

inertia.

200. T M v= =2 2252πγ / days.

201. (a) 5.2 times; (b) 13 km/s, 2.2 m/s× −10 4 2.

202. T r R M= +π γ( ) / .3 2 It is sufficient to consider the motion along the circle

whose radius is equal to the major semi-axis of the given ellipse, i.e., ( )/r R+ 2,
since in accordance with Kepler’s laws the period of revolution is the same.

203. Falling of the body on the Sun can be considered as the motion along a very
elongated (in the limit, degenerated) ellipse whose major semi-axis is
practically equal to the radius R of the Earth’s orbit. Then from Kepler’s laws,
( / ) [( / )/ ] ,2 22 3τ T R R= where τ is the falling time (the time needed to complete

half a revolution along the elongated ellipse), T is the period of the Earth’s
revolution around the Sun. Hence, τ = =T / 4 2 65days.
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204. Will not change.

205. l M T= γ π( / ) .2 23

206. (a) U m m r= − γ 1 2 / ; (b) U mM l l a= − +γ( / ) ln ( / );1 F mM a a l= +γ / ( ).

207. M m m r r r rS= +2 1 2 1 2γ /( ), where mS is the mass of the Sun.

208. E T U mm as= + = − γ / ,2 where ms is the mass of the Sun.

209. r
r

m =
−

± − −0 2

2
1 1 2

η
η η α[ ( ) sin ], where η γ= r v mS0 0

2 / , mS being the mass

of the Sun.

210. r m v lv mS Smin ( / )[ ( ) ],= + −γ /γ0
2

0
2 21 1 where mS is the mass of the Sun.

211. (a) First let us consider a thin spherical layer of
radius ρ and mass δM. The energy of interaction of
the particle with an elementary belt δS of that layer
is equal to (Fig. 8)

dU m M l d= − γ δ θ θ( / ) sin .2 …(*)

According to the cosine theorem in the triangle

OAP l r r2 2 2 2= + −ρ ρ θcos . Having determined

the differntial of this expression, we can reduce
Eq. (*) to the form that is convenient for integration. After integrating over the
whole layer we obtain δ γ δU m M r= − / . And finally, integrating over all layers

of the sphere, we obtain U mM r= − γ / ; (b) F U r mM rr = − ∂ ∂ = −/ / .γ 2

212. First let us consider a thin spherical layer of
substance (Fig. 9). Construct a cone with a small
angle of taper and the vertex at the point A. The ratio
of the areas cut out by the cone in the layer is

dS dS r r1 2 1
2

2
2: : .= The masses of the cut volumes

are proportional to their areas. Therefore these
volumes will attract the particle A with forces equal
in magnitude and opposite in direction. What
follows is obvious.

213. A mM R= − 3

2
γ / .

214. G
r

r
=

−

−

≤
≥





( / )

( / )

for

for

,

;

γ

γ

M R

M r

r R

r R

3

3

φ = − −
−

≤
≥





3 2 1 32 2/ ( / ) /

/

for

for

,

.

r R M R

M r

r R

r R

γ
γ

See Fig. 10.

215. G = − 4 3/ πγρl. The field inside the cavity in

uniform.

216. ρ γ π= −3 8 1 2 2 3 4/ ( ) / .r R M R

About 1.8 × 106 atmospheres.

217. (a) Let us subdivided the spherical layer into small elements, each of mass δm.
In this case the energy of interaction of each element with all others is
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δ γ δU m m R= − / . Summing over all elements and taking into account that each
pair of interacting elements appears twice in the result, we obtain
U vm R= − 2 2/ ;

(b) U m R= − 3 52γ / .

218. ∆
∆

t
M

r

r r
≈

+
=

=
=





2

3 2

0

2

3 2π
γ δ

δ
δ

/

/

( ),

( )

4.5days

0.84 hour

219. w w w1 2 3 1: : := 0.0034 : 0.0006.

220. 32 km; 2650 km.

221. h R gR v= −/( / ).2 10
2

222. h R gR v= −( / ).2 1

223. r M T= = ×γ π( / )2 1023 44.2 km, where M and T are the mass of the Earth and

its period of revolution about its own axis respectively; 3.1 km/s, 0.22 m/s2 .

224. M R T T= + = ×( / )( / )4 1 6 102 3 2 2 24π γ τ kg, where T is the period of revolution

of the Earth about its own axis.

225. v
R

T

M

R
′ = + =2π γ

7.0 km/s, w
M

R

R

T

R

M
′ = + ×









 =γ π

γ2

21
2

4.9 m/s . Here M

is the mass of the Earth, T is its period of revolution about its own axis.

226. 1.27 times.

227. The decrease in the total energy E of the satellite over the time interval dt is
equal to − =dE Fv dt. Representing E and v as functions of the distance r
between the satellite and the centre of the Moon, we can reduce this equation to
the form convenient for integration. Finally, we get τ η α≈ −( ) /1 m gR

228. v1 = 1.67 km/s, v2 = 2.37 km/s.

229. ∆v M R= − = −γ / ( )1 2 0.70 km/s,where M and R are the mass and the radius

of the Moon.

230. ∆v gR= − =( )2 1 3.27 km/s where g is the standard free-fall acceleration, R

is the radius of the Earth.

231. r nR= + = ×/( )1 104η 3.8 km.

232. A m M R M R≈ + = ×γ ( / / )1 1 2 2
8101.3 kJ, where M and R and the mass and the

radius of the Earth and Moon.

233. v v V3 1
2 2

1
22 2 1 17≈ + − ≈( ) km/s. Here v M RE1

2 = γ / , ME and R are the mass

and the radius of the Earth; V M rS1
2 = γ / , MS is the mass of the Sun, r is the

radius of the Earth’s orbit.

234. l aF mw= =2 2 / 1.0 m.

235. N aB bA= −( ) ,k where k is the unit vector of the z-axis;

l aB bA A B= − +| |/ .2 2

236. l aA bB A B= − +| | / .2 2

237. F Fres = 2 . This force is parallel to the diagonal AC and is applied at the mid

point of the side BC.

238. (a) I ml= 1 3 2/ ; (b) I m a b= +1 3 2 2/ ( ).

239. (a) I bR= = ⋅1 2 4 2/ ;πρ 2.8 g m (b) I mR= 3 10 2/ .
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240. I mR= 1 4 2/ .

241. I mR= = ⋅( / ) .37 72 2 20.15 kg m

242. I mR= 2 3 2/ .

243. (a) ω = +gt R M m/ ( / );1 2 (b) T mg t M m= +2 2 2 1 2/ ( / ).

244. T mg= 1 2/ , w gmr I0
2= / .

245. ω = φ6F mlsin / .

246. β = −
+ +

| |

( / )
,

m m g

m m m R
2 1

1 2 2

T

T

m m m

m m m
1

2

1 2

2 1

4

4
= +

+
( )

( )
.

247. A
m km km g t

m m m
= − −

+ +
( )

( )
.2 1 1

2 2

1 22

248. n k R k k g= + +( ) / ( ) .1 8 12
0
2ω π

249. t R= 3 4/ / .ω kg

250. ω ω=1 3 0/ .

251. β = +2 2mgx Rl M m/ ( ).

252. (a) k ≥ 2 7/ tan ;α (b) T mg t= 5 14 2 2 2/ sin .α
253. (a) T mg= =1 6 13/ N, β = = ×2 3 5 102 2/ / ;g R rad /s (b) P mg t= 2 3 2/ ,

254. w w′ = −2 3 0/ ( ),g F g w= −1 3 0/ ( ).m

255. w g l mr= + =sin /( / ) .α 1 2 21.6 m/s

256. F kmg kmax /( );= −3 2 3 v kg kmax /( ).= −2 2 3

257. (a) w
F r R

m
x = −

+
(cos / )

( )
;

α
γ1

(b) A
F t r R

m
= −

+

2 2 2

2 1

(cos / )

( )

α
γ

258. T mg= 1 10/ .

259. w = + + +3 3 9 2g M m M m I R( )/( / ).

260. (a) w
F m m

m m m
= +

+
( )

( )
;

3 21 2

1 1 2

(b) T
F t m m

m m m
= +

+

2 2
1 2

1 1 2

3 2

2

( )

( )
.

261. w F m m1 1 22 7= +/( / ); w w2 12 7= / .

262. (a) t R kg= 1 3 0/ / ;ω (b) A m R= − 1 6 0
2 2/ .ω

263. ω = +10 17 2g R r r( )/ .

264. v gR0 1 3 7 4= − =/ ( cos )α 1.0 m/s.

265. v gR0 8= .

266. T mv= 2.

267. T mv r R= +7 10 1 2 72 2 2/ ( / / ).

269. N m l= 1 2 22 2/ sin .ω θ

270. cos / / .θ ω=3 2 2g l

271. ∆x ka= 1 2/ .

272. v l m M′ = +ω0 1 3/ / .

273. F J ml= =9 2 92/ / N.

274. (a) v v′ = −
+

3 4

3 4

m M

m m
; (b) F

Mv

l M m
=

+
8

1 4 3

2

2( / )
.
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275. (a) v M m gl= ( / ) / sin ( / );2 3 2α (b) ∆p M gl= 1 6 2/ sin ( / );α (c) z l≈ 2 3/ .

276. (a) ω ω= +( / ) ;1 2 0m M (b) A m R m M= +1 2 1 20
2 2/ ( / ).ω

277. (a) φ = −
+

φ′2

2
1

1 2

m

m m
; (b) N

m m R

m m

dv

dt
2

1 2

1 22
= −

+
.

278. (a) ω ω ω= +
+

I I

I I
1 1 2 2

1 2

; (b) A
I I

I I
= −

+
−1 2

1 2
1 2

2

2( )
( ) .ω ω

279. v v′ = − +( )/( ),4 4η η ω η= +12 4v l/ ( ). For η = 4 and η > 4.

280. (a) A I I I90 0
2

0
2

01 2° = +/ /( ),ω A I I180 0
2

0
22° = ω / ; (b) N I I I= +0

2
0
2

0ω /( ).

281. ω = =2g l/ 6.0 rad /s; F mgl l= =0 25/ N.

282. (a) M m l= 1 12 2/ sin ,ω θ M M2 = sin θ (b) | | / sin ;∆M = 1 12 22m lω θ
(c) N m l= ×1 24 22 2/ sin .ω θ

283. (a) ω ω′ = =mgl I/ 0.7 rad /s; (b) F m l= ′ =ω θ2 10sin mN.

See Fig. 11.
284. ω π= + = ×( ) /g w l nR2 23 10 rad /s.

285. ω ω ω′ = + =ml g I2 2 / 0.8 rad /s.The vectorω′ forms the angle

θ ω= = °arc tan ( / )g 6 with the vertical.

286. F mR l′ = ′ =2 5 2/ /ωω 0.30 kN.

287. F mr lTmmax = φ =π ω/2 0.09 kN.

288. N nIv R= = ⋅2 6π / kN m.

289. F nIv Rladd 1.4 kN.= =2π / The force exerted on the outside rail increases by

this value while that exerted on the inside one decreases by the same value.

290. p E T= = ×α ∆ 2.2 104 atm, where α is the thermal expansion coefficient.

291. (a) p r rm≈ =σ ∆ / 20 atm; (b) p r rm≈ =2 40σ ∆ / atm. Here σ m is the glass

strength.

292. n lm= = ×2 102σ /ρ/ π 0.8 cps, where σ m is the tensile strength, and ρ is the

density of copper.

293. n Rm= =σ /ρ π/2 23 rps, where σ m is the tensile strength, and ρ is the density

of lead.

294. x l mg d E≈ =/2 23 π 2.5cm

295. ε = 1 2 0/ / .F ES

296. T m l r l= −1 2 12 2 2/ ( / ),ω ∆l l E= 1 3 3 3/ / ,ρω where ρ is the density of copper.

297. ∆V Fl E= − =( ) / ,1 2µ 1.6 mm3 where µ is Poisson’s ratio for copper.

298. (a) ∆l gl E= 1 2 2/ / ;ρ (b) ∆ ∆V V l l/ ( ) / ,= −1 2µ where ρ is the density, and µ is

Poisson’s ratio for copper.
299. (a) ∆V V p E/ ( ) / ;= − −3 1 2µ (b) β µ= −3 1 2( )/ .E

300. R Eh gl= =1 6 2 2/ /ρ 0.12 km, where ρ is the density of steel.

301. (a) Here N is independent of x and equal to N 0. Integrating twice the initial

equation with regard to the boundry conditions dy dx/ ( )0 0= and y( ) ,0 0≠ we
obtain y N EI x= ( / ) .0

22 This is the equation of a parabola. The bending

deflection is λ = N l EI0
2 2/ , where I a= 4 /12.

(b) In this case N x F l x( ) ( )= − and y F EI l x x= −( / )( / ) ;2 3 2 λ = Fl FI3 3/ , where

I is of the same magnitude as in (a).
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302. λ = Fl EI3 48/ .

303. (a) λ ρ= 3 2 4 2/ / ;gl Eh (b) λ ρ= 5 2 4 2/ / .gl Eh Here ρ is the density of steel.

304. λ βρ= 9 5 5 2/ / ,l Eh where ρ is the density of steel.

305. (a) φ = ⋅( / ) ;l r rG N2 3π ∆ (b) φ = ⋅( / ) .2 4l r G Nπ
306. N d d G l= − φ = ⋅π( ) /2

4
1
4 32 0.5 kN m.

307. P r G= φ =1 2 174/ π ω kW.

308. N m r r r r= − −1 2 2
4 4

2
2

1
2/ ( )/( ).β

309. U mE= ε =1 2 2/ /ρ 0.04 kJ, where ρ is the density of steel.

310. (a) U r l g E= 1 6 2 3 2 2/ / ;π ρ (b) U r lE l l= 2 3 2 2/ ( / ) .π ∆ Hereρis the density of steel.

311. A h E l≈ =1 6 2 3/ /π δ 0.08 kJ.

312. U r G l= φ =1 4 74 2/ /π J.

313. u G r l= φ1 2 2 2 2/ / .

314. u gh= =1 2 2 3/ ( ) ,β ρ 23.5 kJ /m where β is the compressibility.

315. p p1 2> ; v v1 2< . The density of streamlines grows on transition from point 1 to

point 2.

316. Q S S g h S S= −1 2 2
2

1
22 ∆ /( ).

317. Q S g h= 2 0∆ ρ /ρ.

318. v g h h= + =2 31 2 2 1( )ρ /ρ m/s, where ρ1 and ρ2 are the densities of water and

kerosene.

319. h = 25cm; l max = 50 cm.

320. h v g h= − =1 2 202
0/ / cm.

321. p p gh R r= + −0 1
2 21ρ ( / ), where R r R1 2< < , p0 is the atmospheric pressure.

322. A V s t= 1 2 3 2 2/ / ,ρ where ρ is the density of water.

323. τ = 2h g S s/ / .

324. v h l h= −ω 2 1/ .

326. F gS= 2ρ ∆h = 0.50 N.

327. F gbl h l= − =ρ ( )2 5 N.

328. N lQ r= = ⋅ρ / π2 2 0.7 N m.

329. F gh S s S= − =ρ ( ) /2 6 N

330. (a) The paraboloid of revolution; z g r= ( / ) ,ω2 22 where z is the height measured

from the surface of the liquid along the axis of the vessel, r is the distance from
the rotation axis; (b) p p r= +0

2 21 2/ .ρω

331. p R h= =πηω2 4 9/ W.

332. v v
r R

R R
= 0

2

1 2

ln ( / )

ln ( / )
.

333. (a) ω ω=
−

−








2

1
2

2
2

2
2

1
2

1
2 2

1 1R R

R R R r
; (b) N

R R

R R
= 4 2

1
2

2
2

2
2

1
2

πηω

334. (a) Q v R= 1 2 0
2/ ;π (b) T lR v= 1 6 2

0
2/ ;π ρ (c) F lvfr = 4 0πη ;

(d) ∆p lv R= 4 0
2η / .
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335. The additional head ∆h = 5cm at the left-hand end of the tube imparts kinetic

energy to the liquid flowing into the tube. From the condition pv g h2 2/ = ρ ∆ we

get v g h= =2 ∆ 1.0 m/s.

336. e xα∆ = 5.

337. v v
r

r
2 1

1 1 2

2 2 1

5= =ρ η
ρ η

µm/s.

338. d
Re

g
=

−
=18

5
2

0 0

3
η

ρ ρ ρ( )
mm,whereρ0 andρare the densities of glycerin and lead.

339. t
d

n= − =ρ
η

2

18
ln 0.20 s.

340. v c c= − =η η( ) ,2 0.1 where c is the velocity of light.

341. (a) P a= + −( );1 4 3 2β (b) P a= − + −( ).1 42 2β β Here β = v c/ .

342. l l0
2 2 21 1= − − =( sin )/( )β θ β 1.08 where β = v c/ .

343. (a) tan
tan

.θ θ

β
′ =

−1 2
Hence θ′ = °59 ; (b) S S= − =0

2 2 21 33β θcos . .m

Here β = v c/ .

344. v c
t

t

t

t
= −





= ×2 108∆ ∆
0.6 m/s.

345. l c t t t0
21= ′ − ′ =∆ ∆ ∆( / ) 4.5 m.

346. s c t t t= − =∆ ∆ ∆1 0
2( / ) 5 m;

347. (a) ∆t l v v c0
21= − =( / ) ( / ) 1.4 s;µ (b) l l v c′ = − =1 2( / ) 0.42 km.

348. l v t v c0
21 17= − =∆ / ( / ) m.

349. l x x0 1 2= =∆ ∆ 6.0 m, v c x x= − = ×1 101 2
4∆ /∆ 2.2 m/s.

350. v
l t

l c t
=

+
2

1

0

0
2

/∆
∆( / )

.

351. The forward particle decayed ∆t l c= − =β β µ/ ( )1 202 s later, where β µ= / .c

352. (a) l
x x v t t

v c

A B A B
0

21
= − − −

−

( )

( / )
;

(b) t t v c l vA B− = − −( ( / ) ) /1 1 2
0 or t t v c l vB A− = + −( ( / ) ) / .1 1 2

0

353. (a) t B l v( ) / ,= 0 t B l v v c( ) ( / ) ( / ) ;′ = −0
21

(b) t A l v v c( ) ( / ) ( / ) ,= −0
21 t A l v( ) .′ = 0

354. See Fig. 12 showing the positions of hands “in terms of K clocks”.
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355. x c= − −( ) / ,1 1 2β β where β = v c/ .

356. It should be shown first that if ∆t t t= − >2 1 0, then ∆t t t′ = ′ − ′ >2 1 0.

357. (a) 13 ns; (b) 4.0 m. Instruction. Employ the invariance of the interval.

358. v
v V v V c

v V c

x y

x

′ =
− + −

−

( ) ( / )

/

2 2 2 2

2

1

1

359. (a) v v v c= + =1 2 1.25 ; (b) v v v v v c c= + + =( )/( / ) .1 2 1 2
21 0.91

360. l l= − +0
2 21 1( )/( ),β β where β = v c/ .

361. v v v v v c= + −1
2

2
2

1 2
2( / ).

362. s t
V v

v c
= + − ′

− − ′
∆ 0

2 2 2

2 2 2

1

1 1

( )

( )( / )
,

β
β

where β = V c/ .

363. tan
sin

cos /
,θ

β θ
θ

′ =
−

−
1 2

V c
where β = V c/ .

364. tan / ( / ) .θ = ′ −v V c V c2 21

365. (a) w w v c′ = − −( ) /( / ) ;/1 12 3 2 2β β (b) w w′ = −( ).1 2β Here β = V c/ .

366. Let us make use of the relation between the accelerationw ′ and the acceleration
w in the reference frame fixed to the Earth:

w v c
dv

dt
′ = − −( / ) /1 2 2 3 2

This formula is given in the solution of the foregoing problem (item (a)) where it
is necessary to assumeV v= . Integrating the given equation (forw ′ = const),we

obtain v w t w t c= ′ + ′/ ( / ) .1 2 The sought distance is

l w t c c w= + ′ − ′ =( ( / ) ) /1 12 2 0.91light year;( )/ / ( / ) .c v c c w t− = ′ =1 2 2 0.47%

367. Taking into account that v w t w t c= ′ + ′/ ( / ) ,1 2 we get

τ τ ττ
0

20

2

1
1=

+ ′
=

′
′ + + ′

















∫ dt

w t c

c

w

w

c

w

c( / )
ln = 3.5months.

368. m m/ / ( ) ,0 1 2 1 70≈ − ≈β where β = v

c
.

369. v c c= + + =η η η( )/( ) ,2 1 0.6 where c is the velocity of light. The definition of

density as the ratio of the rest mass of a body to its volume is employed here.

370. ( )/ [ ( / ) ] /c v c m c p− = − + =−1 1 0
2 1 2 0.44%.

371. v c c= − =( / ) / .η η2 1 1 2 3

372. A m c= 0.42 0
2 instead of 0.14 m c0

2.

373. v c= = ×1 2 3 108/ 2.6 m/s.

374. For ε << 1 the ratio is T m c/ /0
2 4 3≤ ε ≈ 0.013.

375. p T T m c c c= + =( )/ ,2 0
2 1.09 GeV / where c is the velocity of light.

376. F I ec T T m c= +( / ) ( ),2 0
2 P TI e= / .

377. p nmv v c= −2 12 2 2/( / ).

378. v Fct m c F t= +/ ,0
2 2 2 2 l m c F c t m c F= + −( / ) / .0

2 2 2 2
0

2
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379. F m c a= 0
2 / .

380. (a) In two cases: F v|| and F v;⊥ (b) F w⊥ = −m0
21 β ,F w /||

/( ) ,= −m0
2 3 21 β

where β = v c/ .

382. ε′ = ε − +( )/( ),1 1β β where β = V c/ ,V c= 3 5/ .

383. E p c m c2 2 2
0
2 4− = , where m0 is the rest mass of the particle.

384. (a)
~

( / )T m c T m c= + − =2 1 2 1 7770
2

0
2 MeV, ~ / ;p m T c= =1 2 9400 MeV /

(b) V c T T m c= + = ×/( )2 100
2 82.12 m/s.

385. M m T m c c0 0 0
22 2= +( )/ ,V c T T m c= +/( ).2 0

2

386. T T T m c m c′ = + = ×2 2 100
2

0
2 3( )/ 1.43 MeV.

387. E
m m m m

m
c1

0
2

1
2

2 3
2

0

2

2
max

( )
.= + − +

The particle m1 has the highest energy

when the energy of the system of the remaining two particles m2 and m3 is the
lowest, i.e., when they move as a single whole.

388.
v

c

m m

m m

u c

u c
= −

+
1

1

0
2

0
2

( / )

( / )
.

/

/
Use the momentum conservation law (as solving problem

178) and the relativistic formula for velocity transformation.

Thermodynamics and Molecular Physics
1. m V p p= =ρ ∆ / 0 30 g where p0 is the standard atomspheric pressure.

2. p p T T p= − =1 2 1 2 1/ ( / )∆ 0.10 atm.

3. m m a M a M1 2 2 11 1/ ( / )/( / )= − − = 0.50, where a mRT pV= / .

4. ρ = +
+

=p m m

RT m M m M
0 1 2

1 1 2 2

( )

( / / )
1.5g / l.

5. (a) p RT V= + + =( ) /ν ν ν1 2 3 2.0 atm;

(b) M M M M= + + + + =( )/( )ν ν ν ν ν ν1 1 2 2 3 3 1 2 3 36.7 g /mol.

6. T T= ′ − ′ − =0
2 21 1η η η η( )/ ( ) 0.42 K.

7. n
V V

=
+
ln

ln ( / )
.

η
1 ∆

8. p p e Ct V= −
0

/ .

9. t V C= ⇒ =( / ) ln η 1.0 min.

10. ∆ ∆T mg p S l R= + =( ) /0 0.9 K.

11. (a) T p R pmax / ( / ) / ;= 2 3 30 0 α (b) T p e Rmax / .= 0 β

12. p R Tmin .= 2 0α

13. dT dh Mg R/ /= − = −33 mK/m.

14. dT dh Mg n nR/ ( )/ .= − − 1

15. 0.5 and 2 atm.

16. (a) h RT Mg= =/ 8.0 km; (b) h RT Mg≈ =η / 0.08 km.

17. m e p S gMgh RT= − −( ) / ./1 0

18. hc h dh dh RT Mg= =
∞ ∞

∫ ∫0 0
ρ ρ / .
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19. (a) p p ah n= −0 1( ) , h a< 1/ ; (b) p p ah n= +0 1/( ) . Here n Mg aRT= / .0

20. p p e M r RT= 0
22 2ω / .

21. p RT Mid = =ρ / 280 atm; p RT M b a M= − − =ρ ρ ρ/( ) /2 2 80 atm.

22. (a) T a V b RV V b= − + + =( )( )/ ( )1 133η η K;

(b) p RT V b a V= − − =/( ) / 2 9.9 atm.

23. a V T p T p T T= − − = ⋅2
1 2 2 1 2 1 185( )/( ) atm l /mol ,2 2

b V R T T p p= − − − =( )/( )2 1 2 1 0.042 l/mol.

24. x V V b RTV a V b= − − −2 2 2 22( ) /[ ( ) ].

25. T a bR> / .

26. U pV= − =/( )γ 1 10 mJ

27. ∆T Mv R= −1 2 12/ ( )/ .γ
28. T T T p V p V p V T p V T= + +1 2 1 1 2 2 1 1 2 2 2 1( )/( ); p p V p V V V= + +( )/( ).1 1 2 2 1 2

29. ∆ ∆U p V T T= − − = −0 0 1/ ( )γ 0.25 kJ,Q U′ = − ∆ .

30. Q A= − =γ γ/( )1 7 J.

31. A R T= =∆ 0.60 kJ, ∆ ∆U Q R T= − = 1.00 kJ, γ = − =Q Q R T/( )∆ 1.6.

32. Q RT n= − =ν 0 1 1( / ) 2.5 kJ.

33. γ
ν γ γ ν γ γ

ν γ ν γ
=

− + −

− + −
=1 1 2 2 2 1

1 2 2 1

1 1

1 1

( ) ( )

( ) ( )
1.33.

34. c V = ⋅0.42 J /(g K), c p = ⋅0.65 J /(g K).

35. A RT n n= − −( ln ).1

36. A p V′ = +0 0
21 4ln [( ) / ].η η

37. γ ν= + − − =1 1 0( )/( / ln )n Q RT n 1.4.

38. See Fig. 13 where V is an isochore, p is an isobaric line, T is an isothermal line,
and S is an adiabatic line.

39. (a) T T= =−
0

1η γ γ( )/ 0.56 K; (b) A RT′ = − − =−
0

1 1 1( )/( )( )/η γγ γ 5.6 kJ

40. The work in the adiabatic process is n = − − =−( )/( ) lnη γ ηγ 1 1 1 1.4 times

greater.

41. T T= + −
0

2 1 21 4[( ) / ] .( )/η η γ

42. v RT M= − =2 1γ γ/( ) 3.3 km/s.

43. Q R T= − −∆ ( )/( ).2 1γ γ
45. C R n nn = − − −( )/( )( );γ γ1 1 C n < 0 for 1 < <n γ.

46. C R n n= − − − = − ⋅( )/( )( ) ( ),γ γ1 1 4.2 J / K mol where n = ln / ln .β α
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47. (a) Q R n T n= − − − =( ) /( )( )γ γ∆ 1 1 0.11 kJ;

(b) A R T n= − − =∆ /( )1 0.43 kJ.

48. (a) ∆U V= − −α η γ0
2 2 1 1( )/( ); (b) A V= −1 2 10

2 2/ ( );α η
(c) C R= + −1 2 1 1/ ( )/( ).γ γ

49. (a) C R= − −/( );γ 1 (b) TV ( )/γ − =1 2 const; (c) A RT= − −−2 1 10
1 2( )/( ).( )η γγ

50. (a) A R T= −( ) ;1 α ∆ (b) C R R= − + −/( ) ( );γ α1 1 C < 0 for α γ γ> −/( ).1

51. (a) A U= −∆ ( )/ ;γ α1 Q U= + −∆ [ ( )/ ];1 1γ α (c) C R R= − +/( ) / .γ α1

52. (a) C C R VV= + / ;α (b) C C R VV= + +/( ).1 α
53. (a) C R R p V= − +γ γ α/( ) / ;1 0 (b) ∆U p V V= − −0 2 1 1( )/( );γ

A p V V V V= − +0 2 1 2 1( ) ln ( / );α Q p V V V V= − − +γ γ α0 2 1 2 11( )/( ) ln ( / ).

54. (a) C C RT Vp= + 0 /α ; (b) Q C V V RT V Vp= − +α ( ) ln ( / ).2 1 0 2 1

55. (a) Ve T R− =α / const; (b) Te R V/β = const; (c) V aT− = const.

56. (a) A RT= − − −α η η γln ( )/( );0 1 1 (b) pV e pVγ α γ( )/− =1 const.

57. A RT
V b

V b
a

V V
= −

−
+ −






ln ,2

1 2 1

1 1
where a and b are Van der Waals constants.

58. (a) ∆U a V a V= − =/ /1 2 0.11 kJ; (b) Q RT
V b

V b
= −

−
=ln 2

1

3.8 kJ.

59. (a) T V b R CV( ) /− = const; (b) C C
R

a V b RTV
p V− =

− −1 2 2 3( ) /
.

60. ∆T
aV

RV V V
= − −

+
= −ν γ2

1 1 2

1( )

( )
3.0 K.

61. Q a V V V V= − =ν2
2 1 1 2( )/ 0.33 kJ.

62. n p kT= = × −/ ;1 105 3cm l = 0.2 mm.

63. p mRT MV= + =( ) /1 η 1.9 atm, where M is the mass of an N2 mole.

64. n p kT m m m= − − = × −( / / )/( / ) ,ρ 2 1 2
19 31 101.6 cm where m1 and m2 are the

masses of helium and nitrogen molecules.

65. p nmv= =2 2 2cos θ 1.0 atm, where m is the mass of a nitrogen molecule.

66. i v p= − =2 12/( / )ρ 5.

67. v v i isq/ ( )/ ;= + 2 3 (a) 0.75; (b) 0.68

68. ε =
−
−

( )

( / )

3 3

3 5 2

N kT

N kT

for volume molecules.

for linear molecules.





1 2 1/ ( )N − and 1 2 5 3/( / )N −

respectively.

69. (a) C RV = 7 2/ , γ = 9 7/ ; (b) C N RV = −( / ) ,3 5 2 γ = − −( )/( );6 3 6 5N N

(c) C N RV = −3 1( ) , γ = − −( / )/( ).N N2 3 1

70.
A

Q

N

N
=

−
−

1 3 2

1 3 3 2

/( )

/( / )

for volume molecules,

for linear molecules.





For monoatomic molecules A Q/ /= 2 5.

71. M R c cp V= − =/( ) 32 g /mol, i c cp V= − =2 1/( / ) 5.

72. (a) i C RP= − =2 1 5( / ) ; (b) i C R n= + − =2 1 1 3[ / /( )] , where n = 1 2/ is the

polytropic index.

73. γ ν ν ν ν= + +( )/( ).5 7 3 51 2 1 2
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74. Increases by ∆p p Mv iRT/ / ,= =2 2.2% where i = 5.

75. (a) v RT Meq = =3 / 0.47 km/s, ε = = × −3 2 10 21/ kT 6.0 J;

(b) v kt deq = =3 2 3/ πρ 0.15 m/s.

76. η i = 7.6 times.

77. Q imRT M= − =1 2 1 102/ ( ) /η kJ.

78. ωsq kT I= = ×2 1012/ 6.3 rad /s.

79. ε = = × −
rot

0.7 J.kT i
0

2 2010η /

80. Decreases η( )/i i+ 1 times, where t = 5.

81. Decreases η( )/( )i i− − =1 2 2.5times.

82. C R i R= + =1 2 1 3/ ( ) .

83. v ppr = =2 /ρ 0.45 km/s, v = 0.51 km/s, v sq = 0.55 km/s.

84. (a) δ π δηN N e/ ( / ) ;= =−8 1 1.66% (b) δ π δηN N e/ / /= =−12 3 2 3 2 1.85%.

85. (a) T
m v

k
=

−
=( )

( )

∆ 2

23 2
380 K; (b) T

mv

k
= =

2

2
340 K.

86. (a) T
m v v

k v v
= − =( )

ln ( / )
2
2

1
2

2 14
330 K; (b) v

kT

m
=

−
3

1
0 η η

η
ln

.

87. T
m v

k m m
=

−
=N

N

0.37 K.
( )

( / )

∆ 2

0
22 1

88. v
kT m m

m m
=

−
=3 2 1

2 1

ln ( / )
1.61 km/s.

89. T mv k= 1 3 2/ / .

90. dN N
m

kT
e v dv dvmv kT

x/ .
/

/= 





−
⊥ ⊥

2
2

3 2
22

π
π

91. v x = 0, | | / .v kT mx = 2 π

92. v kT mx
2 = / .

93. v n v= 1 4/ , where v kT m= 8 / .π

94. p mv v dn v nkTx x x= ⋅ =
∞

∫ 2
0

( ) , where dn v m kT n e dvx
mv kT

x
x( ) ( / ) ./ /= ⋅ −2 1 2 22

π

95. 1 2 4/ / .v m kT v= =π π

96. dN N kT e dkT/ ( ) ;/ /= ε ε− −2 3 2π π π ε =pr kT1 2/ ; no.

97. δ π δηN N e/ /= =−3 6 3 2 0.9%.

98.
∆N

N kT
e dkT= ε ε

ε

∞ −ε∫2
3 2 0

π
π( )

.
/

/

The principal contribution to the value of the integral is provided by the
smallest values of ε, namely ε ≈ ε0. The slowly varying factor ε can be taken

from under the radical sign if ascribed the constant value ε0. Then

∆N N kT e kT/ /= ε −ε2 0
0/ π

99. (a) v kT mpr = 3 / ; (b) ε =pr kT .
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100. d dn d v n kT m dν π θ π θ θ θ
τ

= =
=

∞
∫ 0

1 24 2( / ) cos ( / ) sin cos ./Ω

101. d dn d m kT e v dvmv hTν π ν θ π π
θ

π
= =

=
−∫ 0

2 3 2 2 24 2
2/ / /( / ) cos ( / )Ω .

102. F kT h= = × −( / ) ln∆ η 0.9 N.10 19

103. N RT d ghA = ≈ × −( / ) ln6 103 23 1π ρ η∆ 6.4 mol

104. η / η 0
2 1= =−e M M gh RT( ) / 1.39.

105. h
kT n n

m m g
=

−
ln ( / )

( )
.2 1

2 1

106. Will not change.

107. U kT= . Does not depend.

108. w RT Ml g≈ ≈η / .70

109. M
RT

r r
=

− −
2

0 2
2

1
2 2

ρ η
ρ ρ ω

ln

( )( )
.

110. ω η= =( / ) ln2 2802RT Ml rad /s.

111. (a) dN n e r drar kT= −
0

22

4/ ;π (b) r kT apr = / ;

(c) dN N a kT e r drar kT/ ( / ) ;/ /= −π π3 2 22

4 (d) Will increase η3 2/ -fold.

112. (a) dN n a e U dUU kt= −( / ) ;/ /2 0
3 2π (b) U kTpr = 1 2/ .

113. In the latter case.

114. (a) η γ= − =−1 1n 0.25; (b) η γ= − =−1 1 1n / 0.18.

115. ε = − =( )/ .1 9η η
116. η = − +1 2 3 1 2T T T/( ).

117. η η γ= − =−1 601 %.

118. η γ= − − −1 1 1n ( / )

119. η γ γ= − + −1 1( )/( )n n

120. In both cases η = −
−

1
1

ln
.

n

n

121. In both cases η = − −
1

1n

n nln
.

122. η = − −
1

1n

n nln
.

123. (a) η γ
γ

= − −
−

1
1

1

n

n
; (b) η

γ

γ

γ
= − −

− −
1

1

1 1

n

n n( )

124. (a) η γ
γ

= − −
− + −

1
1

1 1

( )

( ) ln
;

n

n n n
(b) η γ

γ
= − − + −

−
1

1 1

1

n n

n

( ) ln

( )
.

125. η τ ν
τ ν τ γ

= −
+ − −

( ) ln

ln ( )/( )
.

1

1 1

126. η τ
τ τ γ γ

= −
+ − −
( ) ln

ln ( ) /( )
.

1

1 1

n

n

127. η γ τ
γ τ

= − +
+ +

1 2
1 1( )( )

.
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128. The inequality
δ δQ

T

Q

T
1

1

2

2

0∫ ∫− ′ ≤ becomes even stronger when T1 is replaced

by Tmax and T2 by Tmin . Then Q T Q T1 2 0/ / .max min− ′ <

Hence,
Q Q

Q

T T

T
1 2

1

− ′ < −max min

max

, or η η< Carnot .

129. According to the Carnot theorem δ δA Q dT T/ / .1 =
Let us find the expressions for δA and δQ1. For an
infinitesimal Carnot cycle (e.g., parallelogram 1234
shown  in Fig. 14)

δA dp dV p T dT dVV= ⋅ = ∂ ∂ ⋅( / ) ,

δQ dU p dV U V p dVr1 12= + = ∂ ∂ +[( / ) ] .

It remains to substitute the two latter expressions
into the former one.

130. (a) ∆S
R n=

−
= ⋅ln

γ 1
19 J /(K mol); (b) ∆S

R n=
−

= ⋅γ
γ

ln

1
25 J /(K mol).

131. n e S vts= =∆ / 2.0.

132. ∆S vR n= =ln 20 J /K.

133. ∆S
m

M

R
n= −

−
= −γ

γ 1
10ln J /K

134. ∆S R= − − = −( ln ln ) /( )γ α β ν γ 1 11 J /K.

135. S S R2 1
1

− = −
−







 =ν α β

γ
ln

ln
1.0 J /K.

136. ∆S
n R

n
= −

− −
( )

( )( )
ln .

γ
γ

τ
1 1

137. ∆S
R= +

−
=ν γ

γ
α( )

ln
1

1
46 J /K.

138. V pm = +γ α γ0 1/ ( ).

139. T T R a V V= +0 0( / ) ln ( / ).

140. ∆S R V b V b= − −ln [( )/( )].2 1

141. ∆S C T T R V b V bV= + − −ln ( / ) ln [( )/( )].2 1 2 1

142. S aT= 3 3/ .

143. ∆S m a T T b T T= + − =[ ln ( / ) ( )]2 1 2 1 2.0 kJ /K.

144. C S n= / ; C < 0 for n < 0.

145. T T e S S C= −
0

0( )/ . See Fig. 15.

146. (a) C T= − α / ; (b) Q T T= α ln ( / );1 2

(c) A T T C T TV= + −α ln ( / ) ( ).1 2 1 2

147. (a) η = −( )/ ;n n1 2 (b) η = − +( )/( ).n n1 1

148. ∆S R n= =ν ln 20 J /K.

149. ∆U RT= − −−( ) /( ),2 1 11
0

γ γ ∆S R= ln 2.

150. The pressure will be  higher after the fast expansion.

151. ∆S R n R n= + + + =ν ν1 21 1 1ln ( ) ln ( / ) 5.1 J /K.
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152. ∆S m c T T m c T T= + =1 1 1 2 2 2ln ( / ) ln ( / ) 4.4 J /K, where

T m c T m c T m c m c= + +( ) /( ),1 1 1 2 2 2 1 1 2 2 c1 and c2 are the specific heat
capacities of copper and water.

153. ∆S C
T T

T T
V= + >ln

( )
.1 2

2

1 24
0

154. (a) P N= 1 2/ ; (b) N
t= ≈log ( / )

log
,

τ
2

80 where τ ≈ −10 5 s is the mean time which

takes a helium atom to cover distances of the order of the vessel’s dimensions.

155. Ω pr N N= =!/[( / ) !]2 2 252. PN pr
N

/ /2 2= =Ω 24.6%.

156. P
N

n N n
n N

=
−

!

! ( ) !
;

2
1/32, 5/32, 10/32, 10/32, 5/32, 1/32 respectively.

157. P
N

n N n
P pn

n N n=
−

− −!

! ( ) !
( ) ,1 where p V V= / .0

158. d n= =6 0
23 / π η µ0.4 m, where n0 is Loschmidt’s number;

n = = ×1 102 6/ .η 1.0

159. Will increase Ω /Ω ∆0 0
2 101 10

21

= + = ×( / ) /T T iN A 1.31 times.

160. (a) ∆p d= =4 13α / atm; (b) ∆p d= = × −8 10 3α / 1.2 atm.

161. h gd= =4 21α /ρ cm.

162. α ρ η η= − −1 8 1 10
3 2/ ( / )/( ).d n

163. p p gh d= + + =0 4ρ α / 2.2 atm.

164. h p n n d g= − + − =[ ( ) ( )/ ]/0
3 21 4 1 5α ρ m.

165. ∆h d d d d g= − =4 112 1 1 2α θ ρ|cos |( )/ mm.

166. R gh= =2α ρ/ 0.6 mm.

167. x l p d= + =/( / )1 40 α 1.4 cm.

168. α ρ θ= + −[ /( )] / cos .gh p l l h d0 4

169. h g d d= − =4 62 1α ρ/ ( ) cm.

170. h a gx= φ2 cos θ/ρ δ

171. V d
gl n d

n
1

2

4

31 4
2 4 1

1
= − −

−
=/

( )/π α ρ
0.9 cm /s.

172. R R gh2 1
31 8− ≈ =/ /ρ α 0.20 mm.

173. m R n gh≈ − =2 12 2π α θ|cos |( )/ 0.7 kg.

174. F m h≈ =2 2α ρ/ 1.0 N

175. F R h= =2 2π α / 0.6 kN.

176. F l gd= =2 132 2α ρ/ N.

177. t l R r= 2 4 4η α/ .

178. Q g= 2 2πα ρ/ .

179. (a) F d= =πα µ2 3 J; (b) F d= =2 102πα µJ.

180. ∆F d= − = −−2 2 12 1 3πα µ( )/ 1.5 J.

181. A F pV p p′ = + ln ( / ),0 where F R= 8 2π α, p p R= +0 4α / ,V R= 4 3 3/ .π
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182. C C R p rp− = +1 2 1 3 8 0/ /( / / ).α

184. (a) ∆ ∆S d dT= −2( / ) ;α σ (b) ∆ ∆U Td dT= − ×2( / ) .α α σ
185. A mRT M= =∆ / 1.2 J.

186. m V mV V Vv i v i= − ′ ′ − ′ =( )/( ) 20 g,Vv = 1.0 l. Here Vl ′ is the specific volume of

water.

187. m Mp V V RTl ≈ − =0 0( )/ 2.0 g, where p0 is the standard atmospheric pressure.

188. η = − −( )/( );n N1 1 η = +1 1/( ).N

189. ∆S mq T= =/ 6.0 kJ /K; ∆U m q RT M= − =( / ) 2.1 mJ, where T = 373 K.

190. h
Q mc T

p S qM RT
≈ −

+
=( )

( / )

∆

0 1
20 cm, where c is the specific heat capacity of water,

∆T = 100 K, q is the specific heat of vaporization of water, T is its boiling
temperature.

191. A mc T T RT qM= − =( ) /0 25 J, where c is the specific heat capacity of water, T

is the initial vapour temperature equal to the water boiling temperature, as is
seen from the hypothesis, q is the specific heat of vapour condensation.

192. d M RT≈ =4α ηρ µ/ 0.2 m, where ρ is the density of water.

193. µ η π= = ⋅p M RT0 2/ 0.35g /(s cm ),2 where p0 is the standard atmospheric

pressure.

194. p RT M= =µ π2 / .0.9 nPa

195. ∆p a V M= = ×/ 2 4101.7 atm.

196. p qi ≈ ρ . About 2 104× atm.

198. a R T pcr cr= = ⋅27 64 2 2/ / 3.6 atm l /mol ,2 2 b RT pcr cr= =1 8/ / 0.043 l/mol.

199. V RT Mpcr cr cr′ = =3 8 3/ / 4.7 cm /g.

200. ( / )( ) ,π ν ν τ+ − =3 3 1 82 τ = 1.5.

201. (a) V bm Mmax /= =3 5.0 l; (b) p a bmax /= =27 2302 atm.

202. T a bRcr = =3 27/ / 0.30 kK, ρcr M b= =1 3 3/ / .0.34 g /cm

203. η ρ= =8 3/ /Mp RTcr cr 0.25,whereρis the density of ether at room temperature.

204. Let us apply Eq. (2.4e) to the reversible isothermic cycle 1-2-3-4-5-3-1:

T dS dU p dV∫ ∫ ∫= + .

Since the first two integrals are equal to zero, p dV =∫ 0 as well. The latter

equality is possible only when areas I and II are equal.

Note that this reasoning is inapplicable to the cycle 1-2-3-1, for example. It is
irreversible since it involves the irreversible transition at point 3 from a
single-phase to a diphase state.

205. η = =c t q| |/ 0.25, where q is the specific heat of melting of ice; at t = − °80 C.

206. ∆ ∆ ∆T T V q p= − ′ = −( / ) 7.5 mK, where q is the specific heat of melting of ice.

207. V q T T psv ′ ≈ =∆ ∆/ 1.7 m /kg,3 where q is the specific heat of vaporization,

T = 373 K.

208. p p qM T RTsv ≈ + =0
21( / )∆ 1.04 atm where q is the specific heat of

vaporization, p0 is the standard atmospheric pressure, ∆T = 1.1 K.

209. ∆ ∆m m qM RT T T/ ( / ) /= − =1 5%.
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210. p p
qM

R T T
= −
















0

0

1 1
exp . These assumptions are admissible in the case of a

vapour narrow temperature interval, far below the critical temperature.

211. η ≈ ′ =cpT V q∆ / 2 0.03, where c is the specific heat capacity of ice, T ≈ 273 K, q

is the specific heat of melting.

212. (a) 216 K, 5.1 atm; (b) 0.78, 0.57, and 0.21 kJ/g.

213. ∆S m c T T q T≈ + =[ ln ( / ) / ]2 1 2 7.2 kJ /K.

214. ∆s q T c T T q Tm≈ + + = ⋅/ ln ( / ) /1 2 1 0 2 8.6 J /(g K).

215. ∆S mc T T= = −ln ( / )1 10 J /K, where c is the specific heat capacity of copper,

T = 273 K (under these conditiosn only a part of the ice will melt).

216. (a) When m c t m q2 2 2 1< , not all the ice will melt and

∆S m c
T

T

T

T
= − −






 =2 2

2

1

2

1

1 ln 9.2 J /K;

(b) When m c t m q2 2 2 1> , the ice will melt completely and

∆S
m q

T
c m

T

T
m

T

T
= + −






 =1

1
2 1

1
2

2 18ln ln J /K.

where T
m T m T m q c

m m
= + −

+
1 1 2 2 1 2

1 2

/

217. ∆S mq
T T

mc
T

T

T

T
= −






 + − −






 =1 1

1
1 2

2

1

2

1

ln 0.48 J /K.

218. C C qM Tp= − = − ⋅/ 74 J /(K mol), where C Rp = −γ γ/( ).1

219. ∆S qM T C T Tp= +/ ln ( / ).2 2 1

220. (a) η ≈ 0.37; (b) η ≈ 0.23.

221. λ η= ∆l / ln .

222. (a) P e t= −α ; (b) t = 1/ .α

223. (a) λ µ= 0.06 m, τ = 0.13 ns; (b) λ = 6 mm, τ = 3.8 hours.

224. 18 times.

225. λ π π= =( / ) ( / )/2 3 2 842 3
0 0N b kT pA nm.

226. ν π γ= =d p N MRTA
2

0 02 / 5.5GHz.

227. (a) 0.7 Pa; (b) 2 1014 3× −cm , 0.2 m.µ

228. (a) ν π= = × −2 102 10 1d n v 0.74 s ;

(b) ν π= = × ⋅− −1 2 2 102 2 29 1 3/ ,d n v 1.0 s cm where n p kT= 0 0/ ,

v RT M= 8 / .π

229. (a) λ = const, ν ∝ T ; (b) λ ∝ T , λ ∝ 1/ .T

230. (a) λ = const, ν increases n times; (b) λ decreases n times, ν increases n

times.

231. (a) λ ∝ V , ν ∝ −V 6 5/ ; (b) λ ∝ −p 5 7/ , ν ∝ p6 7/ ; (c) λ ∝ −T 5 2/ , ν ∝ T 2.

232. (a) λ ∝ V , ν ∝ − +V n( )/ ;1 2 (b) λ ∝ −p n1/ , ν ∝ +p n n( )/ ;1 2

(c) λ ∝ −T n1 1/( ), ν ∝ + −T n n( )/ ( )1 2 1

233. (a) C R i= + = ⋅1 4 1 2 23/ ( ) J /(K mol); (b) C R i= + = ⋅1 2 2 29/ ( ) J /(K mol).
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234. n n e t c= −
0

/ , where τ = 4V S v/ , v RT M= 8 / .π

235. Increases ( )/( )1 1+ +η n times.

236. Increases α /β2 2= times.

237. (a) D increases n times, η = const;

(b) D increases n3 2/ times, η increases n times.

238. D decreases n4 5/ ≈ 6.3 times, η increases n1 5/ ≈ 1.6 times.

239. (a) n = 3; (b) n = 1; (c) n = 1.

240. 0.18 nm.

241. d dAr He 1.7./ =
242. N R R1

32≈ πηω /∆ ; p kT d n R= =2 2/ π ∆ 0.7 Pa.

243. η πω= −( / / ) / .1 1 41
2

2
2

1R R N

244. N a h= 1 2 4/ / .πηω
245. N a p M RT= 1 3 24/ / .ω π

246. µ π
η

= −a M

RT

p P

l

4
2
2

1
2

16

| |
.

247. T x T l x T l x l x l= + +( / / )/( / / ).1 1 1 2 2 2 1 1 2 2

248. x l l l x l x= + +( )( / / ).1 2 1 1 2 2

249. T x T T T x t( ) ( / ) ;/= 1 2 1 q l T T= ( / ) ln ( / ).α 2 1

250. ∆ ∆T T e t= −( ) ,0
α where α = +( / / ) / .1 11 2C C Sx l

251. T T x l T T= + −1 2 1
3 2 2 31 1{ ( / ) [( / ) ]} ,/ / where x is the distance from the plate

maintained at the temperature T1.

252. q
iR T T

ld N MA

= − =2

9
40

3 2
2
3 2

1
3 2

3 2 2

2
/ / /

/

( )
,

π
W /m where i = 3, d is the effective diameter of

helium atom.

253. λ = 23 mm > l, consequently, the gas is ultra-thin;

q p v t t T= − − =( )/ ( ) ,2 1
26 1 22γ W /m where v RT M= 8 / ,π

T T T= +1 2 1 2/ ( ).

254. T T
T T

R R

r

R
= + −

1
2 1

2 1 1ln ( / )
ln .

255. T T
T T

R R R r
= + −

−
−






1

2 1

1 2 11 1

1 1

/ /
.

256. T T R r w x= + −0
2 2 4( ) / .

257. T T R r w x= + −0
2 2 6( ) / .

Electrodynamics
1. The ratio F Fcl gr/ is equal to 4 1042× and 1 1026× respectively;

q m/ = × −0.86 C/kg.10 10

2. About 2 1015× N.

3. dq dt a mg l/ / / .= ε3 2 2 0π
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4. q
q q

q q
3

1 2

1 2
2

= −
+( )

, r
r q r q

q q
3

1 2 2 1

1 2

=
+
+

.

5. ∆T
qq

r
=

ε
0

2
0

28π
.

6. E = −2.7 3.6i j, E = 4.5 kV /m.

7. E
ql

l x
=

ε +2 0
2 2 3 2π ( )

.
/

8. E
q

R
=

ε
=

2 2
0

2π
0.10 kV /m.

9. E
ql

r l
=

ε +4 0
2 2 3 2π ( )

.
/

For l r>> the strength E
q

l
≈

ε4 0
2π

,as in the case of a point

charge. E
q

r
max =

ε6 3 0
2π

for l r= / .2

10. E
qR

x
=

ε
3

4

2

0
4π

.

11. F
q

R
=

ε
λ

π4 0

.

12. (a) E
R

=
ε
λ 0

04
; (b) E

R

x R
=

ε +
λ 0

2

0
2 2 3 24 ( )

.
/

For x R>> the strength E
p

x
≈

ε4 0
3π

,

where p R= π λ2
0.

13 (a) E
q

r a r
=

ε +4 0
2 2π

;

(b) E
q

r a
=

ε −4 0
2 2π ( )

. In both cases E
q

r
≈

ε4 0
2π

for r a>> .

14. E
y

=
ε

λ
π

2

4 0

. The vector E is directed at the angle 45° to the thread.

15. (a) E
R

=
ε

λ
π

2

4 0

; (b) E = 0.

16. E = − ε1 3 0/ / .ar

17. E = − ε1 2 0 0/ / ,kσ where k is the unit vector of the z axis with respect to which

the angle θ is read off. Clearly, the field inside the given sphere is uniform.

18. E = − ε1 2 2
0/ / .aR

19. | | / / .Φ = ε1 2 0λR The sign of Φ depends on how the direction of the normal to

the circle is chosen.

20. | |
( / )

.φ =
ε

−
+













q

R l0
2

1
1

1
The sign of Φ depends on how the direction of the

normal to the circle is chosen.

21. | | / ( )/ .φ = − ε1 3 0
2

0
2

0πρr R r

22. E lmax / .= ελ π 0

23. E = ε1 2 0 0/ / ,σ with the direction of the vector E corresponding to the angle

φ = π.
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24. φ = 4πRa.

25. (a) E
r r

R
=

ε
−





ρ0

03
1

3

4
for r R≤ , E

R

r
=

ε
ρ0

3

0
212

for r R≥ ; (b) E Rmax / /= ε1 2 0 0ρ

for r Rm = 2 3/ .

26. q R= 2 2π α, E = ε1 2 0/ / .α

27. E
r

e r=
ε

− −ρ
α

α0

0
23

1
3

( ). Accordingly, E
r≈

ε
ρ0

03
and E

r
≈

ε
ρ
α
0

0
23

.

28. E a= ε1 3 0/ / .ρ
29. E a= ε1 2 0/ / ,ρ where the vector a is directly towards the axis of the cavity.

30. ∆φ
π

=
ε

−
+













q

R a R2
1

1

10
2( / )

.

31. φ − φ =
ε

=1 2
02

5
λ
π

ηln kV.

32. φ = ε1 2 0/ / ,σR E = ε1 4 0/ / .σ

33. φ =
ε

+ −σl
R l

2
1 1

0

2( ( / ) ), E
l R

=
ε

−
+













σ
2

1
1

0
2 2

. When l → 0, then

φ =
ε

σR

2 0

, E =
ε
σ

2 0

; when l R>> , then φ ≈
ε

q

l4 0π
, E

a

l
≈

ε4 0
2π

, where q R= σπ 2.

34. φ = εaR / .π 0

35. E a= − , i.e., the field is uniform.

36. (a) E i j= − −2a x y( ); (b) E i j= − −a y x( ).Here , i, j are the unit vectors of the

x and y axes. See Fig. 16 illustrating the case a > 0.

37. E i j k= − + +2( ),ax ay bz E a x y b z= + +2 2 2 2 2 2( ) . (a) An ellipsoid of

revolution with semiaxes φ/a and φ/ .b (b) In the case of φ > 0, a

single-cavity hyperboloid of revolution; when φ = 0 a right round cone; when
φ < 0, a two-cavity hyperboloid of revolution.

38. (a) φ =
ε0

0

3

8

q

Rπ
; (b) φ = φ −









0

2

2
1

3

r

R
, r R≤ .
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39. E E E
p

r
r= + =

ε
+2

0
2

0
3

2

4
1 3

π
θcos , where E r is the radial component of the

vector E, and E0 is its component perpendicular to E r .

40. E
p

r
z =

ε
−

4

3 1

0

2

3π
θcos

, E
p

r
⊥ =

ε4

3

0
3π

θ θsin cos
; E p⊥ at the points located on

the lateral surface of a cone whose axis is directed along the z axis and whose
semi-vertex angle θ is found from the relation cos /θ = 1 3

( ,θ1 = °54.7 θ2 = °123.5 ). At these points E E
p

r
= =

ε
⊥

2

4 0
3π

.

41. R
p

E
=

ε4 0 0

3
π

.

42. φ ≈
ε

λ
π

θl

r2 0

cos , E
l

r
≈

ε
λ

π2 0
2

.

43. φ =
ε +

ql x

R x4 0
2 2 3 2π ( )

,
/

E
ql R x

R x
x = −

ε
−

+4

2

0

2 2

2 2 5 2π ( )
,

/
where E x is the projection

of the vector E on the x-axis. The functions are plotted in Fig. 17. If | | ,x R>>

then φ ≈
ε
ql

x4 0
2π

and E
ql

x
x ≈

ε2 0
3π

.

44. φ =
ε +

σlx

x R2 0
2 2

, E
lR

x R
x = −

ε +
σ 2

0
2 2 3 22 ( )

.
/

See Fig. 18.

45. φ ≈ ±
ε

−
+













σl x

x R2
1

0
2 2

, E
lR

x R
≈

ε +
σ 2

0
2 2 3 22 ( )

.
/

If x R>> , then φ ≈ ±
ε
p

x4 0
2σ

and E
p

x
≈

ε2 0
3π

, where p R l= π σ2 . In the formulas for the potential φ the plus

sign corresponds to the space adjoining the positively charged plate and the
minus sign to the space adjoining the negatively charged plate.

46. (a) F = 0; (b) F = −
ε
λ

π
p

2 0
2r

; (c) F =
ε
λ

π
p

2 0
2r

.

47. F
p

l
=

ε
= × −3

2
10

2

0
4

16

π
2.1 N.

48. φ = − +axy const.

49. φ = −








 +ay

y
x

2
2

3
const.

50. φ = − + +y ax bz( ) const.
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51. p = ε6 0ax.

52. p = ε φ2 0
2∆ / ;d E d= ερ / .0

53. p a= − ε6 0 .

54. q l kx= ε4 0π .

55. A
q

l
=

ε

2

016π
.

56. (a) F
q

l
= −

ε
( )

;
2 2 1

8

2

0
2π

(b) E
q

l
= −



 ε

2 1
1

5 5 0
2π .

57. F
q

l
= −

ε
( )

.
2 2 1

32

2

0
2π

58. F
p

l
=

ε
3

32

2

0
4π

.

59. σ
π

= −
+
ql

l r2 2 2 3 2( )
,

/
q qind = − .

60. (a) F
l

1

2

04
=

ε
λ
π

; (b) σ λ
π

=
+

l

l x( )
.

2 2

61. (a) σ λ
π

=
2 l

; (b) σ λ

π
( ) .r

l r
=

+2 2 2

62. (a) σ
π

=
+
lq

l R2 2 2 3 2( )
;

/
(b) E

q

l R l
=

ε +
1

4 4 1 1 40
2 2 3 2π [ / ( / ) ]

,
/

φ =
ε

−
+













1

4
1

1

1 40
2π

q

R l R( / )
.

63. φ =
ε

q

l4 0π
.

64. φ =
ε

− +







q

r R R4

1 1 1

0 1 2π
.

65. q
b

a
q2 1= − ; φ =

ε
×

−
−

≤ ≤
≥





q r a

b a r

a r b

r b
1

04

1 1

1π
/ /

( / )

,

.

if

if

66. (a) E d23 = φ∆ / , E E E12 34 231 2= = / ; (b) | | / / ,σ σ1 4 01 2= = ε φ∆ d

σ σ2 3 03 2= ε φ| | / / .∆ d

67. q q l x l1 = − −( )/ , q qx l2 = − / . Instruction. If the charge q is imagined to be

uniformly spread over the plane passing through that charge and parallel to the
plates, the charges q1 and q2 remains, obviously, unchanged. What changes is
only their distribution and the electric field becomes easy to calculate.

68. dF dS/ / / .= ε1 2 2
0σ

69. F
q

R
=

ε
=

2

0
232π

0.5 kN.

70. F R= ε1 4 2
0
2

0/ / .π σ

71. N
n p

E
=

ε − ε
= ×0

0

3

1
3 10

( )
, where n0 is the concentration of molecules.
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72. F
p

l
=

ε
3

4

2

2
0

7

β
π

.

73. (a) x R= / ;2 (b) x
R

R
= 




1.1 (attraction)

0.29 (repulsion)
See Fig. 19.

74. p = ε −
ε

1

4 3

q

rπ
r, q q′ = − ε −

ε
1

.

76. q q q qinn out= − ε − ε ′ = ε − ε( )/ , ( )/ .1 1

77. See Fig. 20.

78. E
E=
ε

+ ε =0 2
0

2 2
0cos sinα α 5.2 V /m; tan tan ,α α= ε 0 hence, α = °74 ;

σ α′ = ε ε −
ε

=0
0 0

1
64

( )
cosE pC/m .2

79. (a) E Sd R E= ε −
ε∫

1 2
0π θcos ; (b) D rd lE= − ε ε − ×∫ 0 01( ) sin .θ

80. (a) E
pl

pd

l d

l d
=

εε
ε

<
>





/

/

for

for

,

,
0

0

φ = − εε
− ε + − ε

≤
≥





ρ
ρ

l

d l d d

l d

l d

2
0

0

2

2

/

( / ) /

for

for

,

.

The plots E xx ( ) and φ( )x are shown in Fig. 21. (b) σ ′ = ε − εpd( )/ ,1 0

ρ ρ′ = − ε − ε( )/ .1

81. (a) E
r

R r

r R

r R
=

ε ε

ε
<
>





ρ

ρ

/

/

for

for

,

;

3

3

0

3
0

2

(b) ρ ρ′ = − ε − ε( )/ ,1 σ ρ′ = ε − εR( )/ .1 3 See Fig. 22.

82. E P/= − εd R4 0 .

83. E P= − − ε0
2 2

01( / )/ ,x d U dP= ε4 30 0/ .

84. (a) E E1 02 1= ε ε +/( ), E E2 02 1= ε +/( ), D D E1 2 0 02 1= = εε ε +/( );

(b) E E1 0= , E E2 0= ε/ , D D E1 2 0 0= = ε / .
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85. (a) E E E1 2 0= = , D E1 0 0= ε , D D2 1= ε ; (b) E E E1 2 02 1= = ε +/( ),

D E1 0 02 1= ε ε +/( ), D D2 1= ε .

86. E q r= ε ε +/ ( ) .2 10
2π

87. ρ ρ= ε ε − =0 1/( ) 1.6 g /cm ,2 where ε and ρ0 are the permittivity and density of

kerosene.

88. σ′ = ε − ε =max ( )1 0E 3.5 nC/m ,2 q R E′ = ε − ε =π 2
01 10( ) pC.

89. (a) Since the normal component of the vector D is continuous at the dielectric
interface, we obtain

σ π′ = − ε − ε +ql r( )/ ( ),1 2 13 for l → 0 and σ′ → 0;

(b) q q′ = − ε − ε +( )/( ).1 1

90. F q l= ε − ε ε +2
0

21 16 1( )/ ( ).π

91. D
q r

q r
=

+ ε

ε + ε

 / ( )

/ ( )

2 1

2 1

2

2

π

π

in vacuum,

in dielectric;



E q r

q r

= ε + ε
= ε + ε





/ ( )

/ ( )

2 1

2 1
0

2

0

π
ψ π

both in vacuum and

in dielectric.

92. σ π′ = ε − ε ε +ql r( )/ ( );1 2 13 for l → 0 and σ′ → 0.

93. σ π′ = ε − εql r( )/ .1 2 3

94. E1 0= εPh d/ (between the plates), E P2 01= − − ε( / ) ,h d / D D p1 2= = h d/ .

95. ρ α′ = − 2 , i.e., is independnent of r.

96. (a) E P= − ε/3 0.

97. E E P0 03= − ε/ .

98. E E= ε +3 20 /( ), P E= ε ε − ε +3 1 20( )/( ).

99. E P= − ε/2 0.

100. E E= − ε +2 10 /( ); P = ε ε − ε +2 1 10 0E ( )/( ).

101. C
R

R R
= ε ε

+ ε −
4

1 1
0 1

1 2

π
( ) /

.

102. The strength decreased 1 2 1/ ( )ε + times; q C= ε − ε +1 2 1 1/ ( )/( ).õ

103. (a) C
S

d d
= ε

ε + ε
0

1 1 2 2/ /
; (b) σ ′ = ε ε − ε

ε + ε0
1 2

1 2 2 1

V
d d

.

104. (a) C S d= ε ε − ε ε ε0 3 1 2 1( ) / ln ( / ); (b) ρ′ = − ε − ε εq dS( )/ .2 1
2

105. C a R R= ε4 0 2 1π / ln ( / ).

106. When ε = ε1 1 1 2 2 2R E R Em m.

107. V R E R R R R= + ε ε1 1 2 1 1 2 3 2[ln ( / ) ( / ) ln ( / )].

108. C b a≈ επ 0 ln ( / ).

109. C b a≈ ε2 20π / ln ( / ).

110. C a≈ ε ε2 0π . Instruction. When b a>> , the charges can be assumed to be

distributed practically uniformly over the surfaces of the balls.

111. C a≈ ε4 0π .

112. (a) C C C Ctotal = + +1 2 3; (b) C Ctotal = .

113. (a) C S d= ε2 30 / ; (b) C S d= ε3 20 / .

114. V V C C≤ + =1 1 21 9( / ) kV
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115. U = + + =õ /( )1 3 102η η V.

116. C C Cx = − =( )/ .5 1 2 0.62 Since the chain is infinite, all the links beginning

with the second can be replaced by the capacitanceC x equal to the sought one.

117. V q C1 1 10= =/ V, V q C2 2 5= =/ V, where q C C C CA B= φ − φ + +( ) /( ).õ 1 2 1 2

118. V C C1 2 1 1 21= − +( )/( / ),õ õ V C C2 1 2 2 11= − +( )/( / ).õ õ

119. q C C C C= − +| | /( ).õ õ1 2 1 2 1 2

120. φ − φ = −
+ +A B

C C C C

C C C C
õ 2 3 1 4

1 2 3 4( )( )
. In the case when C C C C1 2 3 4/ / .=

121. q
V

C C C
=

+ +
=

1 1 11 2 3/ / /
0.06 mC.

122. q C1 2= õ , q C C C C2 1 2 1 2= − +õ /( ).

123. q C C C C C1 1 1 2 1 2 24= − + = −õ ( )/( ) ,µC

q C C C C C2 2 1 2 1 2 36= − + = −õ ( )/( ) µC;q C C3 2 1 60= − = +õ( ) µC.

124. φ − φ = − + +A B C C C C C( )/( ).2 2 1 1 1 2 3õ õ

125. φ = + − +
+ +1

2 2 3 3 1 2 3

1 2 3

õ õ õC C C C

C C C

( )
, φ = + − +

+ +2
1 1 3 3 2 1 3

1 2 3

õ õ õC C C C

C C C

( )
,

φ = + − +
+ +3

1 1 2 2 3 1 2

1 2 3

õ õ õC C C C

C C C

( )

126. C
C C C C C

C C C
total = + +

+ +
2

2
1 2 3 1 2

1 2 3

( )
.

127. (a) W q a= + ε( ) / ;2 4 42
0π (b) W q a= − ε( ) / ;2 4 42

0π (c)

W q a= − ε2 42
0/ .π

128. W
q

a
= −

ε
2 2

4 0

2ln
.

π
129. W q l= − ε2

08/ .π
130. W q q l= ε1 2 04/ .π

131. ∆W V C C C C= − + = −1 2 2
1 2 1 2/ /( ) 0.03 mJ.

132. Q CC C C= +õ
2

0 02/( ).

133. Q C= 1 2 2
2/ .õ It is remarkable that the result obtained is independent of õ1.

134. W W W W
q

R

q

R

q q

R
= + + =

ε
+ +









1 2 12

0

1
2

1

2
2

2

1 2

2

1

4 2 2π
.

135. (a) W q R= ε3 202
0/ ;π (b) W W1 2 1 5/ / .=

136. W q a b= ε ε − =( / )( / / )2
08 1 1 27π mJ.

137. A q R R= ε −( / )( / / ).2
0 1 28 1 1π

138. A
q q q

R R
= +

ε
−








( / )
.0

0 1 2

2

4

1 1

π

139. F1
2

02= εσ / .

140. A q a b= ε −( / )( / / ).2
08 1 1π

141. (a) A q x x S= − ε2
2 1 02( )/ ; (b) A SV x x x x= ε −0

2
2 1 1 22( )/ .

142. (a) A CV= − =1 2 12 2/ /( )η η 1.5 mJ.

(b) A CV= ε ε − ε − ε − =1 2 1 12 2/ ( )/[ ( )]η η 0.8 mJ.
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143. ∆p V d= ε ε ε − = =0
2 21 2 7( ) / kPa 0.07 atm.

144. h g= ε − ε ε( ) .1 22
0σ ρ

145. F R V d= ε ε −π 0
21( ) / .

146. N R V d= ε − ε( ) / .1 40
2 2

147. I aEv= ε =2 0π µ0.5 A.

148. I rvV d≈ ε ε − =2 10π µ( ) / 0.11 A.

149. (a) α α ηα η= + +( )/( );1 2 1 (b) α α ηα η≈ + +( )/( ).2 1 1

150. 5 6/ ;R (b) 7 12/ ;R (c) 3 4/ .R

151. R Rx = −( ).3 1

152. R R R R= + + =( / ) / .1 1 4 2 62 1 1 Ω Instruction. Since the chain is infinite, all

the links beginning with the second can be replaced by the resistance equal to
the sought resistance R.

153. Imagine the voltage V to be applied across the points A and B. Then
V IR I R= = 0 0, where I is the current carried by the lead wires, I0 is the current
carried by the conductor AB.

The current I0 can be represented as a superposition of two currents. If the
current I flowed into point A and spread all over the infinite wire grid, the
conductor AB would carry (because of symmetry) the current I / .4 Similarly, if
the current I flowed into the grid from infinity and left the grid through point B,
the conductor AB would also carry the current I / .4 Superposing both of these
solutions, we obtain I I0 = /2. Therefore, R Ro= /2.

154. R l b a= ( / ) ln ( / ).ρ π2

155. R b a ab= −ρ π( )/ .4 In the case of b → ∞ R a= ρ π/ .4

156. ρ π η= −4 ∆tab b a C/( ) ln .

157. R a= ρ π/ .2

158. (a) j alV r= 2 3/ ;ρ (b) R a= ρ π/ .4

159. (a) j lV r l a= / ln ( / );2 2ρ (b) R l a1 = ( ) ln ( / ).ρ/ π
160. I VC= εε =/ρ µ0 1.5 A.

161. RC = εερ 0.

162. σ α= =D Dn cos ; j D= εεsin / .α ρ0

163. I VS d= − =( )/ ln ( )σ σ σ /σ2 1 2 1 5 nA.

165. q I= ε −0 2 1( ) .ρ ρ
166. σ ρ ρ ρ ρ= ε ε − ε +0 2 2 1 1 1 1 2 2V d d( )/( ), σ = 0 if ε = ε1 1 2 2ρ ρ .

167. q I= ε ε − ε0 2 2 1 1( ).ρ ρ

168. ρ η η= ε − +2 1 10
2V d( )/ ( ).

169. (a) R S1
22= πα/ ; (b) E I S= 2 2πα / .

170. t RC I V V= − − =ln ( / )0 0.6 s.µ

171. ρ τ= ε ε = × ⋅/ ln0
122 101.4 m.Ω

172. I d R e t RC= − −[( )/ ] ./η η1 õ

173. V = + =õ /( )η 1 2.0 V.

174. φ − φ = − + − = −1 2 1 2 1 1 2 1 4( ) /( ) .õ õ õR R R V
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175. R R R= −2 1, ∆φ = 0 in the source of current with internal resistance R2.

176. (a) I = α; (b) φ − φ =A B 0.

177. φ − φ = − + = −A B R R R( ) /( )õ õ1 2 1 1 2 0.5 V.

178. I R RR R R R R1 2 1 1 2 2= + + =õ /( ) 1.2 A, I I R R2 1 1 2= =/ 0.8 A.

179. V V Rx Rl R l x x l= + −0 0/[ ( ) / ]; for R R>> 0 V V x l≈ 0 / .

180. õ õ õ= + +( )/( ),1 2 2 1 1 2R R R R R R R R R1 1 2 1 2= +/( ).

181. I R R RR R R R R= − + + =( )/( )1 2 2 1 1 1 2 2õ õ 0.02 A, the current is directed from

the left to the right (see Fig. 3.44).

182. (a) I R R R R R R R R1 3 1 2 2 1 2 1 2 2 3 3 1= − + + + + =[ ( ) ( )]/( )õ õ õ õ 0.06 A;

(b) φ − φ = − =A B I Rõ1 1 1 0.9 V.

183. I R R R R R R R R= + + + +[ ( ) ]/[ ( ) ].õ õ2 3 0 3 2 3 2 3

184. φ − φ = + − + + + = −A B R R R R R R R R R R R R[ ( ) ( )]/( )õ õ2 3 1 2 1 1 2 3 1 2 2 3 3 1 1.0 V.

185. I R R R R R R R R1 3 1 2 2 1 3 1 2 2 3 3 1= φ − φ + φ − φ + + =[ ( ) ( )]/( ) 0.2 A.

186. I
V

R

R R

R R R R R R R R R
= +

+ + +
−







 =

2

1 2

1 2 4 1 3 1 3 2 41
1

[ ( ) ( )]
1.0 A. The current flows

from point C to point D.

187. R r r R R rAB = + +( )/( ).3 3

188. V e t RC= − −1 2 1 2/ ( )./
õ

189. (a) Q q R t= 4 3 2/ / ;∆ (b) Q q R t= ⋅1 2 2 2/ ln / .∆
190. R R= 3 0.

192. Q I V= − =( )õ 0.6 W, P W= − = − 2.0 W.

193. I V R= / ;2 P V Rmax / ;= 2 4 η = 1/2.

194. By 2 2η = %.

195. T T e V kRkt C− = −0
21( ) / ./

196. R R R R Rx = + =1 2 1 2 12/( ) .Ω

197. R R R R R= +1 2 1 2/( );Q R R R R R Rmax ( ) / ( ).= + +õ õ1 2 2 1
2

1 2 1 24

198. n Nr R= =/ 3.

199. Q C R R R= + =1 2 602
1 1 2/ /( )õ mJ.

200. (a) ∆W CV= − − = −1 2 12/ /( )η η 0.15 mJ; (b) A CV= − =1 2 12/ /( )η η 0.15 mJ.

201. ∆W CV= − ε − = −1 2 1 2/ ( ) 0.5 mJ, A CVmach = ε − =1 2 1 2/ ( ) 0.5 mJ.

202. h V gd≈ ε ε −1 2 10
2 2/ ( ) / ,ρ where ρ is the density of water.

203. (a) q q e= − ε ε
0

0τ ρ/ ; (b) Q a b q= − ε ε( / / ) / .1 1 80
2

0π

204. (a) q q e RC= − =−
0 1( )/τ 0.18 mC; (b) Q e q CRC= − =−( ) //1 2 822

0
2τ mJ.

205. (a) I V R e t RC= −( / ) ;/
0

2 (b) Q CV= 1 4 0
2/ .

206. e m I r qR/ /= = ×ω 1.8 C/kg.1011

207. p lIm e= = ⋅/ 0.40 N s.µ

208. s enl v j= / ~107 m, where n is the concentration of free electorns, v is the

mean velocity of thermal motion of an electron.

209. (a) t enlS I= =/ 3 ms; (b) F enl I= =ρ 1.0 MN, where ρ is the resistivity of

copper.
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210. E I r m eV= ε =( / ) /2 2 320π V /m, ∆φ = ε =( / ) /I m eV4 20π 0.80 V.

211. (a) P x ax( ) / ;/= − ε −4 9 0
2 3 (b) j a e m= ε4 9 20

3 2/ / ./

212. n Id e u u VS= + = ×+ − −/ ( ) .0 0
8 3102.3 cm

213. u l V0 0
2

02= ω / .

214. (a) n I eVi sat= = × ⋅− −/ ;6 109 3 1cm s (b) n n ri= = × −/ .6 107 3cm

215. t rni= − =( )/η 1 13 ms.

216. t U en di= ε =0
2η / 4.6 days.

217. I ev e d= 0
α .

218. j e end
i= −( ) / .α α1

219. (a) B I R= =µ µ0 2/ 6.3 T; (b) B R I R x= + =µ µ0
2 2 2 3 22/ ( ) / 2.3 T.

220. B n I n R= µ π π0 2tan ( )/ , for n → ∞ B I R= µ 0 2/

221. B I d= φ =4 0µ π/ sin 0.10 mT.

222. B I R= − φ + φ =( tan ) /π µ π µ0 2 28 T.

223. (a) B
I

a b
= − φ + φ





µ
π

π0

4

2
; (b) B

I

a b
= +











µ
π

π0

4

3

4

2
.

224. B hI Rr≈ µ π0
24/ , where r is the distance from the cut.

225. B I R= µ π0
2/ .

226. (a) B I R= ( / )( / );µ π π0 4 (b) B I R= +( / )( / ) / ;µ π π0 4 1 3 2

(c) B I R= +( / )( ) / .µ π π0 4 2

227. B I l= =( / ) /µ π µ0 4 2 2.0 T.

228. (a) B I R= + =( / ) /µ π π µ0
24 4 0.30 T;

(b) B I R= × + + =( / ) /µ π π π µ0
24 2 2 0.34 T; (c)

B I R= =( / ) /µ π µ0 4 2 0.11 T.

229. (a) B i= µ 0 2/ ; (b) B i= µ 0 between the planes and B = 0 outside the planes.

230. B
jx

jd
= 




µ
µ

0

0

inside the plate,

outside the plate.

231. In the half-space with the straight wire, B I r= µ π0 2/ , r is the distance from the

wire. In the other half-space B ≡ 0.

232. The given integral is equal to µ 0I.

233. B
jr]

jr

for

for
=

≤
≥





1 2

1 2

0

0
2 2

/ [

/ [ ] /

,

.

µ

µ R r

r R

r R

234. B jl= 1 2 0/ [ ],µ i.e., field inside the cavity is uniform.

235. j r b r( ) ( / ) ( ) .= + −µ α α
0

11

236. B nI R l= +µ0
21 2/ ( / ) .

237. (a) B nI x x R= − +1 2 10
2 2/ ( / ),µ where x > 0

outside the solenoid and x < 0 inside the

solenoid; see Fig. 23; (b)

x R R0 1 2 2 1 5= − − ≈( )/ ( ) .η η η
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238. B
I h h R r R

I r r R
= − = <

>



( / ) ( ( / ) ,

( / )/ / , .

µ π
µ π

0
2

0

1 2

4 2

0.3 mT,


239. η π≈ = ×N / .8 102

240. Φ = =( / )µ π µ0 4 I 1.0 Wb/m.

241. Φ = Φ =0 02/ /µ nIS 2, where Φ0 is the flux of the vector B through the

cross-section of the solenoid far from its ends.

242. Φ = =( / ) lnµ π η µ0 4 2 8INh Wb.

243. p R Bm = = ⋅2 302
0π µ/ mA m .2

244. p NIdm = = ⋅1 2 2/ 0.5 A m .2

245. (a) B
IN b a

b a
=

−
=µ µ0

2
7

ln ( / )

( )
T; (b) p lN a ab bm = + + = ⋅1 3 152 2/ ( )π mA m .2

246. (a) B R= 1 2 0/ ;µ σω (b) p Rm = 1 4 4/ .πσω
247. B R= =2 3 290/ µ σω pT.

248. p qRm = 1 5 2/ ;ω p M q mm / / .= 2

249. B = 0.

250. F F v v cm e/ ( / ) .= ε = = × −µ 0 0
2 2 61.00 10

251. (a) F I R1 0
2 4= =µ 0.20 mN/m; (b) F I l1 0

2= =µ π/ 0.13 mN/m.

252. B d RIm= =π σ2 4 8/ ,kT where σ m is the strength of copper.

253. B gS I= =( / ) tan2 10ρ θ mT, where ρ is the density of copper.

254. B mgl NIS= =∆ / 0.4 T.

255. (a) F II= − =2 4 10 0
2µ π η µ/ ( ) 0.40 N;

(b) A aII= + − =( / ) ln [( )/( )]µ π η η µ0 0 2 1 2 1 0.10 J.

256. R ≈ ε =µ η π0 0/ (ln )/ 0.36 k .Ω

257. F I R1 0
2 2= µ π/ .

258. F
I I

b
b a1

0 1 2

4

2
1= +µ

π
ln ( / ).

259. F B1
2

02= / .µ

260. In all three cases F B B1 1
2

2
2

02= −( )/ .µ The force is directed to the right. The

current in the conducting plane is directed beyond the drawing.

261. ∆p IB a= =/ 0.5 kPa.

262. p I R= µ π0
2 2 28/ .

263. p n I= 1 2 0
2 2/ .µ

264. I F nRlim .= 2 0lim /µ

265. P v B d R R d S= +2 2 2 2/( / ) ;ρ when R d S= ρ / , the power is

P P v B dS= =max / / .1 4 2 2 ρ

266. U I R ne= =1 4 0
2 2 2/ µ / π 2pV.

267. n jB eE= = × −/ ;2.5 m1028 1 almost 1 : 1.

268. u B0
21 10= = × ⋅−/η 3.2 m /(V s).2

269. (a) F = 0; (b) F Ip rm= ( / ) / ,µ π0
24 2 F B↑ ↓ ; (c) F Ip rm= ( / ) / ,µ π0

24 2

F r↑↓ .
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270. F R Ip x R xm= +( / ) /( ) ./µ π π0
2 2 2 5 24 6

271. F p p lm m= =3 2 90 1 2
4/ µ / π nN.

272. I Bx R′ ≈ =2 3
0

2/µ 0.5 kA.

273. B B′ = +µ α α2 2 2sin cos .

274. (a) H dS R B= ⋅ −∫ π θ µ µµ2
01cos ( )/ ;

(b) B rd Bl= −∫ ( ) sin .1 µ θ

275. (a) I Isur′ = χ ; (b) I Ivol′ = χ ; in opposite directions.

276. See Fig. 24.

277. B
I

r
=

+
µ µ µ
µ µ π

0 1 2

1 2

.

278. B B= +2 10µ µ/( ).

279. B B= +3 20µ / µ( ).

280. H NI lc = =/ 6 kA/m.

281. H bB d≈ =/µ π0 0.10 kA/m.

282. When b R<< , the permeability is µ π µ≈ = = ×2 100
3RB NI bB/( ) .3.7

283. H = 0.06 kA/m,µ max .≈ ×1.0 104

284. From the theorem on circulation of the vector H we obtain

B
NI

b

d

b
H H≈ − = −µ µ π0 0 1.51 0.987 (kA/m).

Besides, B and H are interrelated as shown in Fig. 3.76. The required values of H
and B must simultaneously satisfy both relations. Solving this system of
equations by means of plotting, we obtain. H ≈ 0.26 kA/m, B ≈ 1.25 T, and
µ µ= ≈ ×B H/ .0

2104

285. F SB≈ 1 2 2
0/ .χ /µ

286. (a) x am = 1 4/ ; (b) χ µ= = × −
0 0

2 410F e a vBmax / / .3.6

287. A VB≈ 1 2 2
0/ .χ /µ

288. õ1 8= By w a/ .

289. I Bvl R R= +/( ),µ where R R R R Rµ = +1 2 1 2/( ),

290. (a) ∆φ = =1 2 2 2/ /ω a m e 3.0 nV; (b) ∆φ ≈ =1 2 202/ ωBa mV.

291. E r mV.
A

C
d Bd∫ = − = −1 2 102/ ω

292. õ1 1 2 1= −/ ( ) ,n Ba tβ where n = 1, 2, K is the number of

the half-revolution that the loop performs at the given
moment t. The plot õ i t( ) is shown in Fig. 25, where
t nn = 2π β/ .

293. I rind = α / , where α µ π= 1 2 0/ / .lvI R

294. õi
I v

x x a
=

+
µ

π
α0

2

4

2

( )
.

295. õi a B mg t aB= +1 2 22 2/ ( sin )/ .ω ω

296. v
mgR

B l
= sin

.
α

2 2
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297. w
g

l B C m
=

+
sin

/
.

α
1 2 2

298. P a B R= 1 2 2 2/ ( ) / .πω

299. B qR NS= =1 2/ / 0.5 T.

300. q
aI

R

b a

b a
= +

−
µ

π
0

2
ln , i.e., is independent of L.

301. (a) I
I v

R

b

a
= µ

π
0 0

2
ln ; (b) F

v

R

I b

a
= 





µ
π

0 0
2

2
ln .

302. (a) s v mR l B= 0
2 2/ , (b) Q mv= 1 2 0

2/ .

303. (a) v
F

m
e t= − −

α
α( ),1 where α t B l mR= 2 2 / .

304. (a) In the round conductor the current flows clockwise, there is no current in
the connector; (b) in the outside conductor, clockwise; (c) in both round
conductors, clockwise; no current in the connector, (d) in the left-hand side of
the figure eight, clockwise.

305. I B a b= − =1 4 0/ ( )/ω ρ 0.5 A.

306. õim = 1 3 2
0/ .π ωa N B

307. õ1
23 2 12= =/ wlBt mV

308. E
nIr

nIa r

r a

r a
=

<
>





1 2

1 2

0

0
2

/ &

/ &

for

for

,

.

µ

µ

309. I nSdI= =1 4 20/ &/µ ρ mA, where ρ is the resistivity of copper.

310. E ab= − +1 2 1 1/ ( )/( ).η η

311. ω = − q

m
t

2
B( ).

312. F
a V

rRlb
1

0
2 2

24
max .= µ

313. Q a R= 1 3 2 3/ / .τ

314. I b a h= −1 4 2 2/ ( ) / .β ρ
315. l l L= =4 0 0π µ/ 1.10 km.

316. L
mR

l
= µ

π ρρ
0

04
, where ρ and ρ0 are the resistivity and the density of copper.

317. t
L

R
= − − =ln ( )1 η 1.5s.

318. τ µ
π ρρ

= =0

04

m

l
0.7 ms, where ρ is the resistivity, ρ0 is the density of copper.

319. L1
0

2
= =µµ

π
µln 0.26 H/m.

320. L V a
a

b
= +





µ
π

µ0 2

2
1/ ln .

321. L h b1 0 25= =µ / nH/m.

322. L1
0≈ µ

π
ηln .

323. (a) I a B L= π 2 / ; (b) A a B L= 1 2 2 4 2/ / .π
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324. I I= + =0 1 2( )η A.

325. I
aB

a

b

=
−





=π

µ 0
8

2

50

ln

A.

326. I
R

e t R L= + − −õ
[ ( ) ]./1 1η η

327. I
R

e TR L= − −õ
( )./1 2

328. I
L

R L L
1

2

1 2

=
+

õ

( )
, I

L

R L L
2

1

1 2

=
+

õ

( )

329. L
b a

l
12

0

2
1= +





µ
π

ln .

330. L
kN b

a
12

0

2
= µ µ

π
ln .

331. (a) L a b12 0
21 2≈ / / ;µ π (b) Φ =21 0

21 2/ / .µ πa I b

332. p aRq Nm = 2 0/ .µ
333. L a l12 0

4 31 2≈ / / .µ π

334. I
aL

R
e tR L

2
12 1 2= − −( )./

335. Q
L

R R R
=

+
=õ

2

2
02 1

3
( / )

µJ.

336. W N I= Φ =1 2/ 0.5 J.

337. W BH a b= =π2 2 2.0 J, where H NI b= 1 2/ / .π

338. (a) W W b dgap m/ /≈ =µ π 3.0; (b) L
SN

b d
≈

+
=µ

π µ
0

2

/
0.15 H.

339. W a1 0
2 2 2 8= µ λ ω π/ .

340. E B= ε = ×/ 0 0
83 10µ V /m.

341. w w a lm e/ /= ε = × −
0 0

2 4 2 1510µ ω 1.1

343. (a) L Ltotal = 2 ; (b) L Ltotal = / .2

344. L L L12 1 2= .

346. W
a

b
I I12

0
2

1 2
2

= µ π θcos .

347. (a) j j;d = − (b) I q pd = ε ε/ .0

348. The displacment current should be taken into account in addition to the
conduction current.

349. E I Sm m= ε =/ 0 7ω V /cm.

350. H H tm= +cos ( ).ω α where H
rV

d
m

m= + ε ε
2

2
0

2σ ω( ) and α is determined

from the formula tan .α ω/σ= ε ε0

351. j
Br

BR r

r R

R R
d =





<
>

1 2

1 2 2

/ &&

/ && /

for

for

,

.

Here && sin .B nI tm= µ ω ω0
2
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352. (a) j
q

r
d = 2

4 3

v

π
; (b) j

v
d

q

r
= −

4 3π
.

353. xm = 0, j
qv

a
d max .=

4 3π

354. H
vr= q

r

[ ]
.

4 3π
355. (a) If B( ),t then ∇ × = − ∂ ∂ ≠E B/ t 0. The spatial derivatives of the field E,

however, may not be equal to zero( )∇ × ≠E 0 only in the presence of an electric
field.

(b) If B( ),t then ∇ × = − ∂ ∂ ≠E B/ t 0. But in the uniform field ∇ × =E 0.

(c) It is assumed that E a= f t( ), where a is a vector which is independent of the
coordinates, f t( )is an aribitrary function of time. Then −∂ ∂ = ∇ × =B E/ t 0, that
is the field B does not vary with time. Generally speaking, this contradicts the
equation ∇ × = ∂ ∂H D/ t for in this case its left-hand side does not depend on
time whereas its right-hand side does. The only exception is the case when f t( )
is a linear function. In this case the uniform field E can be time-dependent.

356. Let us find the divergence of the two sides of the equation ∇ × = + ∂ ∂H j D/ t.

Since the divergence of a rotor is always equal to zero, we get

0 = ∇ ⋅ + ∂
∂

⋅j V D
t

( ). It remains to take into account that V D⋅ = ρ.

357. Let us consider the divergence of the two sides of the first equation. Since the

divergence of a rotor is always equal to zero, ∇ ⋅ ∂ ∂ =( )B/ t 0 or
∂
∂

∇ ⋅ =
t

( ) .B 0

Hence, ∇ ⋅ =B const. which does not contradict the second equation.

358. ∇ × = −E B[ ].ω
359. E vB′ = [ ].

360. σ = ε =0vB 0.40 pC/m .2

361. ρ ω= − ε = −2 B 0.08 nC/m ,3 σ ω= ε =0 2a B pC/m .2

362. B
vr= µ

π
0

34

q

r

[ ]
.

364. E r′ = b r/ 2, where r is the distance from the z′ axis.

365. B
rv′ = a

c r

[ ]
,

2 2
where r is the distance from the z′ axis.

367. (a) E E′ = −
−

=1

1
9

2 2

2

β α
β

cos
kV /m; tan

tan
,α α

β
′ =

−1 2
whence α ≈ °51 ;

(b) B
E

c
′ =

−
=β α

β
µsin

1
14

2
T.

368. (a) E
B

c
′ =

−
=β α

β

sin

1 2
1.4 nV /m; (b) B B′ = −

−
=1

1

2 2

2

β α
β

cos
0.9 T,α′ ≈ °51 .

370. B B E cB′ = − ≈1 2( / ) 0.15 mT.

371. Suppose the charge q moves in the positive direction of the x axis of the
reference frame K. Let us pass into the frame K ′ at whose origin of cooridnates
this charge is at rest (the x and x ′ axes of the two frames coincide and the y and
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y ′ axes are parallel). In the frame K ′ the field of the charge has the simplest

from: E
q

r
′ =

ε ′
′1

4 0
3π

r , with the following components in the plane x, y

E
q

r
xx′ =

ε ′
′1

4 0
3π

, E
q

r
yy ′ =

ε ′
′1

4 0
3π

.

Now let us make the reverse transition to the initial frame K. As the moment
when the charge q passes through the origin of coordinates of the frame K, the x
and y projections of the vector r are related to the x ′ and y ′ projections of the
vector r ′ as

x r x v c= = ′ −cos ( / ) ,θ 1 2 y r y= = ′sin .θ

Besides in accordance with the formulas that are reciprocal to Eqs. (3.6i),

E Ex x= ′ , E E v cy y= ′ −/ ( / )1 2 .

Solving simultaneously all these equations, we obtain

E E i E j
qr

r
x y= + +

ε
−

−
1

4

1

10
3

2

2 2 3 2π
β

β θ( sin )
.

/

Note that in this case (v = const.) the vector E is collinear with the vector r.

372. v ale m= =9 2 163 / / km/s.

373. tan .α = al m

eV

2

34 2

374. (a) x E a= 2 0 / ; (b) w qE m= 0 / .

375. t
T T m C

ceE
=

+
=

( )2 0
2

3.0 ns.

376. w
eE

m T m c
=

+0 0
2 31( / )

.

377. (a) tan ( / ) .θ = −eEt

m v
v c

0 0
0

21 where e and m0 are the charge and the mass of a

proton; (b) v v v c eEt m cx = + −0 0
2 2

0
2 21 1/ ( / )( / ) .

378. α =








 = °arcsin dB

q

mV2
30 .

379. (a) v reB m= =/ 100 km/s, T m eB= =2π µ/ 6.5 s;

(b) v e m e reB e= + =/ ( / ) ,1 0
2 0.51 T

m

eB v c
=

−
=2

1

0

2

π

( / )
4.1 ns

380. (a) p qrB= ; T m c qrB m c= + −0
2

0
21 1( ( / ) ); (c) w

e

r m c qrB
=

+

2

0
21[ ( / ) ]

.

381. T m c= η 0
2, 5 keV and 9 MeV respectively.

382. ∆l mV eB= =2 2 2π α/ cos 2.0 cm.

383. q m
V

l B B
/

( )
.=

−
8 2

2
2 1

2

π

384. r = φ2 2ρ|sin ( / )|, where ρ α= mv

eB
sin , φ = leB

mv cos
.

α
385. r ae v b

max
/ ,= 0 where b

c

m
I= µ

π
0

2
.
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386. v
V

rB b a
=

ln ( / )
,

q

m

V

r B b a
=

2 2 ln ( / )
.

387. (a) y
mEn

qB
n = 2 2 2

2

π
; (b) tan .α

π
= v B

En
0

2

388. z l
qB

mE
y= tan ;

2

2
for z << 1 this equation reduces to y mE ql B z= ( / ) .2 2 2 2

389. F mEI qB= =/ 20 µN.

390. ∆l
mE

eB
= φ =2

6
2

π
tan cm.

391.
q

m

a a b B

E x
= +( )

.
2

2

2

∆
392. (a) x a t t= −( sin );ω ω y a t= −( cos ),1 ω

where a mE qB= / ,2 ω = qB m/ . The

trajectory is a cycloid (Fig. 26). The
motion of the particle is the motion of a
point located at the rim of a circle of
radius a rolling without slipping along
the x axis so that its centre travels with
the velocity v E B= / ; (b) s mE gB= 8 2/ ; (c) v E Bx = / .

393. V
e

m

I a

b
= 





2
4

0
2µ

π
ln .

394. B
b

b a

m

e
V≤

−
2 2

2 2
.

395. y
a

t t=
2ω

ωsin , x
a

t t t= −
2 2ω

ω ω ω(sin cos ), where a qE mm= / . The trajectory

has the form of unwinding spiral.

396. V mr r e≥ =2 2 2π ν ∆ / 0.10 MV.

397. (a) T
erB

m
= =( )2

2
12 MeV; (b) v

r

T

m
min = =1

2
20

π
MHz.

398. (a) t
mr

eV
= =π ν µ

2 2

17 s; (b) s
mr

eV
≈ =4

3

2 2 2π ν
0.74 km.

Instruction. Here s v nn
n

N

~ ~ ,
=
∑ ∑

1

where v n is the velocity of the particle

after the nth passage across the accelerating gap. Since N is large,

n n dn
N N

1
0∑ ∫≈ .

399. n W eBc= =2 92πν / .

400. ω ω= +0 1/ ,at where ω0 = qB m/ , a qB W m c= ∆ / .π 2 2

401. v rqB m= 1 2/ / ,ρ = r /2.

402. N W e= Φ = ×/ 5 106 revolutions, s rN= = ×2 8 102π km.

403. On the one hand,

dp

dt
eE

e

r

d

dt
= = Φ

2π
,
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where p is the momentum of the electron, r is the radius of the orbit, Φ is the
magnetic flux acting inside the orbit.

On the other hand, dp dt/ can be found after differentiating the relation p erB=
for r = const. It follows from the comparison of the expressions obtained that
dB dt d B dt0 1 2/ / / .= In particular, this condition will be satisfied if
B B0 1 2= / .

404. r B a0 02 3= / .

405. dE dr B r B/ &( ) / & .= − =0 1 2 0

406. ∆ ∆W r eB t= =2 2π / 0.10 keV.

407. (a) W reB m c m c= + −( ( / ) ) ;1 10
2

0
2 (b) s W t reB= ∆ / .

Oscillations and Waves
1. (a) See Fig. 27; (b) ( / ) ( / )v a x ax ω 2 2 1+ = and ω ωx x= − 2 .

2. (a) The amplitude is equal to a/2, and the period is T = π /ω, See Fig. 28a;

(b) v x a xx
2 24= −ω ( ), see Fig. 28b.

3. x a t= + = −cos ( )ω α 29 cm, v x = − 81 cm/s, where a x v x= +0
2

0
2( ) ,/ω

α /ω= −arctan ( ).v xx 0 0

4. ω = − −( )/( ),v v x x1
2

2
2

2
2

1
2 a v x v x v v= − −( )/( ).1

2
2
2

2
2

1
2

1
2

2
2

5. (a) v a T= =3 / 0.50 m/s; (b) v a T= =6 / 1.0 m/s.

6. (a) v ax = 2 2

3π
ω; (b) | | ;v a= 2 2

3π
ω (c) v a= −2 4 2

3

( )
.

π
ω

7. s
a n t n n

a n t n n
=

+ − −
+ −

[ cos ( / )],

[ sin ( / )],

1 2

2

ω π
ω π

is even,

is odd.





Here, n is a whole number of the ratio 2ω πt / .

8. s = 0.6 m.

9. dP dx a x/ /= −1 2 2π
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10. In both cases a = 7.

11. v amax .= 2.73 ω
12. 47.9 and 52.1 s−1 , 1.5 s.

13. 18 or 26 Hz.

14. (a) x a y b2 2 2 2 1+ =/ , clockwise; (b) w r= − ω2 .

15. (a) y x x a2 2 2 24 1= −( / ); (b) y a x a= −( / ).1 2 2 2 See Fig. 29.

16. T m a U= 2 2
0π / .

17. T a ma b= 4 2π / .

18. T ml F= =π / 2.0 s.

19. T l g= − =2 1π η η/ ( ) 1.1 s.

20. T l g= +2 2/ [ / ( )].π α /βarcsin

21. t
h

w
=

+ − −
− −

2 1 1

1 1

η η
η

where η = w g/ .

22. T m gr= =4 2π ρ/ 2.5s.

23. T m x= − =2 1π η η( ) / 0.13 s.

24. T m x x= +2 1 2π /( ).

25. T m x= 2π / , where x x x x x= +1 2 1 2/( ).

26. ω = 2 0T ml/ .

27. T m S g= + =2 1π ρ θ/ ( cos ) 0.8 s.

28. T l kg= =π 2 / 1.5s.

29. (a) && ( / ) ,x g R x+ = 0 where x is the displacement of the body relative to the

centre of the Earth, R is its radius, g is the standard free-fall acceleration;
(b) τ π= =R g/ min,42 (c) v gR= = 7.9 km/s.

30. T l= − =2π /| |g w 0.8 s, where| | cos .g w− = + −g w gw2 2 2 β

31. T x m= − =2 2π ω/ / 0.7 s, ω ≥ =x m/ 10 rad /s.

32. k a gT= =4 2 2π / 0.4

33. (a) θ = °3.0 3.5cos ;t (b) θ = °4.5 3.5sin ;t (c) θ = ° +5.4 3.5 1.0)cos ( .t Here t

is expressed in seconds.
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34. F m m g m a= + ± =( )1 2 1
2 60ω and 40 N.

35. (a) F mg
a

g
t= +









1

2ω ωcos ,

see Fig. 30; (b) a gmin /= =ω2 8 cm;

(c) a h g g= − =( / ) /ω ω2 1 202 cm.

36. (a) y t mg x= −( cos ) / ,1 ω where

ω = x m/ ; (b) T mgmax ,= 2 Tmin .= 0

37. (a) ( / ) ( / ) .x r y v0
2

0
2 1+ =α

38. (a) y t w= −( cos ) / ;1 2ω ω
(b) y t t= −( sin ) / .ω ω α ω3

Here, ω = x m/ .

39. ∆h mg kmax /= = 10 cm, E m g k= =2 2 2/ 4.8 mJ.

40. a mg x hx m g= +( / ) / ,1 2 E mgh m g x= + 2 2 2/ .

41. a mg x hx m M g= + +( / ) /( ) .1 2

42. Let us write the motion equation in projections on the x and y axes:

&& & ,x y= ω && ,y x= − ω where ω = a m/ .

Integrating these equations, with the initial conditions taken into account, we
get, x v t= −( / )( cos ),0 1ω ω y v t= ( / ) sin .0 ω ω Hence ( )x v y− +0

2 2/ω = ( / ) .v 0
2ω

This is the equation of a circle of radius v 0 /ω with the centre at the point
x v0 0= / ,ω y 0 0= .

43. Will increases 1 2 5 2+ / ( / )R l times. It is taken into account here that the

water (when in liquid phase) moves translationwise, and the system behaves as
a mathematical pendulum.

44. ω = +








3

2
1

2g

l

xl

mg
.

45. (a) T l g= =2 3π / 1.1 s; (b) E gl= =1 2 2/ π α 0.05 J.

46. φ = φ + φ φm mR k0
2

0
2

0
21 2/ , E k m= φ1 2 2/ .

47. T mgl ml= +1 8 1 120
2 2

0
2/ / & .θ θ

48. T = 4π ω/ .

49. I ml g l= − − = ⋅2
2
2

1
2

2
2( / )/( )ω ω ω 0.8 g m .2

50. ω ω ω= + +( )/( ).I I I I1 1
2

2 2
2

1 2

51. x l= / ,2 3 T l gmin / .= 2 3π

52. T h g= π 2 / , l hred 2.= /

53. ω ω0
23 2= a l/ .

54. ω0
2= +x m I R/( / ).

55. ω α
α0

2

2 1
=

+ +
mg

MR mR

cos

( sin )
.

56. T R r g= −2 3 2π ( )/ .
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57. T m x= π 3 2/ .

58. ω µ0 = x / , where µ = +m m m m1 2 1 2/( ).

59. (a) ω µ= = −x / ;6 1s (b) E v= =1 2 51
2/ µ mJ, a v= =1 2/ω cm. Here

µ = +m m m m1 2 1 2/( ).

60. T I k= ′2π / , where I I I I I′ = +1 2 1 2/( ).

61. ω ω2 1 1 2/ /= + ≈m mO C 1.9, where mO and mC are the masses of oxygen and

carbon atoms.

62. ω γ=S p mV2 0 0/ , where γ is the adiabatic exponent.

63. q h mg= ε − =4 10
2π η µ( ) 2.0 C.

64. The induction of the field increased η2 25= times.

65. x v t= ( / ) sin ,0 ω ω where ω = lB mL/ .

66. x t g= −( cos ) / ,1 2ω ω where ω = lB mL/ .

67. (a) a0 and a0ω; (b) t nn = +





1

ω
ω
β

πarctan , where n = 0 1, , 2, K

68. (a) &( ) ,φ = − φ0 0β &&( ) ( ) ;φ = − φ0 2 2
0β ω (b) t nn = − +









1

2

2 2

ω
ω β

βω
πarctan ,where

n = 0 1, , 2, K

69. (a) a
x

0
0= | & |

,
ω

α
π
π

=
−
+

>
<





/

/

& ,

& ;

2 0

0
0

02,

when

when

x

x
(b) a x0 0

21= +| | ( ) ,β /ω

α β /ω= −arctan ( ), with − < <π α/ ,2 0 if x0 0> and π α π/ ,2 < < if x0 0< .

70. β ω η= − = −2 11 5s .

71. (a) v t a t( ) ;= + −
0

2 2ω β βe (b) v t x t( ) | & | ( )= + −
0

21 β/ω βe

72. The answer depends on what is meant by the given question. The first
oscillation attenuates faster in time. But if one takes the natural time scale, the
period T, for each oscillation, the second oscillation attenuates faster during
that period.

73. λ λ λ π= + − =n n0
2

0
21 1 2/ ( )( / ) 3.3, n c′ = + =1 2 2( )π/λ 4.3 times.

74. T x g= + =( ) /4 2 2π λ ∆ 0.70 s.

75. Q n= = ×π η/ ln .5 102

76. s l e e≈ + − =− −( )/( )/ /1 12 2λ λ 2 m.

77. Q
g

l
= − = ×1 2

4
1 10

2

2

2/
ln

.
τ

η
1.3

78. T R g= + =3 2 4 2 2/ ( ) /π λ 0.9 s.

79. ω α πη= −










2
2

2
2

mR

R

m
.

80. η λ π= 2 4hI R T/ .

81. τ = 2 4 2RI a B/ .

82. (a) T m x= =2π / 0.28 s; (b) n x= − =( )/0 4∆ ∆ 3.5oscillations,

here ∆ = kmg x/ .
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83. x
F m

t t=
−

−0
2

0
2 0

/
(cos cos ).

ω ω
ω ω

84. The motion equations and their solutions.

t ≤ τ; && / ,x x F m+ =ω0
2 x t F k= −( cos ) / ,1 0ω

t ≥ τ. && ,x x+ =ω0
2 0 & cos [ ( ) ],x a t= − +ω τ α0

whereω0
2 = k m/ , a andα are arbitrary constants. From the continuity of x and &x

at the moment t = τ we find the sought amplitude:

a F k t= ( / )|sin ( / )|.2 20ω

85. ω λ π
λ / π

res = −
+

1 2

1 2

2

2

( / )

( )
,

g

l∆
a

F l

mg
res = +











λ
π

π
λ

0
2

24
1

4∆
.

86. ω ω ωres 5.1 s= + = × −( )/ .1
2

2
2 2 12 10

87. (a) ω ω ω0 1 2= ; (b) β ω ω= −| |/ ,2 1 2 3 ω ω ω ω ω= − −1 2 2 1
2 12( ) / .

88. η λ π π/λ= + =( / )1 42 2 2.1.

89. A aF= φπ 0 sin .

90. (a) Q =
− φ

− =1 2
4

1
2

0
2

2
0
2 2 2

/
( ) tan

ω ω
ω ω

2.2; (b) A ma= − φ =π ω ω2
0
2 2 6( ) tan mJ.

Here ω0 = x m/ .

91. (a) P
F m=

− +
0
2 2

0
2 2 2 2 24

βω
ω ω β ω

/

( )
; (b) ω ω= 0, P F m

max
/ .= 0

2 4β

92.
P P

P
max

max

%.
−

=
−

100

12η

93. (a) A Nm m= − φπ αsin ; (b) Q
I Nm m=

+ φ −(cos / )

sin

α ω
α

2 1

2

2 2

94. ω = ε = × −ne m2
0

16 110/ .1.65 s

95. V I L C Vm
2 2 2+ =/ .

96. (a) I I tm= sin ,ω0 where I V C Lm m= / ,ω0 1= / ;LC (b) õS mV= / 2.

97. A W= −( )η2 1 .

98. (a) T L C C= + =2 1 2π ( ) 0.7 ms; (b) I V C C Lm = + =( )/1 2 8 A.

99. V t V= ±1 2 1 0/ ( cos ) ,ω where the plus sign refers to the left-hand capacitor, and

the minus sign to the right-hand one; ω = 2/ .LC

100. I
L

t LC= Φ
cos ( / ).

101. (a) t
n

n = π
ω

; (b) t nn = −





+





1

ω
β
ω

πarctan . Here, n = 0 1, , 2, K

102. V V
R C

L
m0

2

1
4

/ ,= −

103. V I L Ce tC m
t= +−/ sin ( )β ω α with tan ;α ω /β= V I

L

C
C m( )

( )
.0

1 2 2
=

+ β /ω
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104. W W L CRL C/ /= =2 5.

105. L L L= +1 2, R R R= +1 2.

106. t
Q= =
πν

ηln 0.5s.

107. n
L

CR
= − =1

2

4
1

2π
16.

108.
ω ω

ω
0

0
2 2

1
1

1 1 2

1

8

− = −
+

≈ =
/( )Q Q

0.5%.

109. (a) W L CR r R0
2 2 21 2= + + =/ ( )/( )õ 2.0 mJ; (b) W W e tR L= =−

0
/ 0.10 mJ.

110. t
Q≈ =

2 0πν
ηln 1.0 ms.

111. (a) ω = −1 1

4 2 2LC R C
; (b) Q

R C

L
= −1

2

4
1

2

.

When solving the problem, it should be taken into account that dq dt I I/ ,= − ′
where q is the charge of the capacitor, I is the current in the coil winding, I ′ is

the leakage current ( / ).I V R′ =

112. Q
V m

P

C

L
= = ×

2
2

2
101.0 .

113. P R I RIm= = =2 21 2 20/ mW.

114. P RCV Lm= =1 2 52/ / mW.

115. ω = −1 1

4 2 2LC R C
; R

L

C
< 1

2
.

116.
1 1 1

1 2L L L
+ = and

1 1 1

1 2R R R
+ = .

117. I
V

L
t t LC= −0 e / ; I I

V C

L
= =max

0

e
at the moment t LCm = .

118. I
V

R L
t em tR L=

+
− φ − φ ⋅ −

2 2 2ω
ω[cos ( ) cos ],/ tan / .φ = ωL R

119. I
V

R C
tm t RC=

+
− φ − φ ⋅ −

2 21/( )
[cos ( ) cos ],/

ω
ω e tan .φ = − 1

ωRC

120. The current lags behind the voltage by phase angle φ, defined by the equation

tan .φ = µ π ν
ηρ

0
2

4

a

121. The current is ahead of the voltage by the phase angle φ = °60 , defined by the

equation tan ( / ) .φ = −V RIm m
2 1

122. (a) V V V tm′ = + −0 cos ( ),ω α where V V RCm = +0
21/ ( ) ,ω α ω= arctan ( );RC

(b) RC = − =η /ω2 1 22 ms.
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123. See Fig. 31.

124. (a) I V R L Cm m= + − =/ ( / )2 21ω ω 4.5 A;

(b) tan
/

,φ = −ω ωL C

R

1 φ = − °60 (the current is ahead of the voltage);

(c) V I CC m= =/ω 0.65 kV, V I R LL m= + =2 2 2ω 0.50 kV.

125. (a) ω ω β= −0
2 22 ; (b) ω ω ω β0

2= −0
2 22/ , where ω0

2 1= / ,LC β = R L/2 .

126. For C
L

= =1
28

2ω
µF; V V L RL m= + =1 2( / )ω 0.54 kV;

V V L RC m= =ω / 0.51 kV.

127. I I tm= + φcos ( ),ω where I
V

R
RCm

m= +1 2( / )ω and tan .φ = ωRC

128. ω0
2

1 2 12
2

=
−

L

C L L L( )
.

129. Q n= −2 1 4/ .

130. Q
n

= −
−

−η2

2

1

1

1

4( )
.

131. (a) ω ω ω0 1 2= ; (b) Q
n= −
−

−ω ω
ω ω
1 2

2

2 1
2

1 1

4

( )

( )
.

133. I I Q0
2 2 2 21 1 4 1/ ( / )( ) / ,= + + −η η 2.2 and 19 respectively.

134. t t= 1 2 0/ .π

135. (a) I I I= ≈2

3
0 01.15 ; (b) I I I= ≈π

8
0 01.11 .

136. ν
π

η= − =R

L2
1 2 kHz.

137. The current lags behind the voltage by the phase angle

φ = − ≈ °arc cos 1 372( / ) ,X ZL P
V

Z
Z X L= − =

2

2

2 2 0.16 kW.

138. For R L r= − =ω 0.20 kΩ; P
V

L
max = =

2

2ω
0.11 kW.
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139. Increased by n − ≈1 30%.

140. For Q >> 1 the ratio is ∆ω/ω0 1 2 1≈ − =/ /n Q 0.5%.

141. P V V V R2
2

1
2

2
21 2 30= − − =/ ( ) W.

142. P I I I R1
2

1
2

2
21 2= − − =/ ( ) 2.5 W.

143. Z R CR= + =/ ( ) .1 402ω Ω

144. See Fig. 32.

145. (a) ωres
LC

R

L
= − = ×1

3 10
2

2

4 rad /s; (b) I VRC L= =/ 3 mA,

I V C LL = =/ 1.0 A, I V
C

L

RC

L
C = − 





=
2

1.0 A.

146. tan
( )

.φ = + −ω ω ωC R L L

R

2 2 2

147. Z
R L

CR CL
= +

+ −

2 2 2

2 2 21

ω
ω ω( ) ( )

.

149. F
L L I

R L

L

x
x =

+
∂
∂

ω
ω

2
2 12 0

2

2 2
2
2

12

2( )
.

150. t
l

T T
=

+
2

1 2α( )
.

151. ∆φ = − + − + −ω
ν

α β γ|( ) cos ( ) cos ( ) cos |.x x y y z z1 2 1 2 1 2

152. k = + +






ω

ν
e e ex y z

v v1 2 3

.

153. ξ ω= − − ′a V v t kxcos [( / ) ],1 where v k= ω/ .

155. (a) a/ ;λ = × −5.1 10 5 (b) v m = 11 cm/s, 3.2 × −10 4; (c)

( / ) ,∂ ∂ = × −ξ x m 3.2 10 4 ( / ) ( / ) ,∂ ∂ = ∂ ∂ξ ξx v xm m where v = 0.34 km/s is the

velocity of the wave.
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156. See Fig. 33.

157. ∆φ = − − ≈ =2
1

2π
γλ

η πη
γλ

ln ( ) 0.3 rad.

158. r r r= + +( )/( ).a a a a1 1 2 2 1 2

159. (a) γ η=
−

= −ln ( / )
;

r r

r r
0

0

10.08 m

(b) v
a

m = =2
150πν

η
cm/s.

160. (a) See Fig. 34a. The particles of the medium at the points lying on the solid
straight lines ( ,y x n= ± λ n = 0 1, , )2, K oscillate with maximum amplitude,
those on the dotted lines do not oscillate at all.

(b) See Fig. 34b. The particles of the medium at the points lying on the straight
lines y x n= ± λ, y x n= ± ±( / )1 2 λ and y x n= ± ±( / )1 4 λ oscillate
respectively along those lines, at right angles to them, or move along the circles
(here n = 0 1, , ).2, K At all other points the particles move along the ellipses.

161. w w= 2 3 0/ .

162. Φ = −
+













=2 1
1

1
202

0
2

π µl l
R l( / )

W.

163. Φ =
+

=P

R h1 2 2( / )
0.07 W.
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164. See Fig. 35, for (a) and (b); See Fig. 36 for (c).

165. (a) w a kx tp = ⋅1 2 2 2 2 2/ sin cos ;ρ ω ω (b) w a kx tk = × ⋅1 2 2 2 2 2/ cos sin .ρ ω ω

See Fig. 37.

166. amax = 5 mm; to the third overtone.

167.
ν
ν

η η
η η

2

1

2 1

1 2

1

1
= +

+
=( )

( )
1.4.

168. Will increases η =
−
+

=
1

1
2

∆
∆

T T

l l

/

/
times.

169. v l= =2 ν 0.34 km/s.

170. (a) νn
v

l
n= +

4
2 1( ); six oscillations; (b) νn

v

l
n= +

2
1( ), also six

oscillations. Here, n = 0 1, , 2, K

171. ν
ρn

n

l

E
n= + = +2 1

2
2 13.8 kHz;( ) four oscillations with frequencies 26.6,

34.2, 41.8, and 49.4 kHz.

172. (a) T m amax max/ ;= 1 4 2 2ω (b) T m a= 1 8 2 2/ .maxω

173. W S a k= 1 4 2 2/ / .π ρω

174. ν ν ν= − ≈ =2 20
2 2

0vu v u u v/( ) / 1.0 Hz.
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175. u
v v= + − ≈ =ν
ν

ν ν ν
ν

0
0

2

0

1 1
2

( ( / ) ) 0.5 m/s.

176. ω ν
ν

ν/ν= + − = −0
0

2 11 1 34
v

a∆
∆( ( ) ) .s

177. ν ν ω= + =0 1 2/ /t v 1.35 kHz.

178. (a) ν ν η= − =0
21 5/( ) ;kHz (b) r l= + =1 2η 0.32 km.

179. Decreases by 2u v u/( )+ = 2.0%.

180. ν ν= + =2 0u v u/( ) 0.60 Hz.

181. γ η=
−

= × − −ln ( / )

( )
.

r r

r r
1
2

2
2

2 1

3 1

2
6 10 m

182. (a) L L x′ = − =20 50γ log e dB; (b) x = 0.30 km.

183. (a) L L r r= + =0 020 36log ( / ) dB; (b) r > 0.63 km.

184. β τ= + − = −ln ( / )/[ ( )/ ] .r r r r vB A B A 0.12 s 1

185. (a) Let us consider the motion of a plane element of the medium of thickness dx
and unit area of cross-section. In accordance with Newton’s second law
ρ ξdx dp&& ,= − where dp is the pressure increment over the length dx. Recalling

the wave equation && ( ),ξ ξ/= ∂ ∂v x2 2 2 we can write the foregoing equation as

ρ ξ
v

x
dx dp2

2

2

∂
∂

= − .

Integrating this equation, we get

∆p v
x

= − ∂
∂

+ρ ξ2 const.

In the absence of a deformation (a wave) the surplus pressure is ∆p = 0. Hence,
const = 0.

186. Φ = =π ρνλR p m
2 2 2 11( ) /∆ mW.

187. (a) ( ) /∆p pvP rm = =2 52π Pa, ( ) / ;∆p pm = × −5 10 5

(b) a p vm= =( ) /∆ 2 3πνρ µm, a/ .λ = × −5 10 6

188. P r e Ir L= ⋅ =4 102 2
0π γ 1.4 W, where L is expressed in bels.

189. ∆λ = ε − = −( / ) /1 1 50c v m.

190. t l c= ε − ε ε ε2 1 2 1 2( ) / ln ( / ).

191. j j/ /dis 2.= εε =σ πν2 0

192. H kE= ε1
0 0

k
cktm/µ [ ] cos ( ), where c is the velocity of the wave in vacuum.

193. (a) H e e= ε = −z m zE kx0 0/µ cos ;0.30

(b) H e e= ε − =z m zE ckt kx0 0 0/µ cos ( ) .0.18 Heree z is the unit vector of the z

axis, H is expressed in A/m.

194. ε = =m ml E c2 132πν / mV.

196. S k c Em= ε1 2 0
2 2/ ./ω

197. (a) j Emdis
20.20 mA/m ;= ε =π ν2 0 (b) S cEm= ε =1 2 0

2/ 3.3 W /m .2µ

198. Since t T>> , where T is the period of oscillations,

W E m R t= εε =1 2 50 0
2 2/ /µ π kJ.
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199. B B= ⋅m kx tsin sin ,ω where B Em m⊥ , with B E cm m= / .

200. S cE kx tx m= ε ⋅1 4 2 20
2/ sin sin ,ω S x = 0.

201. W W Rm e/ /= ε = × −1 8 100 0
2 2 15µ ω 5.0

202. W W Re m/ / .= ε = × −1 8 100 0
2 2 15µ ω 5.0

204. Φ =S I R2 .

205. S I m eU r= ε2 2
0

22 4/ / π

207. To the left.

208. φ =VI.

209. Φ = φ1 2 0 0/ cos .V I

211. The electric dipole moment of the system is p r r= =∑e e m Mi C( / ) , where M is

the mass of the system, rC is the radius vector of its centre of inertia. Since the
radiation power P p C∝ ∝&& && ,2 2r and in our case rC = 0, P = 0 too.

212. P
e a

c
=

ε
= × −1

4 3
5 10

0

2 2 4

3

15

π
ω

W.

213. P
c

qe

mR
=

ε









1

4

2

30
3 3

2

2

2

( )
.

π

214. ∆W
e q

c m vb
≈

ε
1

4 30
3

4 2

3 2 3( )
.

π
π

215. ∆W T e B c m/ / / .= ε = × −1 3 2 103
0

3 2 18

216. T T e t= −
0

α , where α π= ε1 3 4 2
0

3 3/ / .e B c m After

t 0 10 3

1

10 10
= =

× = ×α

2.5s for the electron,

1.6 s 0.5 years for the proton.





217. S S l c1 2
2/ tan ( / )= =ω 3.

218. (a) Suppose that t is the moment of time when the particle is at a definite point
x, y of the circle, and t ′ is the moment when the information about that reaches
the point P. Denoting the observed values of the y coordinate at the point P by y ′
(see Fig. 4.40), we shall write

t t
l x t

c
′ = + − ( )

, y t y t′ ′ =( ) ( ).

The sought acceleration is found by means of the double differentiation of y ′
with respect to t ′:

dy

dt

dy

dt

dy

dt

dt

dt

′
′

=
′

=
′
,

d y

dt

dt

dt

d

dt

dy

dt

v

R

v c y R

vy cR

2

2

2

31′
=

′
′
′







= −
−
/ /

( / )
,

where the following relations are taken into account; x R t= sin ,ω
y R t= cos ,ω and y v R= / ,

(b) Energy flow density of electromagnetic radiation S is proportional to the
square of the y projection of the observed acceleration of the particle.
Consequently, S S v c v c1 2

4 41 1/ ( / ) ( / ) .= + −

219. P r S= 8 3 2
0/ .π

220. w p r c= 3 8 0
2/ ./ π

221. P p c= ε1 6 2 4
0

3/ .ω / π
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222. P S e m/ ( / ) / .= 2 2
0
2 6µ π

223. P S
e m

/
( / )

( )
.=

−
µ

π
ω

ω ω
0
2 2 2 4

0
2 2 26

224. R P c Mc= ≈3 16/ π γρ µ0.6 m.

Optics
1. (a) 3 and 9 mW; (b) Φ = + Φ =1 2 1 2/ ( ) /V V Ae 1.6 lm, where

A = 1.6 mW /lm,V1 and V2 are the values of relative spectral response of an eye
for the given wavelengths.

2. E A r Vm
2

0 0
22= ε Φµ π λ/ / , hence Em = 1.1 V /m, H m = 3.0 mA/m. Here

A = 1.6 mW /lm, Vλ is the relative spectral response of an eye for the given
wavelength.

3. (a) E E= 1 2 0/ ; (b) E
R l

R l

I

R
=

− −
−

=
1 1

1
50

2

2

( / )

/
lx.

4. M L= 2 3 0/ .π
5. (a) Φ = π θL S∆ sin ;2 (b) M L= π .

6. h R≈ , E LS R= =/ 4 402 lx.

7. I I= 0
3cos ,θ Φ = = ×πI R h0

2 2 23 10/ lm.

8. E ES Rmax ( / ) /= =9 16 3 2π ρ 0.21 lx, at the distance R / 3 from the ceiling.

9. E L= π .

10. E L= π .

11. M E h R= + = ×0
2 2 2 21 7 10( / ) ,lm/m

12. E LR h0
2 2 25= =π / lx.

13. e e en n.′ = − 2( )

14. Suppose n1, n2, n3 are the unit vectors of the normals to the planes of the given

mirrors, and e 0, e1, e2, e3 are the unit vectors of the incident ray and the rays
reflected from the first, second and the third mirror. Then (see the answer to the
foregoing problem); e e e n n1 0 0 1 12= − ( ) , e e e n n2 1 1 2 22= − ( ) ,
e e e n n3 2 2 3 32= − ( ) . Summing termwise the left-hand and right-hand sides of
these expressions, it can be readily shown thate e3 0= − .

15. θ1 53= = °arctan n .

16. n n1 2
21 1/ /= − =η 1.25.

17. x n d= − − − =[ ( sin )/( sin )] sin1 1 2 2 2θ θ θ 3.1 cm.

18. h hn n′ = −( cos )/( sin ) /2 3 2 2 3 2θ θ
21. Θ = °83 .

22. From 37 to 58° .

23. α = °8.7 .

24. ∆ Θ

Θ
∆α =

−
= °2 2

1 22 2

sin ( / )

sin ( / )
.

n
n 0.44

27. (a) f l= − =β β/( )1 102 cm; (b) f l= − =β β β β1 2 2 1/( ) 2.5cm.
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28. I I f f s′ = − = ×ρ 0
2 2 310( ) 2.0 cd.

29. Suppose S is a point source of light and S ′ its image (Fig. 38). According to
Fermat’s principle the optical paths of all rays originating at S and converging at
S ′ are equal. Let us draw circles with the centres at S and S ′ and radii SO and
S M′ . Consequently, the optical paths ( )DM and ( )OB must be equal:

n DM n OB⋅ = ′⋅ . …(*)

However, in the case of paraxial rays DM AO OC≈ + , where AO h s≈ −2 2/( )

and OC h R≈ ′2 2/ . Besides, OB OC BC h R h s= − ≈ ′ − ′ ′2 22 2/ / . Substituting

these expressions into (*) and taking into account that h h′ ≈ , we obtain
n s n s n n R′ ′ − = ′ −/ / ( )/ .

30. x
nf

n

n r

n f
=

+
− − +

−











1

1 1
1

1

2

2

( )

( )
, r f n nmax ( )/( ).= − +1 1

31. 6.3 cm.

32. (a) β = − − = −1 1d n nR( )/ 0.20; (b) E n D L d= =π 2 2 24 42/ lx.

33. (a) Φ = Φ − − =0 0 1( )/( )n n n 2.0 D, f f n′ = − = Φ =0 85/ cm;

(b) Φ = Φ − − − =1 2 2 1 10 0/ ( )/( )n n n 6.7 D, f = Φ ≈1 15/ cm.
f n′ = φ =0 20/ cm. Here n and n0 are the refractive indices of glass and water.

35. ∆ ∆x lf l f≈ − =2 2( ) 0.5 mm.

36. (a) f l l l= − =[ ( ) ]/2 2 4 20∆ cm; (b) f l= + =η η/( )1 202 cm.

37. h h h= ′ ′ ′ = 3.0 mm.

38. E LD f= − =( ) /1 4 152 2α π lx.

39. (a) Is independent of D; (b) is proportional to D2.

40. f n R n n= − =0 1 22 35/ ( ) cm, where n0 is refractive index of water.

41. f R n= − =/ ( )2 2 1 10 cm.

42. (a) To the right of the last lens at the distance 3.3 cm from it; (b) l = 17 cm.

43. (a) 50 and 5 cm; (b) by a distance of 0.5 cm.

44. Γ = D d/ .

45. ψ ψ η= ′ = ′/ .0.6

46. Γ Γ′ = + −
−

− =( )
( )

1
1

10

0

n n

n n
3.1, where n0 is the refractive index of water.

47. Γ ≤ =D d/ 0 20.

48. Γ = 60.

49. (a) Γ = =2 0 0αl d/ 15, where l 0 is the distance of the best vision (25 cm);

(b) Γ ≤ 2 0 0αl d/ .
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50. The principal planes coincide with the centre of the lens. The focal lengths in
air and water: f = − Φ = −1 11/ cm, f n′ = Φ = +0 15/ cm. Here
Φ = − −( )/ ,2 10n n R where n and n0 are the refractive indices of glass and
water. The nodal points coincide are located in water at the distance
x f f= ′ + = 3.7 cm from the lens.

51. See Fig. 39.

54. (a) The optical power of the system is Φ = Φ + Φ − Φ Φ = +1 2 1 2 4d D, the focal

length is 25 cm. Both principal planes are located in front of the converging
lens: the front one at a distance of 10 cm from the converging lens, and the rear
one at a distance of 10 cm from the diverging lens ( /x d= Φ Φ2 and
x d′ = − Φ Φ1 / ); (b) d = 5cm; about 4/3.

55. The optical power of the given lens is Φ = Φ + Φ − Φ Φ1 2 1 2( / ) ,d n

x d n= Φ Φ =2 / 5.0 cm, x d n′ = − Φ Φ =1 / 2.5cm, i.e., both principal planes are
located outside the lens from the side of its convex surface.

56. f
f f

f f d
=

+ −
1 2

1 2

. The lens should be positioned in the front principal plane of

the system, i.e., at a distance of x f d f f d= + −1 1 2/( ) from the first lens.

57. Φ = Φ′ − Φ′ =2 2 2
0l n/ 3.0 D, where Φ′ = − −( )/ ,2 10n n R n and n0 are the

refractive indices of glass and water.

58. (a) d n R n= − =∆ /( )1 4.5cm; (b) d = 3.0 cm.

59. (a) Φ = − >d n nR( ) / ,1 02 2 the principal planes are located on the side of the

convex surface at a distance of d from each other, with the front principal plane
being removed from the conves surface of the lens by a distance of R n/( );− 1
(b) Φ = − × − <( / / ) ( )/ ;1 1 1 02 1R R n n both principal planes pass through the
common curvature centre of the surfaces of the lens.

60. d n R R n= + − =1 2 11 2/ ( )/( ) 9.0 cm, Γ = =R R1 2/ 5.0.

61. Φ = − =2 1 372 2( )/n n R D.

63. ρ = ×3 107 m; | | .∇ = × − −n 1.6 m10 7 1

65. 1.9 a.

66. Let us represent the kth oscillation in the complex form

ξ ω ω
k

i t k
k

i ta a e= =+ − φe ( ( ) ) * ,1

where a ak
i k* ( )= − φe 1 is the complex amplitude. Then the complex amplitude of

the resulting oscillation is

A a ai k

k

N
i i i N* [ ]( ) ( )= = + + + + =− φ

=

φ φ − φ∑ e e e e1

1

2 11 K

= − −φ φa i N i( )/( ).e e1 1
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Multiplying A * by the complex conjugate values and extracting the square
root, we obtain the real amplitude.

A a
N

a
N= − φ

− φ
= φ

φ
1

1

2

2

cos

cos

sin ( / )

sin ( / )
.

67. (a) cos ( / ) / ,θ π λ= − φk d2 k = ± ±0 1, , ;2, K

(b) φ = π/2,d k/ / ,λ = + 1 4 k = 0 1, , 2, K

68. ∆φ = − +2π λ ω α[ ( / ) sin ( )],k d t where k = 0, ± 1, ± 2, K

69. λ η µ= − =2 1∆ ∆x h l/ ( ) 0.6 m.

71. (a) ∆x b r r= + =λ α( )/2 1.1 mm, 9 maxima; (b) the shift is

δ δx b r l= =( / ) 13 mm; (c) the fringe pattern is still sharp when δx x≤ ∆ /2,
hence δ λ α µmax ( / ) /= + =1 4 43r b m.

72. λ α µ= =2 ∆x 0.64 m.

73. (a) ∆x f a= =λ / 0.15 mm, 13 maxima; (b) the fringes are still sufficiently

sharp when δx x≤ ∆ /2, where δx is the shift of the fringes from the extreme
elements of the slit, hence, δ λ µmax /= =f ab2 2 37 m.

74. λ θ µ= − + =2 1a n x a b( ) /( )∆ 0.6 m.

75. ∆ Θx n n≈ − ′ =λ / ( )2 0.20 mm.

76. The fringes are displaced toward the covered slit over the distance
∆x hl n d= − =( )/1 2.0 mm.

77. n n N l′ = + =λ / 1.000377.

78. (a) Let, E, E′ , and E′ ′ be the electric field vectors in the incident reflected and

transmitted waves. Select the x-, y-axes at the interface so that they coincide in
direction with E and H in the incident wave.

The continuity of the tangential components across the interface yields

E E E+ ′ = ′ ′ .
The minus sign before H appears because H H′ ↓ ↑ .

Rewrite the second equation taking into account that H ∝ nE. Solving the
obtained and the first equation find:

E E′ ′ = +2 1 1 2n n n/( ).

Hence, we see that E ′ ′ and E are collinear that is, cophasal.

(b) E E′ = − +( )/( ),n n n n1 2 1 2

that is at n n2 1> and E E′ ↓ ↑ the phase abruptly changes by πat the interface. If

n n2 1< the phase jump does not occur.

79. d k n k= + − = +1 4 1 2 1 22 2
1/ ( )/ sin ( )λ θ µ0.14 m. where k = 0 1, , 2, K

80. d min = 0.65 m.µ
81. d k n= +1 4 1 2/ ( )/ ,λ where k = 0 1, , 2, K

82. d
n

=
−

⋅
=λ

θ
θ δθ

µ
2 2

2
15

sin

sin
m.

83. λ ≈ −
−

d r r

nl i k

i k( )

( )
.

2 2

24

84. ∆x
n

=
−

λ θ

α θ

cos

sin
.1

2 2
12

85. (a) Θ ∆= = ′1 2 3/ / ;λ n x (b) ∆λ /λ ∆≈ =x l/ 0.014.
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86. ∆r R r≈ 1 4/ / .λ

87. r r R h′ = − =2 2 ∆ 1.5 mm.

88. r r k R= + − =0
2 1 2( / ) λ 3.8 mm, where k = 6.

89. λ µ= − − =1 4 2
2

1
2

2 1/ ( )/ ( )d d R k k 0.50 m, where k1 and k2 are the number of the

dark rings.

90. Φ = − − =2 1 2 1 2( )( ) /n k dλ 2.4 D, where k is the number of the bright ring.

91. (a) r k n= − Φ =2 1λ( ) 3.5 mm, where k = 10; (b) r r n′ = =/ 0 3.0 mm. where

n0 is the refractive index of water.

92. r k R n= + =1 2 1 2 2/ ( ) /λ 1.3 mm, where k = 5.

93. kmin / /( ) .= − =1 2 1401 2 1λ λ λ
94. The transition from one sharp pattern to another occurs if the following

condition is met :

( ) ,k k+ =1 1 2λ λ
where k is a certain integer. The corresponding displacement ∆h of the mirror is
determined from the equation 2 2∆h k= λ . From these two equations we get

∆
∆

h =
−

≈ =λ λ
λ λ

λ
λ

1 2

2 1

2

2 2( )
0.3 mm.

95. (a) The condition for maxima :2d kcos ;θ λ= hence, the order of interference k

diminishes as the angleθ, i.e., the radius of the rings, increases (see Fig. 5.18). (b)
Differenting both sides of the foregoing equation and taking into account that
on transition from one maximum to another the value of k changes by unity, we
obtain δθ λ θ= 1 2/ / sin ;d this shows that the angular width of the fringes
decreases with an increase of the angle θ, i.e., with a decrease in the order of
interference.

96. (a) k dmax / ,= = ×2 105λ 1.0 (b) ∆λ λ λ= = =/ /k d2 2 5 pm.

97. I
bN

I r rdr0 0

2=
∞

∫λ
( ) .

98. b ar k a r= − =2 2/( )λ 2.0 m.

99. λ µ= − + =( ) ( )/r r a b ab2
2

1
2 2 0.60 m.

100. (a) I I≈ 4 0, I I≈ 2 0; (b) I I≈ 0,

101. (a) I ≈ 0; (b) I I≈ 0 /2.

102. (a) I I5 09 16≈ / , I I2 01 4= / , I I3 01 16= / , I I4 2= , I I≈ − φ( / ) ;1 2 2
0π

(b) I I5 025 16≈ / , I I6 09 4≈ / , I I7 049 16≈ / , I I8 6= , I I≈ + φ( / ) .1 2 2
0π Here φis the

angle covered by the screen.

103. (a) h k n k= + − = +λ µ( / )/( ) ( / )3 8 1 3 81.2 m; (b) h k= +1.2 m,( / )7 8 µ
(c) h k= 1.2 or 1.2 m.( / )k + 3 4 µ Here k = 0, 1 2, , K

104. h k n= + −λ( / )/( ),3 4 1 where k = 0 1, , 2, K (b) I Imax .≈ 8 0

105. h k nmin ( / )/( )≈ + − =λ µ5 8 1 2.5 m, where k = 2.

106. r k fb b f k= − =λ /( ) 0.90 mm, where k = 1 3 5, , , K

107. b b′ = =/η2 1.0 m.

108. (a) y yb a′ = =/ 9 mm; (b) h ab D a bmin / ( )≈ + =λ 0.10 mm.

109. f ab a b= + =/( ) 0.6 m. This value corresponds to the principal focal point,

apart from which there are other points as well.
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110. (a) h k= +0.60 m;( )2 1 µ (b) h k= +0.30 m.( )2 1 µ Here k = 0 1, , 2, K

111. (a) I Imax min/ ≈ 1.7, (b) λ µ= − =2 2
2 1

2( ) / ( )∆x b v v 0.7 m, where v1 and v2 are

the corresponding values of the parameter along Cornu’s spiral.

112. I Icentre edge 2.6./ ≈

113. λ µ= − =( ) / ( )∆h b v v2
2 1

22 0.55 m,where v1 and v2 are the corresponding values

of the parameter along Cornu’s spiral.

114. h k n≈ + −λ( / )/( ),3 4 1 where k = 0, 2,1, K

115. I I2 1/ ≈ 1.9.

116. I I≈ 2.8 0.

117. I I I1 2 3 1 4 7: : : : .≈
118. I I≈ 0.

119. Iθ α α∝ (sin )/ ,2 2 where α π λ θ= ( / ) sin ;b b ksin ,θ λ= k = 1, 2, 3, K

120. The condition for a maximum leads to the transcendental equation tan ,α α=
where α π λ θ= ( / ) sin .b The solution of this equation (by means of plotting or
selection) provides the following root values: α π1 = 1.43 , α π2 6= 2.4 ,
α π3 = 3.47 . Hence b sin ,θ λ1 = 1.43 b sin ,θ λ2 = 2.46 b sin .θ λ3 = 3.47

121. b k(sin sin ) ;θ θ λ− =0 for k = + 1and k = −1the anglesθare equal to 33° and 27°

respectively.

122. (a) ∆θ θ θ= − = °arcsin 7.9 ;( sin )n (b) from the condition

b n(sin sin )θ θ λ1 − = ± we obtain ∆θ θ θ= − = °+ −1 1 7.3 .

123. λ α α µ≈ − =( ) /2
0
2 2d k 0.6 m.

125. 55°.

126. d = 2.8 m.µ
127. λ θ θ µ= − =( sin )/ cosd ∆ ∆5 4 0.54 m.

128. (a) 45°; (b) –65°.

129. x R n d= − − =2 1 1 82/( ) ( / )λ cm.

130. From the condition d n kk[ sin sin ( )]θ θ θ λ− + =
we obtain θ0 = − °18.5 , θ+ = °1 0 ; kmax ,= + 6
θ+ = + °6 78.5 . See Fig. 40.

131. h k nk = − −λ( / )/( ),1 2 1 where k = 1, ;2, K

a sin /θ λ1 = 2.

132. v f x= =λν /∆ 1.5 km/s.

133. Each star produces its own diffraction pattern in
the objective’s focal plane, with their zeroth
maxima being separated by an angle ψ (Fig. 41).
As the distance d decreases the angle θ between
the neighbouring maxima in each diffraction
pattern increases, and when θ becomes equal to
2ψ, the first deterioration of visibility occurs: the
maxima of one system of fringes coincide with
the minima of the other system. Thus, from the
condition θ ψ= 2 and the formula sin /θ λ= d we
obtain ψ λ= ≈ ′′/ .2d 0.06
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134. (a) D k d k d= − =/ ( / )1 2λ 6.5ang. min/nm, where k = 2;

(b) D k d k d= − − =/ ( / sin )1 130
2λ θ ang. min/nm, where k = 4.

135. d dθ λ θ λ/ (tan )/ .=

136. ∆θ λ λ= − = ′ ′2 1 112/ ( / ) .Nd k d

139. θ = °46 .

140. (a) In the fourth order; (b) δλ λmin /≈ =2 7l pm.

141. (a) d = 0.05 mm; (b) l = 6 cm.

142. (a) 6 and 12 µm; (b) not in the first order, yes in the second order.

143. According to Rayleigh’s criterion the maximum of the line of wavelength λ
must coincide with the first minimum of the line of wavelength λ δλ+ . Let us
write both conditions for the least deviation angle in terms of the optical path
differences for the extreme rays (see Fig. 5.28):

bn DC CE− + =( ) ,0 b n n DC CE( ) ( ) .+ − + = +δ λ δλ
Hence, b nδ λ≈ . What follows is obvious.

144. (a) λ /δλ λ= 2 3bB / ;1.2 × 104 and 0.35 × 104 (b) 1.0 cm.

145. About 20 cm.

146. R = ×7 104, ∆y min ≈ 4 cm.

147. About 50 m.

148. Suppose ∆ψ and ∆ψ′ are the minimum angular separations resolved by the

telescope’s objective and the eye respectively ( / ,∆ψ λ= 1.22 D ∆ψ λ′ = 1.22 / ).d 0

Then the sought magnification of the telescope is Γ ∆ ∆min / /= ′ = =ψ ψ D d 0 13.

149. d min /sin= =0.61 1.4 m.λ α µ
150. Suppose d min is the minimum separation resolved by the microscope’s

objective, ∆ψ is the angle subtended by the eye at the object over the distance of
the best visibility l 0 (25 cm), and ∆ψ′ is the minimum angular separation
resolved by the eye ( ).∆ψ λ′ = 1.22 d 0 Then the sought magnification of the
microscope is Γmin = ∆ ∆ψ ψ α′ = =/ ( / ) sin .2 300 0l d

151. 26, 60, 84, 107 and 134°.

152. a = 0.28 nm,b = 0.41 nm.

153. Suppose α, β, and γ are the angles between the direction to the diffraction

maximum and the directions of the array along the periods a, b and c
respectively. Then the values of these angles can be found from the following
conditions : a k( cos ) ,1 1− =α λ b kcos ,β λ= 2 and c kcos .γ λ= 3 Recalling that
cos cos cos ,2 2 2 1α β γ+ + = we obtain

λ =
+ +

2 1

1
2

2
2

3
2

k a

k a k b k c

/

( / ) ( / ) ( / )
.

154. λ
ρ

α= =2

2
2443

k

m
sin pm, where k = 2, m is the mass of a NaCl molecule.

155. d k k k k= + − =λ
α

α
2 2

2 21
2

2
2

1 2
sin ( / )

cos ( / ) 0.28 pm, where k1 and k2 are the

orders of reflection.

156. r l= =tan 2α 3.5cm, where α is the glancing angle found from the condition

2d ksin .α λ=
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157. I0 4/ .

158. (a) I0; (b) 2 0I .

159. E = Φ =π /ω0 0.6 mJ.

160. η = φ =−1/2 0.12.(cos ) ( )2 1N

161. I I0 3 4

2
/

cos
=

φ
≈

τ
60.

162. O I P Ppol not 0.3./ /( )= − =1

163. P = − − φ =( )/( cos )η η1 1 2 0.8.

164. (a) Let us represent the natural light as a sum of two mutually perpendicular
components with intensities I0. Suppose that each polarizer transmits in its
plane the fractionα1 of the light with oscillation plane parallel to the polarizer’s
plane, and the fractionα2 with oscillation plane perpendicular to the polarizer’s
plane. The intensity of light transmitted through the system of two polarizers is
then equal to

I I I|| ,= +α α1
2

0 2
2

0

when their planes are parallel, and to

I I I⊥ = +α α α α1 2 0 2 1 0,

when their planes are perpendicular; according to the condition, I I|| |/ .= η
On the other hand, the degree of polarization produced separately by each
polarizer is

P0 1 2 1 2= − +( )/( ).α α α α
Eliminating α1 and α2 from these equations, we get

p0 1 1= − + =( )/( )η η 0.905.

(b) P = − =1 1 2/η 0.995.

165. The relative intensity variations of both beams in the cases A and B are

( / ) cot ( / ) ,∆I I A = φ ⋅ φ4 2 δ ( / ) tan ( / ) .∆I I B = φ ⋅ φ4 2 δ
Hence,

η = = φ( / ) /( / ) cot ( / ),∆ ∆I I I IA B
2 2 φ = °11.5 .

166. 90°.

167. (a) ρ = − + =1 2 1 12 2 2 2/ ( ) /( )n n 0.074;

(b) P
n n

n n
= − = + −

+ +
=ρ ρ/( )

( )

( )
1

1 4

1 4

2 2 2

2 2 2
0.080. Here n is the refractive index of

glass.

168. I I n I= − =0 01( )/ ,ρ 0.721 where n is the refractive index of water.

169. ρ = − + φ =[( )/( )] sinn n2 2 21 1 0.038, where n is the refractive index of water.

170. P P1 3 1= = , P2
1

=
−

=ρ
ρ

0.087, P4
2 1

1 2 1
= −

− −
=ρ ρ

ρ ρ
( )

( )
0.17.

171. (a) In this case the coefficient of reflection from each surface of the plate is
equal toρ = − +( ) /( ) ,n n2 2 2 21 1 and therefore I I I n n4 0

2
0

4 2 21 16 1= − = +( ) /( )ρ
= 0.725I0;

332 | Answers

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


(b) P
n n

n n
= − − ′

+ − ′
= + −

+ +
≈1 1

1 1

1 16

1 16

2

2

2 4 4

2 4 2

( )

( )

( )

( )

ρ
ρ

0.16, where ρ′ is the coefficient of

reflection for the component of light whose electric vector oscillates at right
angles to the incidence plane.

172. (a) P N N= − +( )/( ),1 14 4α α where α = +2 1 2n n/( ), n is the refractive index of

glass; (b) 0.16, 0.31, 0.67 and 0.92 respectively.

173. (a) ρ = − + =( ) /( )n n1 12 2 0.040; (b) ∆Φ Φ = − − =/ ( )1 1 2ρ N 0.34, where N is

the number of lenses.

175. (a) 0.83; (b) 0.044.

176. See Fig. 42, where o and e are the ordinary and extraordinary rays.

177. δ ≈ °11 .

178. For the right-handed system of coordinates:

(1) circular anticlockwise polarization, when observed toward the incoming
wave;

(2) elliptical clockwise polarization, when observed toward the incoming
wave; the major axis of the ellipse coincides with the straight line y x= ;

(3) plane polarization, along the straight line y x= − .

179. (a) 0.490 mm; (b) 0.475 mm.

180. λ = +4 2 1d n k∆ /( ); 0.58, 0.55 and 0.51 µm respectively at k = 15, 16 and 17,

181. Four.

182. 0.69 and 0.43 µm

183. d k n= − =( / )1 2 1λ /∆ 0.25 mm, where k = 4.

184. ∆ Θ∆n x= ′ =λ / 0.009.

185. Let us denote the intensity of transmitted light by I ⊥ in the case of the crossed

Polaroids, and by I|| in the case of the parallel Polaroids. Then

I I⊥ = φ ⋅1 2 2 20
2 2/ sin sin ( / ),δ

I I|| / [ sin sin ( / )].= − φ ⋅1 2 1 2 20
2 2 δ

The conditions for the maximum and the minimum:

Polaroids Imax Imin

⊥ ∆ = + φ =( / ) , /k 1 2 4λ π ∆k = λ, for any φ
|| ∆ = kλ, for any φ ∆ = +( / ) ,k 1 2 λ φ = π/ 4

Here ∆ is the optical path difference for the ordinary and extraordinary rays,
k = 0 1, , 2, K
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187. (a) The light with right-hand circular polarization (from the observer’s
viewpoint) becomes plane polarized on passing through a quarter -wave plate.
In this case the direction of oscillations of the electric vector of the
electromagnetic wave forms an angle of +45° with the axis OO ′ of the crystal
(Fig. 43a); in the case of left-hand polarization this angle will be equal to –45°
(Fig. 43b).

(b) If for any position of the plate the rotation of the Polaroid (located behind
the plate) does not bring about any variation in the intensity of the transmitted
light, the intial light is natural; if the intensity of the transmitted light varies and
drops to zero, the initial light is circularly polarized; if it varies but does not
drop to zero, then the initial light is composed of natural and circularly
polarized light.

188. (a) ∆ Θx n ne= −1 2 0/ ( ) ,λ (b) d n n n n xo e e o( ) ( ) .′ − ′ = − − <2 0Θ δ
189. ∆n = = × −αλ / π 0.71 10 4, where α is the rotational constant.

190. α π= =/ tan∆ Θx 21 ang. deg/mm, I x x x( ) ~cos ( / ),2 π ∆ where x is the distance

from the maximum.

191. d min ( / )= 1 α arcsin 2η = 3.0 mm.

192. 8.7 mm.

193. [ ]α = 72 ang. deg./(dm g⋅ /cm3).

194. (a) E Blmin /= =1 4 10.6 kV /cm; (b) 2.2 × 108 interruptions per second.

195. ∆n cHV= 2 / ,ω where c is the velocity of light in vacuum.

196. V lH= φ − φ =1 2 1 2/ ( )/ 0.015ang. min/A.

197. If one looks toward the transmitted beam and counts the positive direction
clockwise, then φ = −( ) ,α VNH l where N is the number of times the beam
passes through the substance (in Fig. 5.35 the number is N = 5).

198. H Vlmin /= =π 4 4.0 kA/m, where V is the Verdet constant. The direction along

which the light is transmitted changes to the opposite.

199. t mc I= =ω /λ0 12 hours. Although the effect is very small, it was observed both

for visible light and the SHF radiation.

200. (a) a eE m= = × −
0

2 1610/ ,ω 5.0 cm where E I c0 02= ε/ , v a= =ω 1.7 cm/s;

(b) F Fm e/ = × −2.9 10 11

201. (a) ε = − ε1 2
0

2n e me / ,ω v c n e mc= + ε1 40
2 2

0
2

0
2( / )π λ

202. n m e n0
2 2

0
2 2 7 34 1 10= ε − = × −( / )( ) .π ν 2.4 cm
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203. ( ) / ,n n e mc− = − ε = − × −1 8 100
2 2 2

0
2 7λ π 5.4 where n0 is the concentration of

electrons in carbon.

204. (a) x a t= + φcos ( ),ω where a and φare defined by the formulas

a
eE m=

− +
0

0
2 2 2 2 24

/

( )
,

ω ω β ω
tan .φ =

−
2

2
0
2

βω
ω ω

Here, β γ= / ,2m ω0
2 = k m/ , m is the mass of an electron.

(b) P
m eE m=

− +
β ω

ω ω β ω
( / )

( )
,0

2 2

0
2 2 2 2 24

P
m eE

mmax
= 



4

0
2

β
for ω ω= 0.

205. Let us write the wave equation in the form A A e t t kx= −
0

( ),ω where k = 2π λ/ . If

n n ix′ = + , then k n= ′( )2 0π/λ and A A e exx i t nx= −
0

2 20 0π λ ω π λ/ ( / ),

or in the real form A A e t k xx x= − ′′
0 cos ( ),ω

i.e., the light propagates as a plane wave whose amplitude depends on x. When
x < 0, the amplitude diminished (the attenuation of the wave due to
absorption). When n ix′ = , then

A A e tx x= ′
0 cos .ω

This is a standing wave whose amplitude decreases exponentially (if x < 0). In
this case the light experiences total internal reflection in the medium (without
absorption).

206. n mc e0
2

0
2 2

0
2 9 34 10= ε = × −π λ/ .2.0 cm

208. (a) u v= 3 2/ ; (b) u v= 2 ; (c) u v= 1 3/ .

209. ε = +1 2A /ω , where A is a constant.

210. v c n= = ×/ 1.83 m/s,108 u n dn d c n= + = ×[ ( )( / )] /1 108λ λ 1.70 m/s.

211. It is sufficient to discuss three harmonic components of the train of waves (most
easily with the help of a plot).

212. I I e xl= φ1 2 0
2/ sin , where φ = VlH.

213. (a) I I I= − + + + = − −0
2 2 4

0
2 21 1 1 1( ) ( ) ( ) /( );ρ ρ ρ ρ ρK

(b) I I= − + + + =0
2 2 2 4 41 1( ) ( ... )ρ σ σ ρ σ ρ I0

2 2 21 1σ ρ σ ρ( ) /( ),− −
where σ = −exp ( ).xd

214. x
d d

=
−

= −ln ( / )τ τ1 2

2 1

10.35cm .

215. x
lN

N

= − = −1 1 2
1ln

( )
.

ρ
τ

0.034 cm

216. τ ρ= − − +( ) exp [ / ( ) ].1 1 22
1 2x x l

217. I I
e e

x x l

x l x l

= − −
−

− −

0
2

2 1

1
1 2

( )
( )

.ρ

218. ∆λ λ η α= 2 0 (ln )/ .d

219. I
b

e x b a= Φ − − −

4
1

2

2

π
ρ( ) .( )

220. Will decrease exp ( )µd = ×0.6 102 times.

221. d = 0.3 mm.

222. d = =(ln )/2 8µ mm.
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223. N = =(ln )/ lnη 2 5.6.

224. c lz n n= − = ×2 102 1
8( ) 3.0 m/s.

225. First of all note that when v c<< , the time rate is practically identical in the

reference frames fixed to the source and to the receiver. Suppose that the source
emits short pulses with the intervalsT0.Then in the reference frame fixed to the
receiver the distance between two successive pulses is equal to λ = −cT v Tr0 0,
when measured along the observation line. Here v r is the projection of the
source velocity on the observation line ( cos ).v vr = θ The frequency of
received pulses ν λ ν= = −c v cr/ /( / ),0 1 where ν0 01= / .T Hence
( )/ ( / ) cos .ν ν ν θ− =0 0 v c

226. ∆λ λ θ= − = −2 262T mc/ cos nm.

227. T R c= =4 25π λ δλ days, where R is the radius of the Sun.

228. d cm= = ×( ) /∆λ /λ τ π 3 107 km, m cm= = ×( ) /∆λ /λ τ πγ3 3 292 102.9 kg,where γ is

the gravitational constant.

229. ω ω β β= + −0 1 1( )/( ), where β = V c/ ;ω ω≈ +0 1 2( / ).V c

230. v = ≈1 2 900/ λ ν∆ km per hour.

231. Substituting the expressions for t ′ and x ′ (from the Lorentz transformation) into
the equation ω ωt kx t k x− = ′ ′ − ′ ′ , we obtain

ω ω β β= ′ + −( )/ ,1 1 2 k k= ′ + −( )/ ,1 1 2β β

where β = V c/ . Here it is taken into account that ω′ = ′ck .

232. From the formula ω ω β β′ = − +( )/( )1 1 we get β = =v c/ 0.26.

233. v c= ′ −
′ +

= ×( )

( )

λ /λ
λ /λ

2

2

41

1
107.1 km/s.

234. ω ω= 0 3 7/ .

235. ∆λ λ= =T m c/ 0
2 0.70 nm, where m0 is the mass of the atom.

236. (a) ω ω β= − = × −
0

2 10 11 10/ ;5.0 s (b) ω ω β= − = × −
0

2 10 11 101.8 s .Here,

β = v c/ .

237. The charge of an electron and the positive charge induced in the metal form a
dipole. In the reference frame fixed to the electron the electric dipole moment

varies with a period T d v′ = ′ / , where d d v c′ = −1 2( / ) . The corresponding

“natural” frequency is ν′ = ′v d/ . Due to the Doppler effect the observed
frequency is

ν ν
θ θ

= ′
−

−
=

−
1

1 1

2( / )

( / ) cos

/

( / ) cos
.

v c

v c

v d

v c

The corresponding wavelength is λ ν θ= = −c d c v/ ( / cos ). When θ = °45 and
v c≈ the wavelength is λ µ≈ 0.6 m.

238. (a) Let v x be the projection of the velocity vector of the radiating atom on the

observation direction. The number of atoms with projections falling within the
interval v x , v dvx x+ is

n v dv mv kT dvx x x x( ) ~exp ( / ) .− ⋅2 2

The frequency of light emitted by the atoms moving with velocity v x is
ω ω= +0 1( / ).v cx From the expression the frequency distribution of atoms can
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be found: n d n v dvx x( ) ( ) .ω ω = And finally it should be taken into account that

the spectral radiation intensity I nω ω~ ( ). (b) ∆ω/ω0
22 2 2= ( ln ) / .kT mc

239. u
c n V

V cn
= +

+
/

/
.

1
If V c<< , then u

c

n
V

n
≈ + +





1
1
2

.

240. v c= =1 2 30/ δθ km/s.

242. θ′ = °8 .

243. The field induced by a charged particle moving with
velocity V excites the atoms of the medium turning
them into sources of light waves. Let us consider two
arbitrary points A and B along the path of the particle.
The light waves emitted from these points when the
particle passes them reach the point P (Fig. 44)
simultaneously and amplify each other provided the
time taken by the light wave to propagate from the point
A to the point C is equal to that taken by the particle to
fly over the distance AB. Hence, we obtain cos / ,θ = v V
where v c n= / is the phase velocity of light. It is evident that the radiation is
possible only if V v> , i.e., when the velocity of the particle exceeds the phase
velocity of light in the medium.

244. T n n mcmin ( / ) ;= − −2 21 1 0.14 MeV and 0.26 GeV respectively. For muons,

245. T
n

n
mc=

−
−













=cos

cos

θ

θ2 2

2

1
1 0.23 MeV.

247. T bT b T2 1 1= + =/( )∆λ 1.75 kK.

248. λ µm = 3.4 m.

249. 5 109× kg /s, about 1011 years.

250. T cR M= = ×3 2 103 7ρ σ/ K, where R is the universal gas constant M is the

molar mass of hydrogen.

251. t c d T= − =( ) /η ρ σ3
0
31 18 3 hours, where c is the specific heat capacity of

copper, ρ is its density.

252. T T d l2 1 2= =/ 0.4 kK.

253. (a) C U T T V cV V= ∂ ∂ = =( / ) /16 33σ nJ /K, where U T V c= 4 4σ / ;

(b) S T V c= =16 33σ / 1.0 nJ /K.

254. (a) ωpr T a= = × −3 1014 1/ ;7.85 s (b) λ π µpr ca T= =2 5/ 1.44 m.

255. (a) u kT cω π ω= ( / ) ;2 3 2 (b) u c e kT
ω

ωπ ω= −( / ) ./
h

h2 3 3

256. u
c e kTν π ν
π ν=

−
16

1

2

3

3

2

h

h /
, u

c

e c kTλ π λ
π λ=

−

−16

1

2 5

2

h

h /

257. ∆ ∆P c T b e c kb= − =4 12 2 5 5 2 2π λ π
h

h/ ( ) ,/ 0.31 W /cm where b is the constant in

Wien’s displacement law.

258. (a) 1.1 m;µ (b) 0.37; (c) P P T T y y2 1 2 1
4

2 11 1/ ( / ) ( )/( )= − − = 4.9.

259. n d
c

d

e ktω ω /
ω

π
ω ω=

−
1

12 3

2

h
, n d

d
c kTλ π λ

λ πλ λ=
−

−8

3 1

4

2 h /
.

260. (a) j P c r= = × − −λ π/ ;8 6 102 2 13 2 1
h cm s (b) r P n c= =λ π/ /2 2 9h m.
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261. dp dt ce/ / .= Φ
262. p E d c= + ≈4 1 502( ) /ρ π τ atm.

263. p E c= + + = ⋅( / ) cos1 2 2 352ρ ρ θ nN s.

264. p I c= + =( / ) ( ) cos1 2ρ θ 0.6 nN/cm .2

265. F R I c= =π µ2 / 0.18 N.

266. F P c= +/ ( ).2 1 2η

267. (a) ∆p
c

=
−
−

2 1

1

2
hω β

β
; (b) ∆p

c
=

−
2 1

1

hω
β

. Here β = V c/ . It is evident that in

the reference frame fixed to the mirror the latter obtains the smaller
momentum.

268. sin ( / ) / ,θ 2 ≈ E mc gl θ = °0.5 .

269. ∆ω/ω0 1 0
2

= − − <−( ) ,/e YM Rc i.e., the frequency of the photon decreases.

270. V c e= − =2 1 1 16π η λh ( / )/ ∆ kV.

271. V c ed= =π αh / sin 31 kV

272. λ π γmin / ( )= − =2 1h mc 2.8 pm, where γ = −1 1 2/ ( / ) .v c

273. 332 nm, 6.6 m/s.× 105

274. A c= −
−

=2
1

2
2 1

2
2

π η λ /λ
λ η

h
( )

( )
1.9 eV.

275. φ =max 4.4 V.

276. T A tmax ( )= + − =h ω ω0 0.38 eV.

277. w c J e= =2π λh / 0.020.

278. v max = ×6.4 m/s105

279. 0.5 V; the polarity of the contact potential difference is opposite to that of
external voltage.

280. h / ,mc the Compton wavelength for the given particle.

281. Let us write the energy and momentum conservation laws in the reference
frame fixed to the electron for the moment preceding the collision with the

photon; hω + =m c mc0
2 2, hω/ ,c mv= where m m v c= −0

21 ( / ) . From this it

follows that v = 0 or v c= . The results have no physical meaning.

282. (a) Light is scattered by the free electrons; (b) the increase of the number of
electrons that turn free (the free electrons have the binding energy much lower
than the energy transferred to them by the photons); (c) the presence of a
non-displaced component is due to scattering by the strongly bound electrons
and the nuclei.

283. λ πλ θ η θ η= − − =4 2 2 12 1c [sin ( / ) sin ( / )]/( ) 1.2 pm.

284. T = + =hωη η/( )1 0.20 MeV.

285. (a) ω π λ π′ = + = ×2 2 1020c mc/( / )h 2.2 rad /s;

(b) T
c

mc
=

+
=2

1 2
60

π λ
λ π

h

h

/

/
keV.

286. h
h

h

ω ω
ω θ

′ =
+

=
1 2 22( / ) sin ( / )mc

0.144 MeV.

287. sin ( / ) ( )/ .θ 2 2= − ′ ′mc p p pp Hence θ = °120 .
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288. hω θ= + + =[ / sin ( / )] /1 1 2 2 22 2mc T T 0.68 MeV.

289. λ π= + − =( / )( / )max2 1 2 12
h mc mc T 3.7 pm.

290. tan
/

/
,φ =

−
+

4 1

1 2

π λ
ω

h

h

mc

mc

∆
φ = °31 .

291. ρ η η
η

= +
+

=2 1

1 2

( )

( )

mc

eB
3.4 cm.

292. ∆λ θ= =( / ) sin ( / )4 22
h mc 1.2 pm.

Atomic and Nuclear Physics

1. r e E= =3 22 / 0.16 nm, λ π µ= =( / )2 3c e mr 0.24 m.

2. b = 0.73 pm.

3. (a) rmin = 0.59 pm; (b) r Ze T m mmin ( / )( / )= + =2 12
α Li 0.034 pm.

4. (a) ρ θmin ( / ) cot ( / )= =Ze T2 2 2 0.23 pm;

(b) r Ze Tmin [ ( / )] /= + =1 2 2cosec 0.56 pm.θ

5. p mT bT Ze≈ +2 2 1 2 2 2/[ ( / ) ].

6. T m e m b Te p e= =4 2 4/ eV.

7. b
Rn

n n
=

+ −
sin ( / )

cos ( / )
,

θ
θ

2

1 2 22
where n U T= +1 0 / .

8. (a) cos ( / ) /( );θ 2 = +b R r (b) dP d= 1 2/ sin ;θ θ (c) P = 1/2.

9. 3.3 × −10 5.

10. d Jr T nIZ e= =( / ) sin ( / ) ,4 22 2 2 4 4 θ µ1.5 m where n is the concentration of nuclei.

11. Z Z A APt Ag Pt Ag 78.= =η /

12. (a) 1.6 × 106; (b) N nd Ze T I= = ×π θ τ( / ) cot ( / ) ,2 2 2
0 0

72 102.0 where n is the

concentration of nuclei.

13. P nd Ze mv= =π ( / )2 2 2 0.006, where n is the concentration of nuclei.

14. ∆N N nZ e T/ / tan ( / )= − =1 22 4 2 2
0π θ 0.6.

15. ∆N N
e

T

Z

M

Z

M
/ = +











π 4

2
1
2

1

2
2

24
0.7 0.3 ρ θ

dN A cot2 3

2
10= × −1.4 , where Z1 and Z2

are the atomic numbers of copper and zinc, M1 and M2 are their molar masses,
N A is Avogadro’s number.

16. ∆σ π θ= =( / ) cot ( / )Ze T2 2 2
0 2 0.73 kb.

17. (a) 0.9 MeV; (b) d dσ σ π θ/ / sin ( / )Ω ∆= =4 24 0.64 kb /sp.

18. t mc e= =( / ) ln3 2 153 2 2ω η ns.

19. t m c r e≈ ≈2 3 3 44 13/ ps.

21. r n mn = h / ,ω E nn = hω, where n k m= =1, ..., / .2, ω

22.

r1, pm v, 106 m/s T, eV Eb , eV φi, V φ1, V λ, nm

H 52.9 2.18 13.6 13.6 13.6 10.2 121.5

He + 26.5 4.36 54.5 54.5 54.5 40.8 30.4
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23. ω = = × −me Z n4 2 3 3 16 110/ .h 2.07 s

24. µ n ne mc= h / ,2 µ n nM e mc/ / ,= 2 µ µ1 = B.

25. B m e c= =2 7 5 125/ h kG.

27. The Brackett series, λ µ6 4→ = 2.63 m.

28. (a) 657, 487 and 434 nm; (b) λ δλ/ .≈ ×1.5 103

29. For n n c lR>> ≈1 3sin / ,θ π whence θ ≈ °60 .

30. He +.

31. N n n= −1 2 1/ ( ).

32. 97.3, 102,6 and 121.6 nm.

33. n = 5.

34. R
c

Z
= = × −176

15
10

2

16 1π
λ∆

2.07 s .

35. Z c R= = + +( / ) / , .176 15 3π λ∆ Li

36. λ π ω ω ω µ= − − =( / )( / )/( / )2 1 2 1c Z R Z R∆ ∆ ∆ 0.47 m.

37. Eb = +54.4 eV He( ).

38. E E R= + =0 4 79h eV.

39. v R m= − = ×2 4 106( )/h hω 2.3 m/s, where ω π λ=2 c / .

40. T Rmin /= =3 2 h 20.5eV.

41. v R mc= =3 4h / 3.25 m/s, where m is the mass of the atom.

42. ( )/ / %,ε − ε′ ε ≈ = × −3 8 102 6
hR mc 0.55 where m is the mass of the atom.

43. v R m= = ×2 106
h / 3.1 m/s, where m is the mass of the electron.

44. v R= = ×3 8 106∆λ / π θcos 0.7 m/s.

45. (a) E n mln = 2 2 2 22π h / ; (b) E n mrn = 2 2 22h / ; (c) E n mn = h α / ;

(d) E m nn = − α2 2 22/ .h

46. E eb = µ 4 22/ ,h R e= µ 4 32/ ,h where µ is the reduced mass of the system. If the

motion of the nucleus is not taken into account, these values (in the case of a
hydrogen atom) are greater by m M/ ≈ 0.055%,where m and M are the masses of
an electron and a proton.

47. E ED H 3.7 meV,− = λ λH D pm.− = 33

48. (a) 0.285 pm, 2.53 keV, 0.65 nm; (b) 106 pm, 6.8 eV, 0.243 µm.

49. 123, 2.86 and 0.186 pm.

50. 0.45 keV.

51. For both particles λ π= + =2 1 2h ( / )/m m m Tn d n 8.6 pm.

52.
~

/ .λ λ λ λ λ= +2 1 2 1
2

2
2

53. λ π /= =2 2 128h mkT pm.

54. First, let us find the distribution of molecules over de Broglie wavelengths.
From the rotation f v dv d( ) ( )= − φ λ λ where f v( ) is Maxwell’s distribution of
velocities, we obtain

φ = − −( ) ,/λ λ λA e a4 2

a nkT= 2 2 2π h / .

The condition d dφ =/ λ 0 provides λ πpr mkT= =h / 0.09 nm.
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55. λ π= +2 2 1 2 2
h / ( / ),mT T mc T mc< =

~
4 2∆λ /λ 20.4 keV (for an electron) and

37.5 MeV (for a proton).

56. T mc= − =( )2 1 2 0.21 MeV.

57. λ λ λ π= + =sh shmc/ /1 h 3.3 pm.

58. v l mb x= = ×4 106πh / ∆ 2.0 m/s.

59. ∆x l d meV= =2 2π µh / 4.9 m.

60. V me d0
2 2 2 2 22 1= − =π η θh / ( ) sin 0.15 keV.

61. d k mT= =π θh / cos ( / )2 2 0.21 nm, where k = 4.

62. d k mT= = ±π θh / sin2 0.23 0.04 nm, where k = 3 and the angle θ is

determined by the formula tan / .2 2θ = D l

63. (a) n V Vi= + =1 / 1.05; (b) V Vi/ / ( ) .≥ + =1 2 50η η

64. E n mln = 2 2 2 22π h / , where n = 1, 2, K

66. 1 104× , 1.10 and 1 10 20× − cm/s.

67. ∆v ml≈ = ×h / 1 106 m/s; v1
610= ×2.2 m/s.

69. ∆t ml≈ ≈ −η 2 1610/h s.

70. T mlmin /≈ =h
2 22 1 eV. Here we assumed that p p≈ ∆ and ∆x l= .

71. ∆v v l mT/ ~ / .h 2 1 10 4= × −

72. F ml≈ h
2 3/ .

73. Taking into account that p p x x~ ~ / ~ / ,∆ ∆h h we get

E T U mx kx= + ≈ +h
2 2 22/ /2. From the condition dE dx/ = 0 we find x0 and

then E k mmin / ,≈ =h hω where ω is the oscillator’s angular frequency. The

rigorous calculations furnish the value hω/2.

74. Taking into account that p p r~ ~ /∆ ∆h and ∆r r~ , we get

E p m e r mr e r= − ≈ −2 2 2 2 22 2/ / / / .h From the condition dE dr/ = 0 we find

r mceff = =h
2 2 53/ pm, E memin /≈ − = −4 22h 13.6 eV.

75. The width of the image is ∆ ∆≈ + ′ ≈ +δ δ ρδhl / , where ∆ ′ is an additional

widening associated with the uncertainty of the momentum ∆p y (when the
hydrogen atoms pass through the slit), p is the momentum of the incident
hydrogen atoms. The function ∆( )δ has the minimum when
δ ≈ =( / )hl mv 0.01 mm.

76. The solution of the Schrödinger equation should be sought in the form
ψ = φ ⋅( ) ( ).x f t The substitution of this function into the initial equation with
subsequent separation of the variables x and t results in two equations. Their
solutions are φ( ) ~ ,x e ikx where k mE= 2 / ,h E is the energy of the particle, and

f t e i t( ) ~ ,− ω whereω = E / .h Finally, ψ ω= −ae i kx t( ),where a is a certain constant.

77. P = + =1 3 3 2/ / π 0.61.

78. ψ
π
π

=
=
=




A nx l n

A nx l n

cos ( / ), , , ,

sin ( / ), , ,

if

if 2,

1 3 5

4 6

K

K
Here, A l= 2/ .

80. dN dE l m E/ ( / ) / ;= πh 2 if E = 1 eV, then dN dE/ = ×0.8 107 levels per eV.
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81. (a) In this case the Schrödinger equation takes the form.

∂
∂

+ ∂
∂

+ =
2

2

2

2

2 0
ψ ψ ψ

x y
k , k mE2 22= / .h

Let us take the origin of coordinates of one of the corners of the well. On the
sides of the well the function ψ( , )x y must turn into zero (according to the
condition), and therefore, it is convenient to seek this function inside the well
in the form ψ( , ) sin sin ,x y a k x k y= ×1 2 since on the two sides (x = 0 and
y = 0)ψ = 0 automatically. The possible values of k1 and k2 are found from the
condition of ψ turning into zero on  the opposite sides of the well:

ψ( , ) ,l y1 0= k l n1 1 1= ± ( / ) ,π n1 1 3= , , ...,2,

ψ( , ) ,x l2 0= k l n2 2 2= ± ( / ) ,π n2 1 3= , , ...,2,

The substitution of the wave function into the Schrödinger equation leads to
the relation k k k1

2
2
2 2+ = , whence

E n l n l mn n1 2 1
2

1
2

2
2

2
2 2 2 2= +( / / ) / .π h

(b) 9.87, 24.7, 39.5, and 49.4 units of h
2 2/ .ml

82. P = − =1 3 3 4/ / π 19.5%.

83. (a) E n n n ma= + +( ) / ,1
2

2
2

3
2 2 2 22π h where n1,n2,n3 are integers not equal to zero;

(b) ∆E ma= π2 2 2
h / ; (c) for the 6-th level n n n1

2
2
2

3
2 14+ + = and

E ma= 7 2 2 2π h / ; the number of states is equal to six (it is equal to the number of

permutations of a triad 1, 2, 3.)

84. Let us integrate the Schrödinger equation over a small interval of the coordinate
x within which there is a discontinuity inU x( ), for example at the point x = 0:

∂
∂

+ − ∂
∂

− = −
−

+
∫ψ δ ψ δ ψ

δ

δ

z x

m
E U dx( ) ( ) ( ) .

2
2

h

Since the discontinuity U is finite the integral tends to zero as δ → 0. What
follows is obvious.

85. (a) Let us write the Schrödinger equation for two regions

0 < <x l, ψ ψ1
2

1 0′ < =k , k mE2 22= / ,h

x l> , ψ ψ2
2

2 0′ − =x , x m U E2
0

22= −( )/ .h

Their common solutions

ψ α1( ) sin ( ),x a kx= + ψ2( )x be cexx xx= +−

must satisfy the standard and boundary conditions. From the condition
ψ1 0 0( ) = and the requirement for the finiteness of the wave function it follows
thatα = 0andc = 0.And finally, from the continuity of ψ( )x and its derivative at
the point x l= we obtain tan / ,kl k x= − whence

sin / .kl kl ml U= ± h
2 2

02

Plotting the left-hand and
right-hand sides of the last equation
(Fig. 45), we can find the points at
which the straight line crosses the
sine curve. The roots of the equation
corresponding to the eigenvalues of
energy E are found from those
intersection points ( )kl ifor which
tan ( ) ,kl i < 0 i.e., the roots of that equation are located in the even quadrants
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(these segments of the abscissa axis are shown heavy in the figure). It is seen
from the plot that the roots of the eqation, i.e., the bound states of the particle,
do not always exist. The dotted line indicates the ultimate position of the
straight line. (b) ( ) / ,minl U m2

0 1
2 2 8= π h ( ) ( ) / .minl U n mn

2
0

2 22 1 8= − π h

86. Suppose that Pa and Pi are the probabilities of the particle being outside and

inside the well. Then

P

P

b e dx

a kx dx

a

i

l

x

l
= =

+

∞ −∫
∫

2 2

2

0

2

2

2 3sin
,

π

where the ratio b a/ can be found from the condition ψ ψ1 2( ) ( ).l l= Now it
remains to take into account that P Pa i+ = 1; then Pa = + =2 4 3 14 9/( ) . %.π
The penetration of the particle into the region where its energy E U< is a purely
quantum phenomenon. It occurs owing to the wave properties of the particle
ruling out the simultaneous precise magnitudes of the coordinate and the
momentum, and consequently the precise division of the total energy of the
particle into the potential and the kinetic energy. The latter could be done only
within  the limits set by the uncertainty principle.

87. Utilizing the substitution indicated, we get

χ χ′ ′ + =k2 0, where k mE2 22= / .h

We shall seek the solution of this equation in the form χ α= +a krsin ( ). From
the finiteness of the wave function ψ at the point r = 0 it follows that α = 0.
Thus, ψ = ( / ) sin .a r kr From the boundary condition ψ( )r0 0= we obtain
kr n0 = π, where n = 1, 2, K Hence, E n mrn = 2 2 2

0
22π h / .

88. (a) ψ
π

π
( )

sin ( / )
,r

r

n r r

r
= 1

2 0

0 n = 1, 2, K (b) r rpr = 0 2/ ; 50%.

89. (a) The solutions of the Schrödinger equation for the function χ( )r :

r r< 0, χ α1 = +A krsin ( ), where k mE= 2 / ,h

r r> 0, χ2 = + −Be Cexr xr , where x m U E= −2 0( )/ .h

Since the function ψ( )r is finite throughout the space, α = 0 and B = 0. Thus,

ψ1 = A
kr

r

sin
, ψ2 =

−
C

e

r

xr

.

From the continuity of the function ψ and its derivative at the point r r= 0

we get tan /kr k x0 3= − or

sin / .kr mr U kr0
2

0
2

0 02= ± h

As it was demonstrated in the solution of Problem 6.85, this equation
determines the discontinuous spectrum of energy eigenvalues.

(b) r U m0
2

0
2 2 8= π h / .

90. α ω= m / ,2h E = hω/ ,2 where ω = k m/ .

91. E me= − 4 28/ ,h i.e., the level with principal quantum number n = 2.

92. (a) The probability of the electron being at the interval r, r dr+ from the

nucleus is dP r r dr= ψ π2 24( ) . From the condition for the maximum of the

function dP dr/ we get r rpr = 1; (b) F e r= 2 2
1
2/ ; (c) U e r= − 2

1/ .
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93. φ = = −∫0
2

14( / ) / ,ρ πr r dr e r whereρ ψ= −e 2 is the space charge density, ψ is the

normalized wave function.

94. (a) Let us write the solutions of the Schrödinger equation to the left and to the
right of the barrier in the following form:

x < 0, ψ1 1 1
1 1( ) ,x a e b eik x ik x= + − where k mE1 2= / ,h

x > 0, ψ2 2 2
2 2( ) ,x a e b eik x ik x= + − where k m E U2 02= −( )/ .h

Let us assume that the incident wave has an amplitude a1 and the reflected
wave an amplitude b2. Since in the region x > 0 there is only a travelling wave,
b2 0= .The reflection coefficient R is the ratio of the reflected stream of particles
to the incident stream, or in other words, the ratio of the squares of amplitudes
of corresponding waves. Due to the continuity of ψ and its derivative at the
point x = 0 we have a b a1 1 2+ = and a b k k a1 1 2 1 2− = ( / ) , whence

R b a k k k k= = − +( / ) ( ) /( ) .1 1
2

1 2
2

1 2
2

(b) In the case of E U< 0 the solution of the Schrödinger equation the right of
the barrier takes the form

ψ2 2 2( ) ,x a e b exx xx= + − where x m U E= −2 0( )/ .h

From the finiteness of ψ( )x it follows that a2 0= . The probability of finding the
particle under the barrier has the density P x x e xx

2 2
2 2( ) ( ) ~ .= −ψ Hence,

x xeff = 1 2/ .

95. (a) D
l

m U E≈ − −





exp ( ) ;
2

2 0
h

(b) D
l m

U
U E≈ − −









exp ( ) ./8 2

3 0
0

3 2

h

96. D
l m

U
U E≈ − −









exp ( ) .

π
h

2

0
0

97. –0.41 for an S term and –0.04 for a P term.

98. α = − φ − = −hR E e/( )0 1 3 0.88.

99. E R R cb = − =h / / )λ λ π λ1 2
22 1∆ 5.3 eV.

100. 0.82 mµ ( )3 2S P→ and 0.68 mµ ( ).2 2P S→

101. ∆ ∆E c= =2 2π λ /λh 2.0 meV

102. ∆ω = ×1.05 rad /s.1014

103. 3 1 2S / ,3 1 2P / ,3 3 2P / ,3 3 2D / ,3 5 2D / .

104. (a) 1, 2, 3, 4, 5; (b) 0, 1, 2, 3, 4, 5, 6; (c) 1/2, 3/2, 5/2, 7/2, 9/2.

105. For the state 4 3 2P : / ,h h 15 2/ , and h 32 2/ ; for the state 5 0D : ,h 2;h 6,h 12,

h 20.

106. (a) 2
7 2F / , Mmax / ,= h 63 2 (b) 2

4F , Mmax .= 2 5h

107. In the F state M0 6= h ; for the D state it can be only found that Me ≥ h 6.

108. 3, 4, 5.

109. (a) 1, 3, 5, 7, 9; (b) 2, 4, 6; (c) 5, 7, 9.

110. 31°.

111. 3
2D .

112. 1
1P , 1

2D , 1
3F , 3

0 1 2P , , , 3
1 3D , ,2,

3
2 3 4F , , .

113. The same as in the foregoing problem.

114. The second and the third term.
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115. g = + =4 6 10.

116. 4, 7 and 10.

117. 3
3F .

118. As.

119. (a) 4
3 2S / ; (b) 3

2P .

120. (a) 4
3 2F / , h 15 2/ ; (b) 4

9 2F / , h3 11 2/ .

121. (a) Two d electrons; (b) five p electrons; (c) five d electrons.

122. (a) 3
0P , (b) 4

9 2F / .

123. 4
3 2F / .

124. µ µ= B S35 6
5 2( )./

125. η ω= = ×− −n e kT2 173 10h / , where ω = −R n( / ).1 1 2

126. N N g g e kT/ ( / ) ,/
0 0

410= = ×− −hω 1.14 where g and g 0 are the statistical weights

(degeneracy ratios) of the levels 3P and 3S respectively ( ,g = 6 ge = 2).

127. τ η µ= =l v/ ln 1.3 s.

128. N P c= = ×λτ π/ .2 7 109
h

129. τ ω ω= =−( / )( / ) /n P g g e kT
h

h

0 65 ns, where g and g 0 are the degeneracy ratios of

the resonant and the basic level.

130. (a) P P eind sp
kT/ /( ) ./= − ≈ −1 1 10 34hω where ω = 3 4/ ;R (b) T = ×1.7 K.105

131. Suppose that I is the intensity of the passing ray. The decreases in this value on
passing through the layer of the substance of thickness dx is equal to

− = = −dI xI dx N B N B I c dx( )( / ) ,1 12 2 21 hω
where N1 and N2 are the concentrations of atoms on the lower and upper levels,
B12 and B21 are the Einstein coefficients. Hence

x c N B g N g N= −( / ) ( / ).hω 1 12 1 2 2 11

Next, the Boltzmann distribution should be taken into consideration, as well as
the fact that hω >> kT (in this case N1 is approximately equal to N 0, the total
concentration of the atoms).

132. ∆ ∆λ λ πτ λDop nat prv/ / ,≈ ≈4 103 where v RT Mpr = 2 / .

133. λ = 154 pm.

134. (a) 843 pm for Al, 180 pm for Co; (b) ≈ 5 keV.

135. Three.

136. V = 15 kV.

137. Yes.

138. Z n eV R n V V= + − − =1 2 1 3 291 1 2( ) / ( / ) .h

139. Z R= + =1 4 3 22∆ω/ ,. titanium.

140. E R Z cb L= − + =3 4 1 22/ ( ) /h hπ λ 5.5 keV.

141. E cL = − ≈hω π ω λ( / )2 1∆ 0.5 keV, where ω = −3 4 1 2/ ( ) .R Z

142. T R Z c K= − − =3 4 1 22/ ( ) /h hπ λ 1.45 keV, v = ×2.26 m/s.107

143. (a) g = 2, with the exception of the singlet state, where g = 0 0/ ; (b) g = 1.

144. (a) –2/3; (b) 0; (c) 1; (d) 5/2; (e) 0/0.

145. (a) 12µ B; (b) 2 3 5/ ;µ B (c) ( / ) .8 3 µ B
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146. M s = 2 3h.

147. µ µ= ( / ) .8 3 B

148. µ µ= 3 7 5/ .B

149. µ µ− ( / ) .5 5 2 B

150. M = h 3/2.

151. 5
1F .

152. ω µ= = ×B gB/ /h 1.2 1010 rad/s, where g is the Lande factor.

153. F B z IgJ crB Bmax max | / | ( / ) /= ⋅ ∂ ∂ = = × −µ π µ3 8 4 102 27 N.

154. F I crB= = × −2 3 102 26µ / N

155. ∂ ∂ = + =B z T gJ l l lB/ / ( )2 2 151 1 2δ µ kG /cm.

156. (a) It does not split; (b) splits into 6 sublevels; (c) does not split ( ).g = 0

157. (a) 58 µeV; (b) ∆E gJ BB= =2 145µ µeV.

158. (a) Normal; (b) anomalous; (c) normal; (d) normal (both terms have
identical Landé factors).

159. L E BB= =∆ / ;2 3µ 1
3F .

160. ∆λ λ π= =2 22 35eB mc/ pm.

161. Bmin = 4.0 kG.

162. B g B= =h∆ω/ µ 3 kG.

163. (a) 2.1 (the ratio of the corresponding Landé factors);

(b) B c g B= =2 2π λ / µ ηλh∆ 5.5 kG.

164. ∆ω = ± ± ± × −( , , )1.3 4.0 6.6 s1010 1 , six components.

165. (a) Six (1) and four (2); (b) nine (1) and six (2).

166. ∆ω = − = × −( ) / .maxm g m g eB mc1 1 2 2
11 1101.0 s

167. ω = = × −4 2 102 11 1
h / ,md 1.57 s where m is the mass of the molecule.

168. 2 and 3.

169. M md E= =2 2/ 3.5h where m is the mass of the molecule.

170. I = = × ⋅−
h /∆ω 1.93 g cm ,210 40 d = 112 pm.

171. 13 levels.

172. N I≈ =2 33ω/h lines.

173. dN dE I E/ / ,≈ 2 2
h where I is the moment of inertia of the molecule. In the case

of J dN dE= = ×10 104/ 1.0 levels per eV.

174. E E dvib rot/ / ,= ωµ 2
h where µ is the reduced mass of the molecule;

(a) 36; (b) 1.7 × 102; (c) 2.9 × 103.

175. N N evib rot
h B kT/ / ,( )/= = ×− − −1 3 102 4ω 3.1 where B I= h / ,2 I is the moment of

inertia of the molecule.

176. According to the definition

E
E E kT

E kT

E E

E

v v

v

v v

v

=
−

−
=

−
−

∑
∑

∑
∑

exp ( / )

exp ( / )

exp ( )

exp (

α
α )

.

where E vv = +hω ( / ),1 2 α = 1/ .kT The summation is carried out over v taking
the values from 0 to ∞ as follows :
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E E v= − ∂
∂

− = − ∂
∂

−
− −∑α

α
α

α ω
α ω

ln exp ( ) ln
exp ( / )

exp ( )

h

h

2

1

= +
−

h h

h

ω ω
ω2 1exp ( / )

;
kT

Cv N
E

T

R kT e

e
Rvib

kT

kt
= ∂

∂
=

−
=( ) ( / )

( )
,

/

/

h
h

h

ω ω

ω

2

21
0.56

where R is the universal gas constant.

177. d = =2h /µ ω∆ 0.13 nm, where µ is the reduced mass of the molecule.

178. λ λ ωλ π= + =0 01 2 423/( / )c and 387 nm.

179. ω π λ λ λ λ= − = ×c r v r v( )/ 1.37 rad /s,1014 x = 4.96 N/cm.

180. I I kTv r/ exp ( / ) .= − =hω 0.067 Will increase 3.9 times.

181. (a) See Fig. 46a in which the arrows indicate the motion directions of the nuclei
in the molecule at the same moment. The oscillation frequencies are ω1,ω2,ω3,
with ω3 being the frequency of two independent oscillations in mutually
perpendicular planes. Thus, there are four different oscillations. (b) See
Fig. 46b; there are seven different oscillations; three longitudinal ones ( ,ω1 ω2,
ω3 ) and four transversal ones ( , ),ω ω4 5 two oscillations for each frequency.

182. dN l v dω π ω= ( / ) .

183. dN S v dω π ω ω= ( / ) .2 2

184. dN V v dω π ω ω= ( / ) .2 3 2

185. (a) Θ = ( / ) ;h k vnπ 0 (b) Θ = ( / ) ;h k v n4 0π (c) Θ = ( / ) .h k v n6 2
0

3 π

186. Θ = + =−
⊥
−( / ) ( )||h k n v v18 2 4702

0
3 33 π K, where n0 is the concentration of the

atoms.

187. v k n≈ =Θ /h 6 2
0

3 π 3.4 km/s, where n0 is the concentration of the atoms. The

tabulated values are : v|| = 6.3 km/s. v ⊥ = 3.1 km/s.

188. The oscillation energy of a mole of a “crystal” is

U R
T x dx

e x

T
= + 



 −









∫Θ

Θ
Θ1

4 1

2

0

/
,

where x kT= hω/ . Hence the molar heat capacity is

C R
T x dx

e

T

ex

T

T
=

−
−

−









∫2

1 10θ
Θ

Θ
Θ//

/
.

When T >> Θ, the heat capacity C R≈ .

Answers | 347

ω1

ω2

ω3

ω1

ω2

ω3

ω4

ω5

(b)(a)

O C O O C OH

Fig. 46

Telegram @unacademyplusdiscounts

http://www.jeebooks.in


189. (a) dN d l a/ / ;maxω π ω ω= −2 2 2 (b) N l a= / , i.e., is equal to the number of the

atoms in the chain.

190. U R0 9 8= =Θ/ µ 48.6 J /g, where µ is the molar mass of copper.

191. (a) Θ ≈ 220 K; (b) C ≈ ⋅10 J /(mol K); (c) ωmax = ×4.1 rad /s.1013

193. Yes, because the heat capacity is proportional to T 3 at these temperatures.

194. E k= 3 8/ .Θ

195. See Fig. 47.

196. hωmax = 28 meV, hkmax ~10 19− ⋅g cm/s.

197. (a) T n mmax
/( ) / ;= 3 22 2 3 2π h

(b) T T= 3 5/ .max

198. η = − ≈−1 2 653 2/ %.

199. 0.93.

200. ≈ ×3 104 K.

201. ∆E mV n= = × −2 3 2 102 2 2 1 3 22π πh / ( ) / eV.

202. (a) dn m v dvv = ( / ) ;3 2 3 2π h (b) v v/ / .max = 3 4

203. dn dλ πλ λ= −8 4 .

204. p n T m n= = ≈ ×2 3 9 5 5 103 2 5 2 4/ ( / ) /π πh atm.

205. A kT T T= − =( / )η ∆ 2 4.5eV.

206. n U T= + =1 0 / 1.02, where U T A0 = +max , T n mmax
/( ) / .= 3 22 2 3 2π h A is the

work function.

207. E
kT T

T T
min ln=

−
=2 1 2

2 1

η 0.33 eV.

208. α
ρ

ρ π
λ

= ∂
∂

= − = − −1
2

1

T

c

kT r

h
0.05 K , where p e E kT~ ./∆ 0 2 ∆E0 is the forbidden

band width.

209. ∆ ∆
∆

E k
T

= − =
−

2
1

ln

( )

σ
1.2 and 0.06 eV.

210. τ ρ ρ ρ
ρ ρ ρ

= −
−

=t / ln
( )

( )
1 2

2 1

0.01 s.

211. n hBV el VH= = × −/ ,ρ 5 1015 3cm u lV hBVH0 = = ⋅/ 0.05 m /(V s).2

212. | | /u u B0 0 1− +− = = ⋅η 0.20 m /(V s).2

213. n n+ − = =/ η2 4.0.

214. (a) P t= − −1 exp ( );λ (b) τ λ= 1/ .

215. About 1/4.

216. 1.2 × 1015.

217. τ ≈ 16 s.

218. T = 5.3 days.

219. 4.6 part./min.× 102

220. λ η η= − − ≈ = × − −( / ) ln ( ) / ,1 1 10 5 1t t 1.1 s τ λ= =1/ 1.0 years.

221. T = ×4.5 109 years, A = ×1.2 dis./s.104
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222. 4.1 years.× 103

223. About 2.0 × 109 years.

224. 3.2 × 1017 and 0.8 × 105 dis /(s g)⋅ respectively.

225. V A A t T= ′ − =( / ) exp ( ln / )2 6 l.

226. 0.19%.

227. T1 = 1.6 hours,T2 = 9.8 hours; N N T T A A2 1 2 1 2 1/ ( / ) exp ln )= × − =(ln 10.

228. t T A q= − − =( / ln ) ln ( / )2 1 9.5days.

229. (a) N t N e et t
2 10

1

2 1

1 2( ) ( );=
−

−−λ
λ λ

λ −λ (b) t m =
−

ln ( )
.

λ /λ
λ λ

1 2

1 2

230. (a) N t N t t2 10( ) exp ( );= −λ λ (b) t m = 1/ .λ

231. N t N
e et t

3 10
1 2

2 1

1
2 1

( ) .= + −
−











− −λ λ
λ λ

λ λ

232. & exp ( )N N tβ λ λ= − = ×0 1 1
11100.72 part./s

& ( ) /( )N N e et t
α

λ λ λ λ λ λ= − − = ×− −
0 1 2 2 1

111 2 101.46 parts./s. Here N 0 is the

initial number of Bi210 nuclei.

233. (a) Pb206; (b) eight alpha decays and six beta decays.

234. v m T m= = ×2 105
α α / 3.4 m/s; 0.020.

235. 1.6 MJ.

236. 0.82 MeV

237. (a) 6.1 cm; (b) 2.1 × 105 and 0.77 × 105 respectively.

238. Q
M M c K

M M m c

p d

p d

=
−

− −

−( ) and

( )

2

22

for decay - capture,

for

β

β +





 decay.

239. 0.56 MeV and 47.5 eV.

240. 5 MJ.

241. 0.32 and 0.65 MeV.

242. T Q Q mc M c≈ + =1 2 2 2 2/ ( )/ N 0.11 keV, where Q M M m c= − −( ) ,N C 2 2 m is

the mass of an electorn.

243. 40 km/s.

244. 0.45 c, where c is the velocity of light.

245. ∆ε ε = = × −/ / ,E mc2 102 73.6 where m is the mass of the nucleus.

246. v mc≈ ε =/ 0.22 km/s, where m is the mass of the nucleus.

247. v gh c= =/ 65µm/s.

248. h c gmin /= ε =h
2 τ 4.6 m.

249. T T M m mM= + − =α /[ ( ) / cos ]1 42 2 Θ 6.0 MeV,where m and M are the masses

of an alpha particle and a lithium nucleus.

250. (a) η = + =4 2mM m M/( ) 0.89; (b) η = + =2m m M/( ) 2/3.Here m and M are

the masses of a neutron and a deuteron.

251. θmax ( / ) ,= = °arcsin m m1 2 30 where m1 and m2 are the masses of a proton and a

deuteron.

252. 2 1011 3× kg /cm ,1 1038 3× nucl./cm .

253. (a) d; (b) F17; (c) α; (d) Cl37.
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255. Be8, Eb = 56.5 MeV

256. (a) 8.0 MeV; (b) 11.5 and 8.7 MeV; (c) 14.5 MeV.

257. E En p− = 0.22 MeV.

258. E = ε − ε − ε =20 12Ne C2.4 11.9 MeV,α where ε is the binding energy per

nucleon in the corresponding nucleus.

259. (a) 8.0225 a.m.u.; (b) 10.0135 a.m.u.

260. Q E E E E= + − +( ) ( ).3 4 1 2

261. (a) 8.2 kJ,× 1010 2.7 kg;× 108 (b) 1.5 kg.

262. 5.74 kJ,× 107 2 kg.× 104

263. 2.79 MeV; 0.85 MeV

264. Q = ε − ε =8 7α Li 17.3 MeV.

265. Q T T T Tp p p p= + − − − × = −( ) ( ) cos1 1 2η η η η θα α α α 1.2 MeV,

where η p pm m= / O, ηα α= m m/ .O

266. (a) –1.65 MeV; (b) 6.82 MeV; (c) –2.79 MeV; (d) 3.11 MeV.

267. v α = ×0.92 m/s,107 v Li 0.53 m/s= × 107 .

268. 1.9 MeV

269. T
Q m m T

m m
n

n

= + −
+

=( / )

/

1

1
α C

C

8.5 MeV.

270. 9.1 MeV, 170.5°.

272. T E m m mb p d d≥ + =( )/ 3.3 MeV.

273. Between 1.89 and 2.06 MeV.

274. Q T th= − = −11 12/ 3.7 MeV

275. 1.88 and 5.75 MeV respectively.

276. 4.4 MeV; 5.3 m/s.× 104

277. T
m m

m m T
m T

m m
T thα =

+
− −

+








 =1

3 4
4 1

2 4

1 2

( ) 2.2 MeV, where m1, m2, m3 ,

m4 are the masses of neutron, a C12 nucleus, an alpha particle, and a Be2

nucleus.

278. By E mcb /2 2 = 0.06%. where m is the mass of a deuteron.

279. E Q T= + =2 3/ 6.5 MeV.

280. E E
m

m m
Ti b

d

i= +
+

=C

C

16.7, 16.9, 17.5 and 17.7 MeV, where Eb is the

binding energy of a deuteron in the transitional nucleus.

281. σ ρ η= =( / ) lnM N d 2.5 kb, where M is the molar mass of cadmium, N is the

Avogadro number, ρ is the density of cadmium.

282. I I nd0 1 22 20/ exp [( ) ] ,= + =σ σ where n is the concentration of heavy water

molecules.

283. w nds a s s a= − − + + ={ exp [ ( ) ]} ( )1 σ σ σ σ σ 0.35, where n is the

concentration of Fe nuclei.

284. (a) T w k= ( / ) ln ;2 (b) w ATe It= = × −/ ln .2 2 10 3

285. (a) t J= = ×η σ/ 3 106 years; (b) N J N Tmax / ln ,= = ×σ 0
132 101.0 where N 0

is the number of Au197 nuclei in the foil.
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286. N e J nt= − −( ) / .1 λ σ λ
287. J Ae N et t= − = ×−λ λ/σ 0

91 6 10( ) part./(cm s),2 ⋅ where λ is the decay constant,

N 0 is the number of Au nuclei in the foil.

288. N N k i= = ×−
0

1 5101.3 , where i is the number of generations.

289. N P E= = × −ν / .0.8 s1019 1

290. (a) N N/ ;0
24 10= × (b) T k= − =τ /( )1 10 s.

291. 0.05, 0.4, and 9 GeV respectively.

292. l c= + =τ η η0 2 15( ) m.

293. τ 0
22 26= + =lmc T T mc/ ( ) ns, where m is the rest mass of a pion.

294. J J lmc T T mc/ exp [ / ( )]0 0
22= − + =τ 0.22, where m is the rest mass of a

negative pion.

295*. T m m mµ π µ π= − =( ) /2 2 4.1 MeV, E v = 29.8 MeV.

296*. T m m m mn= − − =[( ) ]/Σ Σ
2 2 2π 19.5 MeV.

297*. T m m msmax ( ) /= − =µ µ
2 2 52.5 MeV.

298*. m m T m T T mp p= + + + + =π
2 2 1115( ) MeV, a Λ particle.

299*. E m m m Tν π µ π= − + =1 2 222 2/ ( )/( ) MeV.

300*. m m m m T m T= + − + + =Σ Σ Σ
2 2 2π π π( ) ( ) 0.94 GeV, neutron.

301*. T mπ π θ= −[ ( / ) ],cosec 2 1 E mr = π θ/ sin ( / ).2 2 For θ = °60 the energy

T E mπ γ π= = .

303.* cos ( / ) / / ,Θ 2 1 1 2= + m T whence Θ = °99 .

304*. (a) ε = =th 2.04 MeV;4me (b) ε = + =th MeV.2 1 320m m m pπ π( / )

305*. (a) T mth p= =6 5.6 MeV; (b) T m m m mth p p= + =π π( )/4 2 0.28 GeV.

306. (a) 0.90 GeV; (b) 0.77 GeV.

307. S = −2, Y = −1, E ° particle.

308. Processes 1, 2, and 3 forbidden.

309. Processes 2, 4, and 5 are forbidden.

310. Process 1 is forbidden in terms of energy; in other processes the following laws
of conservation are broken: of baryon charge (2), of electric charge (3), of
strangeness (4), of lepton charge (5), and of electron and muon charge (6).

*In the answers to Problems 295–305 marked by an asterisk the quantity mc2 is
abbreviated as m.
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